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PREFACE. 



The Treatise on Algebra, by Bourdon, is a work of sin- 
gular excellence and merit. In France, it is one of the 
leading text books, and shortly after its publication, had 
passed through several editions. It has been translated, in 
part, by Professor De Morgan, of the London University, 
and it is now used in the University of Cambridge. 

A translation was made by Lieutenant Ross, and published 
in 1831, since which time it has been adopted as a text book 
in the Military Academy, the University of the City of New- 
York, Union College, Princeton College, Geneva College, 
and in Kenyon College, Ohio. 

The original work is a full and complete treatise on the 
subject of Algebra, and contains six hundred and seventy 
pages octavo. The time which is given to the study of 
Algebra, even in those seminaries where the course of 
mathematics is the fullest, is too short to accomplish so 
voluminous a work, and hence it has been found necessary 
either to modify it, or abandon it altogether. 



IV PREFACE. 



The work which is here presented to the public, is an 
abridgment of Bourdon, from the translation of Lt. Ross ; 
with such modifications, as experience in teaching it, and a 
very careful comparison v^th other standard works, have 
suggested. 

It has been the intention to unite in this work, the scien- 
tific discussions of the French, with the practical methods 
of the English school ; that theory and practice, science and 
art, may mutually aid and illustrate each other. Many of 
the examples have been selected from the Algebra of 
Bonnycastle. 

It has been thought best, in the present edition, to transfer 
the general discussion of the Common Divisor to Chapter 
VII, and to arrange the subject of Proportions and Progres- 
sions directly after Equations of the second degree. It is 
hoped that these alterations may be regarded as improve- 
ments. 

Hartfoid, September 1, 1838. 
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ALGEBRA. 

CHAPTER I. 
Preliminary Definitions and Remarks. 

1. Quantity is a general term embracing every thing which 
admits of increase or diminution. 

2. Matbehatigs is the science of quantity. 

8. Algebra is that branch of mathematics in which the quanti- 
ties considered are represented by letters^and the operations to be 
performed upon them are indicated by signs. 

4. The sign +, is called plus; and mdicates the addition oi two 
or more quantities. Thus, 9+5 is read, 9 plus 5, or 9 augmented 
by 6. 

In like manner, a+b is read, a plus b ; and denotes that the quan- 
tity represented by a is to be added to the quantity represented 
by 6. 

5. The sign — , is called minus; and indicates that one quantity 
is to be subtracted from another. Thus, 9— 5 is read, 9 minus 5, 
or 9 diminished by 5. 

In like manner, a^h/ia read, a minus 3, or a diminished by b, 

6. The sign X* is called the sign of multiplication ; and when 
placed between two quantities, it denotes that they are to be muM. 
plied together. The multiplication of two quantities is also fre- 
quently indicated by simply placing a point between them. Thus, 
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38x25, or 36.25, b read, 36 multiplied by 25, or the product of 
36 by 25. 

7. The multiplication of quantities, which are represented by let- 
ters, is indicated by simply writing them one after the other, without 
interposing any sign. 

Thus,a6 signifies the same thing as axh or as a,h; and ahc 
the same as aX^XCfOr as a,hfC. It is plain that the notation 
abj or abc, which is more simple than axh or aX^Xc, cannot be 
employed when the quantities are represented by figures. For 
example, if it were required to express the product of 5 by 6, and 
we were to write 5 6, the notation would-confound the product with 
the number 56. 

,8. In the product of several letters, as ahc, the single letters, a, b 
and c, are called /acfor* of the product. Thus, in the product aft, 
there are two factors, a and b ; in the product acdf there are three, 
o, c and d 

9. There are three signs used to denote division. Thus, 

a-7-b denotes that a is to be divided by' ft, 

--- denotes that a is to be divided by 6, 
b 

a\b denotes that a is to be divided by b. 

10. The sign =, is called the sign of equality, and is read, is 
eqwH to. When placed between two quantities, it denotes that they 
are equal to each other. Thus, 9—5=4 : that is, 9 minus 5 is 
equal to 4 : Also, a+ft=c, denotes that the sum of the quantities 
a and b is equal to c. 

11. The sign >, is called the sign of inequality, and is used lo 
express that one quantity is greater or less than another. 

Thus, a>6 is read, a greater than b ; and a<5 is read, a less 
than b ; that is, the opening of the sign is turned towards the greater 
quantity. 

12. If a quantity is added to itself several times, as a+a+a+a 
+a, we generally write it but once, and then place a number before 
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it to express how many times it is taken. Thus, 
a+a+a+a+a=ba. 

The number 5 is called the coefficient of a, and denotes that a b 
taken 5 times. 

Hence, a co-efficient is a number prefixed to a quantity, denoting 
the number of times which the quantity is taken ; and it also indi- 
cates the number of times plus one, that the quantity is added U$ 
itself. When no co-efficient is written, the co-efficient 1 is always 
understood. 

13. If a quantity be multiplied continually by itself, aaaX^X^ 
XaXflf we generally express the product by writing the letter 
once, and placing a number to the right of, and a little above it : thus, 

aX«XaXaXfl=a* 

The number 5 is called the exponent of a, and denotes the number 
of times which a enters into the product as a factor. 

Hence, the exponent of a quantity shows how many times the 
quantity is a factor ; and it also indicates the number of times, plui 
one^ that the quantity is to be multiplied by itself. When no expo- 
nent is written, the exponent 1 is always understood. 

14. The product resulting from the multiplication of a quantity 
by itself any number of times, is called the power of that quantity : 
and the fgponent, which always exceeds by one the number of mul- 
tiplications to be made, denotes the degree of the power. Thus, c^ 
IS the fifUi power of a. The exponent 5 denotes the degree of the 
power; and the power itself is formed by multiplying a four times 
by itself. 

15. In order to show the importance of the exponent in algebra, 
suppose that we wish to express that a number a is to be multiplied 
three times by itself, that this product is to be multiplied three times 
by 5, and that this new product is to be multiplied twice by c, w« 
would write simply d* 6? c». 

I^ then, we wish to expess that this last result is to be added to 
itself six dmes, or is to be multiplied by 7, we should write, ttWA 
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This gives an idea of the brevity of algebraic language. 

16. The root of a quantity, is a quantity which being multiplied 
by itself a certain number of times will produce the given quantity. 

The sign ^ ^ is called the radical sign, and when prefixed to 
•a quantity, indicates that its root is to be extracted. Thus, 

Vfl or simply >f a denotes the square root of a. 

y a denotes the cube root of a. 

Va, denotes the fourth root of a. 
The number placed over the radical sign is called the inSjMi of the 
root. Thus, 2 is the index of the square root, 3 of the cube root, 
4 of the fourth root, dec. 

17. Every quantity written in algebraic language, that is, with 
the aid of letters and signs, is called an algebraic quarUUyy or the 
algebraic expression of a quantity. Thus, 

ifl the algebraic expression of three times the 



\ number a ; 
c is the algebraic expression of five times the 
( square of a ; 

c is the algebraic expression of seven times the 
\ product of the cube of a by the square of h ; 
c is the algebraic expression of the di^gb^nce be- 
i tween three times a and five times h ; 
r is the algebraic expression of twice the square 
2ci?— 3a5+4J' < of a, diminished by three times the product of a 
\ by i, augmented by four times the square of h. 

18. When an algebraic quantity is not connected with any other 
by the sign of addition or subtraction, it is called a monomial^ or a 
quantity composed of a single term, or simply, a term. 

Thus, 3a, 50^, To'd^, are monomials, or single terms. 

19. An algebraic expression composed of two or more partSi 
separated by the sign + or -^ is called a pdlynoadalf or quantity 
involving two or more terms. 
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For example, 3a^6^ and 2a^— 3c^+4^ are polynomiak. 

20. A polynomial ccmiposed of two terms, is called a Urunnial ; 
and a polynomial of three terms is called a trinomud, 

21. The numerical value of an algebraic ezpression^is the number 
which would be obtained by giving particular values to the letters 
which enter it, and performing the arithmetical operations indicated. 
This numerical value evidently depends upon the particular values 
attributed to the letters, and will generally vary with them. 

For example^ the numerical value of 2a^=54 when we make 
a=3 ; for, the cube of 3=27, and 2x27=54. 

The numerical value of the same expression is 260 whea we 
makea=5; for, 5^= 125, and 2x125=250. 

22. We have said, that the numerical value of an algebraic ex- 
pression generally varies with the values of the letters which enter 
it : it does not, however, always do sOb Thus, in the expresooa 
a— 3, so long as a and b increase by the same number, the value 
of the expression will not be changed. 

For example, make a=7 and ^=4 : there results a— i= 3. 
Now make a=7+5=12, and &=4+5=9, and there results 
a-— &= 12— 9=3, as before. 

23. The numerical value of a poljmomial is not affected by 
changing the order of its terms, provided the signs of all the terms, 
be preserved. For example, the polynomial 4a'— 3a?}+5ac*= 
5flc»-3a'i+4a'=— 3cr'J+5ac"+4a'. This is evident, from the 
nature of arithmetical addition and subtraction. 

24. Of the different terms which compose a polynomial, some 
are preceded by the sign +, and the others by the sign — . The 
first are called additive termSy the others, suMractive terms. 

The first term of a polynomial is commonly not preceded by any 
sign, but then, it is understood to be affected with the sign +• 

25. Each of the literal factors which compose a term is called a 
dtmention of this term ; and the degree of a term is the number of 
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these jfactors or dimensions. Thus, 

Sa is a tenn of one dimensiony or of the first degree. 

bob is a term of two dimensions, or of the second degree. 

l(i^lH?=!laaabcc is of six dimensions, or of the sixth degree* 
In genera], (ke degr^^ or the number qf dimensions of a term^ is 
estimated Inf taking the sum of the exponents of the letters which enter 
this term. For example, the term Mbcd^ is of the seventh degree, 
•ince the sum of the exponents, 2+1+1 +3=7. 

26. A polynomial is said to be lumwgeneouSf when all its terms 
are of the same degree. The polynomial 

3a— 2&+C is of the first degree and homogeneous. 
— 4a5+J^ is of the second degree and homogeneous. 
5a'c— 4c'+2g'(Z is of the third degree and homogeneous. 
8ff'— 4a^+c is not homogeneous. 

27. A vmculum or bar , or a parenthesis ( )* is used to 
express that all the terms of a pdynomial are to be considered to- 
gether. Thus, a+b+cxbf or {a+hxc)xb denotes that the 

trinomial a+b+c is to be multiplied hy b; also a+b+cxc+d+f 
or (fl+b+c)x{c+d+f) denotes that the trinomial a+b+c is to 
be multiplied by the trinomial c+d+f. 

When the parenthesis is used, the sign of multiplication is usually 
omitted. Thus {a+b+c)xb is the same as (^a+h+c) b. 
The bar is also sometimes placed vertically. Thus, 
+ax 

+b is the same as (a+^+c) a; or a+b+cX^ 
+c 

28. The terms of a polynomial which are composed of the same 
letters, the same letters in each being affected with like exponents, 
ere called similar terms. 

Thus, in the polynomial 7a^+3a5— 4a^^+5a'^, the terms 7dh 
and Baby are similar; and so also are the terms— 40^6^^ and 50^^, 
the letters and expcments in each being the sarde. But in the bmo. 
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mial Mb+lai^f the terms are not nmilar ; for, although they are 
composed of the same letters, yet the same letters are not a&cted 
with like exponents. 

29, When a polynomial contains several similar terms it may 
often he reduced to a simpler fontu 

Take the polynomial 4*?*— 8A+7fl?c— 2fl?i^. ' 

It may be written (Art. 23), 4fl?*— 2fl?}+7a?c— Srf'c. 
4f But 4a^3— 2^3 reduces to 2«^3, and li^cSc^c to 4iA;. 

Hence, 4fl?3-3a"c+7£^c— 2fl?^2c?*+4(A:, 
When we have a pol3momial with similar terms, of the form 
+2a'5c»-4«r'ic»+6cr»W-8a?Jc^+lla»W, 
Find the sum of the additive and subtractive terms separately, and 
take their diflference : thus, 

Additwe terms* SuUraeUve terms. 

+ 2c?h(? — As?M 

+ %c?h<? -. So'W 

+lla3W Sum — 12af»Ac' 



Sum +\^a'b<? 

Hence, the given polynomial reduces to 

lOo'ic'- 12a?^c"=7a?W. 

It may happen that the sum of ihe subtractive terms exceeds the 
sum of the additive terms. In that case, subtract the positive co. 
efficient from the negative, and prefix the minus sign to the 
remainder. 

Thus, in the polynomial, 3e^3+2a^&— do^^— 3i^&, in which the 
sum of the additive terms is 6a^&, and the sum of the subtractive 
terms — 8ti^^, we say that the polynomial reduces to — 3a^3. 

For, since -^Mh is equal to ^bc?h—Zdhy we shsffi bav^ 

Hence, for the reduction of the similar terms of a polynomial we 
have the following 
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RULE. 

I. Torm a single addiUve term ofaU the terms preceded hy the sign 
phis : this is done hy adding together the co-effidents of those terms, 
and annexing to their sum the literal part. 

!!• Formy in the same manner ^ a single suhtractive term* 
III. Subtract the less sum from the greater, and prefix to the 
result the sign of the greater. 

Remark.— It should be observed that the reduction affects only ^ 
the co-efficients, and not the exponents. 

EXAMPLES. 

1. Reduce the polynomial 4a^3— 8a?5— 9a?5+lla^i to its sim- 
plest form, Ans. — 2a?5^ 

2. Reduce the polynomial labf^—alfi^-r'^alfi^'-Sabc^+Sahc^ to 
its simplest form. Ans. ^2iah<?. 

3. Reduce the polynomial OcJ^— Sac'+lSc^'+Bca+Oac^— 24ci?* 
to its simplest form. Ans. a<?+Sca. 

The reduction of similar terms is an operation peculiar to algebra. 
Such reductions are constantly made in Algebraic Addition, Sub- 
traction, Multiplication, and Diviskmm 

30. It has been remarked in Definition 3, that the quantities con- 
sidered in algebra are represented by letters, and the operations to 
be performed upon them, are indicated by signs. The letters and 
signs are used to abridge and generalize the reasoning reqtiired in the 
resolution of questions. 

31. There are two kinds of questions, viz. theorems and problems. - 
If it is required to demonstrate the existence of certain properties 
relating to quantities, the question is called a theorem ; but if it is 
proposed to determine certain quantities from the knowledge of 
others, which have with the first known relations, the question is 
CBUXeA 9. problem. 

The given or known quantities are generally represented by the 
first letters of the alphabet, a, b, c, d, &c. and the unknown or re- 
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quired quantities by the last letters, x^ y, x, dec. 

32, The following question will tend to show the utility of the alge- 
braic analysis, and to explain the manner in which it abridges and 
generalizes the reasoning required in the resolution of questions. 

Question. 

The sum of two numbers is 67, and their difference 19 ; what are 
Jke two numbers ? 

Solution. 

We will begin by establishing, with the aid of the conventional 
signs, a connexion between the given and unknown numbers of the 
question. If the least of the two required numbers was known, we 
would have the greater by adding 19 to it. This being the case, 
denote the least number by x : the greater may then be designated 
by a?+19 : hence their sum is a:+a;+19, or 2a?+19. 

But from the enunciation, this sum is to be equal to 67. There- 
fore, we have the equality or equation 

2a;+ 19=67. 

Now, if 2a? augmented by 19, gives 67, 2x alone is equal to 67 
minus 19, or 2a;=67— 19, or performing the subtraction, 2x=48. 

Hence x is equal to the half of 48, that is, 
a;=y=24. 

The least number being 24, the greater is 
a?+19=24+19=43. 

And indeed, we have 43+24=67, and 43—24=19. 

Table of the Algebraic Operations. 

Let X be the least number. 

a?+19 will be the greater. 
Hence, 2jj+ 19=67, and 2a?=67— 19 ; therefore »= y =«24 and 
consequently a;+ 19=24+ 19=43, 

And indeed, 43+24=67, 43-24=19. 

Another Solution. 

Let X represent the greater number, 
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07—19 will represent the least. 
Hence,2x— 19=67, whence 2a;=67+19 ; 
therefore,- a;=8ji=43 

and consequently, «— 19=43— 19=24. 

From this we see how we might, with the aid of algebraic signs, 
write down in a very small space, the whole course of reasoning 
which it would be necessary to follow in the resolution of a pro^ 
lem, and which, if written in common language, would often requirl^ 
several pages. 

General Solution of this Problem. 

The sum of two numbers is a, their difference is h What are 
the two numbers ? 

Let X be the least number, 

x+b will represent the greater. 
Hence,2aj+&=a, whence 2a?=a— ft, 

,, - a—b a b 

therefore, a?=:-_^=^— 

and consequently,a?+J= 1-&= — j — 

As the form of these two results is independent of any particular 
value attributed to the letters a and b, it follows that, knomng the 
sum and difference of two numbers j we obtain the greater by add^ 
ing the half difference to the half sum, and the less, by subtracting the 
half difference from half the sum. 

Thus, when the given sum is 237, and the difference 99, 

237 , 99, 237+99 ,336 ,^^ 
the greater is -2""'" 2" °^ 2 =-2-=^^^ 5 

^ ,. 1 ^ 237 99, 138 ^^ 
and the least -— — -— or — 69, 
2 2 « 

And indeed, 168+69=237, and 168—69=99. 
From the preceding question we percfeive the utility of repre- 
senting the given quantities of a problem by letters. As the 
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arithmetical operations can only be indicated upon these letters, 
the result obtained, points out the operations which are to be per- 
formed upon the known quantities, in order to obtain the values of 
those required by the question* 

The expressions 1 — and obtained in this prob- 

^ 2 2 2 2 ^ 

jfttif are called formulas, because they may be regarded as com- 
prehending the solutions of all questions of the same nature, the 
enunciations of which differ only in the numerical values of the 
given quantities. Hence, a formula is the algebraic enunciation of 
a general rule. 

From the preceding explanations, we see that Algebra may be 
regarded as a kind of language, composed of a series of signs, by 
the aid of which we can follow with more facility the train of ideas 
m the course of reasoning, which we are obliged to pursue, either to 
dem(X)Strate the existence of a property,or to obtain the solution of 
a problem. 

ADDITION. 

33. Addition, in Algebra, consists in finding^ the simplest equiva* 
lent expression for several algebraic quantities^ connected together 
by the sign plus or minus. Such equivalent expression is called 
their sum. 

fSa 
^_ 
00 



The result of the addition is 3a+5*+2c 



an expression which cannot be reduced to a more simple form. 
The result, after reducing (Art. 29), is . . 13^^ 
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of the expressions. 1 ^^^^^ 



Their sum, after reducing (Art. 29), is . . So?— 5a3--4y 

35. As a course of reasoning similar to the above would apply to 
all polynomials, we deduce for the addition of algebraic quantities 
the following general 

RULE. 

I. Write down the quantiUes to he added so that the similar term$ 
shaU fall under each others and give to each term its proper sign. 

IL Reduce the similar terms, and annex to the resu&s^ those terms 
which cannot he reduced, giving to each term its respective sign. 

EXAMPLES. 

1. Add together the polynomials, 3a'— 2i^— 4a^, 5a?-.i?4.2a3, 

and Sah-^Zc^-^iP. 

The term Sc^ being similar to 5^, we . 
write 8fl? for the result of the reduction 
of these two terms, at the same time 
slightly crossing them, as in the first term. 



3^_4ai-*25^ 
5ci«+2a*- If" 

+3a3-2y-3c» 
8aa+ ai-Si*— 3c» 



Passing then to the term —4ah, which is similar ^o +2dh and 
+3ab, the three reduce to +db, which is placed after 8a', and the 
terms crossed like the first term. Passing then to the terms involving 
^, we find their sum to be— 55^, after which we write — 3<^. 

The marks are drawn across the temis^ that none of them m&y 
be overlooked and omitted. 

(2). (3). 

7a:+3a5+ 2e 16a3^+ hc-'2ah€ 

— 3a?— 3a5— 5c — 4a^h^—9hc+6abe 

5ag— 9a5— 9e — 9a^^-^ hc+ abc 

Sum. 9a;— 9oft— 12c S€fil/^-^7bc+5ahc. 
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(4). (5). 

a+ ab-^ cd+ f 6ab+ cd+d 

3a+5ab'-ecd^ f 3ab+ 5cd+t/ 

— 5a— 6a6+6c(?— 7/ — 4a^+ 6cd+x 

- - a+ ab+ cd+4f — 5g&— 12c(f— y 

— 2g-h c6H-0 —3/ — 0+0 +x+d 

6. Add together 3a+5, 3a+3b, — Qa— 7^ 6a+95, and 
8a+3i+8c. Ans, Ua+9b+Sc. 

7. Add together 3ar+3ac+/, —9aoc+7a+d, +6a«+3ac+3/, 
8ar+13ac+9/, and — 14/+3fla:. 

Ans. Uax+ldac—f+la+d. 

8. Add together the polynomials, 3a^c+5ab, *7a^c—3ab+3ac^ 
5a^t—eab+9ac and —Sa^c+ai— 12ac. Atw. 7a2c— 3a^. 

9. Add the polynomials I9a^x^b-^i2ahb,5a^x^b+15a^cb'^l0€uc, 
^2a^x^b-'l3(^cb, and — 18a2a:56-.12a3c5+9aa?. 

Ans, 4a^!X!^b-^22a^cb'-ax. 

10. Add together 3<i+i+c, 5a+25+3<ic, a + c+oc, and 
-.3a— 9flrc— 85. Ans, 6a— 5i+2c— 5ac. 

11. Add together 5a'^b+6ex+9bc^, 7cx—8a% and — 15cap 
— 95c2+2a25. Ans, — o25— 2cx. 

12. Add together 8aa:+5a5+3a2i2c2^ — 18a:r+6a2+10a5, and 
lOor— 15a5— Ga^JV. ^n^. — 3a252c2+6a2. 

13. Add together 3a^+5a^b^c^-9a^x, la^-^Sa^b^c^^lOc^x, 
10fl5+16a2j2c2+19a3ic. Ans. 10a2+13a252c2+10a*. 

14. Addtogether7a25— 3a5c— 852c— 9c3+C(P, 8a5c— 5a25+3c3 ^ 
— 452c+c(P, and 4a^—S<^+9h^c-'3d^. 

Ans, 6a25+5a5c— 352c-14c3+2c(P-3cP. 

15. Add together --lSa^b+2ab^+6a^b^—8ab^+7<^b^5(fih^ 
— 5a35+6a5*+lla2R Ans. ^I6€fib+I2a^b^. 

16. What is the sum of So^JZc— 16a*jc— 9aa^d, +6i^h^c 
— 6aa53J+17a*j?, +16flar3j_a4a?_8a352c. -4iw. a3*2c+aa?3J. 

NoTS. — ^It is found most conyenient in algebra to arrange the letters of each 
term in al^phabetical order, from the left to the right 
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SUBTRACTION. 

36. Subtraction, in algebra, consists in finding the simplest ex- 
pression for the difierence between two algebraic quantities. 

The result obtained by subtracting 4b from 5a is expressed by 
5a— 4J. 

In like manner, the difference between 7a^b and 4a^6 is ex- 
pressed by 7a35— 4a3ft=3a3J. 

Let it be required to subtract from - - - 4a 
the binomial 2ft— 3c 

In the first place, the result may be written thus, 4a— (2ft— 3c ) 
liy placing the quantity to be subtracted within the parenthesis, 
and writing it after the other quantity with the sign — . But the 
question frequently requires the difierence to be expressed by a 
single polynomial ; and it is in this that algebraic subtraction 
principally consists. 

To accomplish this object, we will observe, that if a, ft, c, were 
given numerically, the subtraction indicated by 2ft— 3c, could be 
performed, and we might then subtract the difference from 4a. 
But as this subtraction cannot be efiected in the actual condition of 
the quantities, 2ft is first subtracted from 4a, which gives 4a— 2ft. 
Now in subtracting the number of units contained in 2ft, the num- 
ber taken away is too great by the number of units contained in 
3c, and the result is therefore too small by 3c; the remainder 
4a— 2ft must therefore be corrected by adding 3c to it. Hence, 
there results from the proposed subtraction 4a— 2ft+3c. 

37. Hence, for the subtraction of algebraic quantities, we have 
the following general 

RULE. 

I. Write the quantity to he subtracted under that from which it is 
to be takeny placing the simiktr terms, if there are any, under each 
(fther. 
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II. Change the signs of all the terms of the polynomial to be suk» 
tracted, or conceive them to be changed, and then reduce the polg^^o* 
mial result to its simplest form. 

(1). If I (1).' 

■ - 3flc+3a6-7c "ll — 3ac-3aft+7c 



From 
Take 
Remainder 



From 
Take 
Remainder • 

From - - 
Take - - 
Remainder - 



(2). 

16a»— bbe+7ae 

14fl;+ bbc'\'Sac 

2a^— 106c~ ae 

(4). 
5a3-4a2ft4. 3*2^ 

-2a3+3a26- 8^c 

la^—laVf+nl^c 



Zac—Sab+c^+le 
(3). 

17<i^c+ 7gaP"- 15a«y 
2abc—2^ax+l0axff 

(5). 

5a6-4<:rf+3a»+5«^ 
— ii6+3cJ+0— 56». 



6. From 3a2a?— 13a^+7a2, take ^a^x-^l^dbe 

Ans. — 6a2aj-f-7a». 

7. From bla^ly^c—lBabc—lAa^ take 41a352c— 27aftc— 14aV 

An*. 10a3ft2c+9afc. 

8. From 27o5c— 9ai+6c2, take 9a^+3c— 9a». 

Ans. ISoftc— 9<i5+6c3— 3c+9a«, 

9. From 8a5c— 1263a+5ca?— 7a?y, take Icx-^xy-^lZb^a. 

Ans. Saftc+ft^a— 2ca?— 6ay, 

10. Ba^c^lAahy+laW, take 9a2c— 14<i5y+15a2R 

Ajw. — a2c—8a»fi^. 

38. By the rule for subtraction, polynomials may be snbjeclei 
to certain transformations. 

For example . . 6a«— 3aft+35^— 5fe> 

becomes • . ta^r^{^^2l^+2hc). 

In like manner . . 7a?— Sa^i— 4&3c+6i3, 

becomes . . . 7a»-.(8a»5+4fi2c— 6ft»); 

or, again, . . . 7«i3— 8a»5— (45»c— 6ft8). 
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Also, .... 8a2-6a2^+5a2^, 
becomes • . . 8<i2--(6a2ft3— Sa^^s). 

Also, .... 9aV— 8a*+ft2— c, 
may be written . . Qa^c^— (So*— ft^^c), 
or, it may be written . 9a^c'^+b^^(S(^+c). 

These transformations consist in decomposing a polynomial 
into two parts, separated from each other by the sign ^. They 
are very useful in algebra. 

;. 39. Remark. — From what has been shown in addition and sub- 
traction, we deduce the following principles. 

1st. In algebra, the words add and sum do not always, as in 
arithmetic, convey the idea of augmentation ; for a— 5, which re- 
sults from the addition of —5 to a, is properly speaking, the arith- 
metical difference between the number of units expressed by a, 
and the number of units expressed by b. Consequently, this re- 
sult is numerically less than a. 

To distinguish this sum from an arithmetical sum, it is called 
the algebraic sum. 

Thus, the pol)naomial 2a^'^3a^+3l^c is an algebraic sum, 
80 long as it is considered as the result of the union of the mo- 
nomials 20^,— 3a25,+3&2c, with their respective signs ; and, in 
its proper acceptation, it is the arithmetical difference between the 
sum of the units contained in the additive terms, and the sum of 
the units contained in the subtrs^ctive terms. 

It follows from this, that an algebraic sum may, in the numerical 
applications, be reduced to a negative number, or a number affected 
with ithe sign — . 

2d. The words subtraction and difference do not always convey 
the idea of diminution, for the difference between +a and —6 
being a+b, is numerically greater than a. This result is an alge* 
braie difference, and can be put under the form of a— (— 5)=a+i. 
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MULTIPLICATION. 

40. Algebraic multiplication has the same object as arithmeti- 
cal, viz., to repeat the multiplicand as many times as there are 
units in the multiplier. 

It is generally proved, in arithmetical treatises, that the product 
of two or more numbers is the same, in whatever order the multi- 
plication is performed ; we will, therefore, consider this principle 
demonstrated. 

This being admitted, we will first consider the case in which 
it is required to multiply one monomial by another. 

The expression for the product of . 7a^b^ by 4a^i 
may at once be written thus . . 7a^^x4a^h:ss2S€fib^, 

But this may be simplified by obsernng that, from the preced- 
ing principles and the signification of algebraic symbols, it can be 
written . . . 7x4aaaaabbb. 

Now, as the co-efficients are particular numbers, nothing pre- 
vents our forming a single number from them by multiplpngthem 
together, which gives 28 for the co-efficient of the product. As to 
the letters, the product aaaaa, is equivalent to o^, and the product 
bbb, to P ; therefore, the final result is . . . 28a^b^. 

Again, let us multiply .... l2a^^c^ by Qc^b'^d^. 
The product is 12 X Saaaaahbbbbbccdd^^Qcfib^c^d^, 

41. Hence, for the multiplication of monomials we have the 
following 

RULE. 

I. Multiply the coefficients together, 

II. Write after this product all the letters which are common to the 
multiplicand and multiplier, affecting each letter with an exponent 
equal to the sum of the two exponents with which this letter is affected 
in the two factors. 

III. If a letter enters into hut one of the factors, write it in the 
product with the exponent with which it is affected in the factor. 
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The reason for the rule relative to the co-efficients is evident. 
But in order to understand the rule for the exponents, it should be 
Asenred that, in general, a quantity a is found as many times a 
fiu$tor in the product, as it is in both the multiplicand and multi* 
plier. Now the exponents of the letters denote the number of 
times they enter as factors (Art. 13.) ; hence the sum of the two 
exponents of the same letter denotes the number of times it is a 
fitctor in the required product. 

From the above rule, it follows that, 



(1) . 

(2) . 

(3) . 

Multiply 
by . 



8a2^ X7aW3=56a3ft3c»<p. 

21a3Wc X 8abc^=zl6B€t^&^d. 

4abeX7df =^28abcdf. 



(4) 
3a^b 
2ba^ 



(5) 
I2a^ 
12a52y 



I44a^a^y 6aocy^z' 



(6) 
6xyz 



(7) 

2gy^ 

2a^x^f. 



8. Multiply Sc^l^e by Icfilficd. Ans. ^^a^^'^c^d. 

9. Multiply 5fl5(P by \2cd^. Ans, SOabcd^. 

10. Multiply la^bd^c^ by abde. Ans, la^b^d^c^. 

42. We will now proceed to the multiplication of polynomials. 
Take the two polynomials a+b+c, and d+f, composed entirely 
of additive terms ; the product may be presented under the form 
^a^lf^c) X (d+f)' It is now required to take the multiplicand as 
many times as there are units in d and/. 

Multiplicand a+b+c 

. . d+f 



Multiplier 
taken d times, 
taken /times 
entire product 



ad+bd+ed 
+af+hf+cf 



ad+bd+cd+af+bf+cf. 
Therefore, in order to multiply together two polynomials com- 
posed entirely of additive terms, multiply successively each term of 
tkt multiplicand by each term of the multiplier ^ and add together all 
the products. 
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If the terms are affected with co-efficients and exponents, ob- 
serve the rule given for the multiplication of monomials (Art. 41). 
For example, multiply . . Sa^+iab+it^ 
by .... 2a+pb 



6a^+ 8a^b+2al^ 
The product, after reducing, +I5a^b+20 ab'^+5h^ , 

becomes . . . ^ 6a^+23a^b+22ab^+5l^ 

(2). (3)^ 

X +y - aa!+5ax 



+a;2y+y3 +5aafi +5aa!»y«+35a«a» 

x^+xy^+a^y+y^ 6aafi+6ax^y^+42a^ai^. 

4. Multiply x^+2ax+a^ by x+a, 

Ans. sfi+Soit^+Ba^x+iifi. 
6. Multiply «2+y2 by x+y. 

Ans. a^+xy^+a^+^. 
6. Multiply 3aP+eba^<^ by 3ab^+3a^<^. 

Ans. 9a^b^+27(^b^e^+lSa^&^. . 

43. In order to explain the most general case, we wiU suppose 
the multiplicand and multiplier each to contain additive and sub- 
tractive terms. They may then be written under the form a^b 
and c— (2; a denoting the sum of the additive terms and b the 
sum of the subtractive terms of the multiplicand, c and d express- 
ing similar values of the multiplier. We will now show how the 
multiplication expressed by {a^b)x(c^d) can be effected. 

The required product is equal to a— 6 a —ft 

taken as many times as there are units c — e{ 

in c—d. If then we multiply by c which ac^be 

gives ae — 6c, we have got too much by — ad-^bd 

a — b taken d times ; that is, we have ac — be — ad+bd, 

ad-^db too much. Changing the signs and subtracting this from 
the first product (Art. 37.), we have 

(a— .M X (c— d)=ac— &c— dd+M : 
3* 
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If we suppose a and e each equal to 0, the product will reduce 
to +W. 

44. By considering the product of a— 5 by c— (f, we may de- 
duce the following rule for the signs, in the multiplication of two 
polynomials. 

When two terms of the multiplicand and multiplier are affected 
mth the same sign, the corresponding product is affected with the 
sign +9 fl^ when they are affected with contrary signs, the product 
is affected with the sign — . 

Again, we say in algebraic language, that + muhiplied by +, 
or — multiplied by — , gives + ; — multiplied by +, or + m\x\^ 
£plied by — , gives — . But this last enunciation, which does not 
in itself offer any reasonable direction, should only be considered 
as an abbreviation of the preceding. 

This is not the only case in which algebraists, for the sake of 
brevity, employ incorrect expressions, but which have the advan- 
tage of fixing the rules in the memory. 

Hence, for the multiplication of polynomials we have the fol- 
lowing 

RULE. 

Multiply all the terms of the multiplicand by each term of the mul- 
tiplier, observing that like signs give plus in the product, and unlike 
signs mnas. Then reduce the polynomial result to its simplest forrn^ 

EXAMPLES. 

1. Multiply 4a3—5a2^— 8ai2+2i3 

by 2q2— 3a& —4^2 

8a«— 10a*A— 16a3^2+4a2i3 
— 12a*i ■+-I5(^b^+24a^b^'-'6ab^ 
^I6(^b^+20a^^+32ab^ —8^ 



8afi— 22a**— 17a»A«+48o2&3+26a**— 856. 



After having arranged the pol3momia]s one under the other, 
multiply each term of the first, by the term 2a^ of the second ; 
this gives the polynomial Bc^-^iOa^b'^ldaW+Aa^b^, the signs of 
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Whicli are the same as those of the multiplicand. Passing then to 
the term —Sab of the multiplier, multiply each term of the multi* 
plicand by it, and as it is afiected with the sign — , affect each 
product with a sign contrary to that of the corresponding term in 
the multiplicand; this gives — 120*5+ 15a3^+24a^i3—6a^ for 
a product, which is written under the first. 

The same operation is also performed with the term 4^, which 
18 also subtractive; this gives, ^I6a^h^+20a^b^-^32ab^'-'8b^. 
The product is then reduced, and we finally obtain, fox the moat 
simple expiessioQ of the product, 

8a«,«22a*6.r-l7(l^5*+48a253+26a54— 86^ 

2. Multiply 4tt^^2y by 2y. Ans. Sx^y^Ay^. 

3. Multiply 2ap+4y by 2a?— 4y. Ans. Ax^^-KSy^. 

4. Multiply a^+x^y+xy'^+y^ by a?— y. Ans. x^-^-y^. 

5. Multiply x^+xy+y^ by x^-^xy+y^. Ans. x^+x^^+y^. 

6. Multiply 2a^^3ax+4x^ by 5a^^6ax^2aP. 

Ans. 10a*— 27a3a?+34a2ar2— 18<m;3— 8a*. 

7. Multiply 3ar2— 2a?y+5 by a:2+2ay— 3. 

Ans. 3ap*+4aj3y— 4a2-.4ar2y2+16jry— 16. 

8. Multiply 3a:3+2a:y+3y2 by 2ar3— 3«Y+5y3. 

Am 5 6a*-5a:«y2-^ea:*y*+6ar3y2+ 

9. Multiply 8aa?-*6a5— c by 2ax+ab+e. 

Ans. 16a2aj2— 4fl2ia:— 6fl2i2+6^^a:— 7aftc— c«. 

10. Multiply 3a2--562+3c3 by 02^52. 

Ans. 3a*— 8a252+3a2c3+5ft4_3ft2c3. 

11. 3a2-5W+c/ 
— 5a2+4W— 8c/. 

Prod. red. — 15a*+37a2&J— 29aV— 20&g<fi+44k<y— 8<?y^. 

12. 4o3^— 5a2^c+8a2k2_3a2c3_7o^c» 
2ab^ -^Aabc — 2&c^ +c^. 

f 8a*** — 10a3&*c+28fl363c2— 34a362c3 
Prod. red. ) — Aal^P<^^l6a^Pc+l2<^be^ +7a^b^i^ 
i +lAa^bifi +14a5V— 3a2c« — 7aftc«. 
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45. We will make some important remarks upon algebraic mul- 
tiplication. 

1st. If the polynomials proposed to be multiplied by each other 
are homogeneous, the product of the two polynomials will also be 
homogeneous. Moreover, the degree of each term of the product 
will be equal to the sum of the degrees of any two terms of the 
multiplier and multiplicand. Thus, in example 12, all the terms 
of the multiplicand being of the second degree, as well as those 
of the multiplier, each term of the product will be of the fourth 
degree. This remark serves to discover any errors in the addi- 
tions of the exponents. 

2d. When, in the multiplication of two polynomials, no two of 
the several products are similar, the total number of terms in the 
entire product will be equal to the product of the number of terms 
in the multiplicand, multiplied by the number of terms in the mul- 
tiplier. This is evident from the rule (Art. 44). Thus, when 
there are five terms in the multiplicand, and four in the multiplier, 
there are 5 X 4, or 20, in the product. When some of the terms 
are similar, the total number of terms in the product, when re- 
duced, may be much less.. 

3d. Among the different terms of the product, there are always 
some which cannot be reduced with any others. These are, 
1st. The term produced by the multiplication of that term of 
the multiplicand, containing the highest exponent of a certain let- 
ter, by the term of the multiplier, affected with the highest expo- 
nent of the same letter. 2d. The term produced by the multipli- 
cation of llie terms affected with the lowest exponents of the same 
letter. For, these two partial products will contain this letter, 
affected with a higher and lower exponent than either of the other 
partial products, and consequently they cannot be similar to any 
of tbem. This remark, the truth of which is deduced', from the 
rule of the exponents, will be veiy useful in division. 
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46. We shall finish the subject of algebraic multiplication by 
making known a few results of frequent use in algebra. 

1st. Let it be required to form the square or second power of 
the biaomialy {a+b). We have, from known principles. 

That is, the sqttare of the sum of two quantities is equal to the square 
of the fir sty plus twice tlie product of the first by the second, plus the 
square of the second. 

Thus, to form the square of 5a^+8a^t we have, from what has 
just been said, 

(5a2-f 8a25)2=25a*+ 80a*5+ 64a*ft2. 

2d. To form the square of a difference, a— 5, we have 

That is, the square of the difference between two quantities is equal 
to the square of the first , minus twice the product of the first by the 
second, plus the square of the second. 

Thus, {laW-^ 12a63)3=49a*^- 1 68a3&«+ 144a2ft«. 

3d. Let it be required to multiply a+& by a— 5. 

We have {a+b) X (a— &)==o2— ^2 : 

Hence, the sum of two quantities multiplied by their difference, is 
equal to the difference of their squares. 

Thus, (8a3+7a&2) (S(^^7ab^)^64(^--49a^bK 

47. By considering the three last results, it will be perceived 
that their composition, or the manner in which they are formed 
horn the multiplicand and multiplier, is entirely independent of 
any particular values that may be attributed to the letters a and b 
which enter the two factors. 

The manner in which an algebraic product is formed from its 
two factors, is called the law of this product ; and this law re- 
mains always the same, whatever values may be attributed to the 
letters which enter into the two factors. 
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48. Lastly, a polynomial being given, it may sometimes be de« 
composed into factors merely by inspection. 

Take, foj example, the pol3momial ab^c+5aP+ac, 
It is plain that a is a factor of all the terms. Hence, we may 
write ah^c+5ab^+ ac=:a{b^c + 5P+c). 

Take the polynomial 25a^—30a^+15a^b\ it is evident that 5 
and a^ are factors of each of the terms. We may, therefore, put 
the polynomial under the form 5a^{5a^ — 6a5+3&2). 

1. Find the factors of 3a^+9a^c+l8a^xy, 

Ans, 3a2(&+3c + 6a?y). 

2. Find the factors of 8a^cx^\8acx^+2ac^y—30a^c^x. 

Ans, 2ac(4at— 9x2+c*y — I5a^c^x). 

3. Find the factors of 2UH^cx^30(^h^c^y+36a'^b^cd+6abe, 

Ans, 6abc{4ahx—5a]b*c^y+6a^b'^d+l). 

4. Find the factors of a^+2ab+b^. Ans. {a+b)X(a+b). 

5. Find the factors of a^^b\ Ans. (a+^)X («—&). 

6. Find the factors of a^^2<tb+b?. Ans. («—&) x (a—i). 

DIVISION. 

49. Algebraic division has the same object as arithmetical, viz., 
having given a product, and one of its factors, to find the other 
factor. 

We will first consider the case of two monomials. 

The division of 72a* by 8a^ is indicated thus : ~r- ; 

oa 

and it is required to find a third monomial, which, multiplied by 
8a3, will produce 72a*. The co-efficient of a in the qnotient 
must be such a number as being multiplied by 8 shall give 72, the 
co-efficient of a in the dividend ; and the exponent of a in the 
quotient added to 3, must give 5, the exponent of a in the divi* 
dend. Hence, we find the co-efficient by dividing 72 by 8, and > 
the exponent by subtracting 3 from 5, 
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wnicn gives -— =9a2. 

Also, .... ^^^=5(^-'^P-^c=5a^e; 

for, 7abx5a^c=:35aWc. 

50. Hence, for the division of monomials, we have the following 

RULE. 

I. Divide the co-efficient of the dividend by t?ie co-efficient of the 
divisor. 

II. Write in the quotient, after the co-efficient, all the letters com- 
mon to the dividend and divisor, and affect each with an exponent 
equal to the excess of its exponent in the dividend over that in the 
divisor, 

III. Annex to these, those letters of the dividend, with their re- 
spective eocponents, which are not found in the divisor. 

From these rules we find, 

1. Divide 16a;2 by 8x, Ans, 2x, 

2. Divide 15a^xy^ by Say, Ans, ^axy\ 

3. Divide SAaPx by 12R Ans, 7abx, 

4. Divide OGa^iV by 12a^c. Ans, 8a^bc\ 

5. Divide Uia^^c'^d^ by 36a^b^c^d. Ans, Aa^bHdK 
G. Divide 2bQa%c'^x^ by IQa^ex^, Ans, l^abcx. 
7. Divide SOOo^^^cV by SOa^i^c^ip. Ans, IQahcx, 

51. It follows from the preceding rule that the division of mo- 
nomials will be impossible, 

1st. When the co-efficients are not divisible by each other. 

2d. When the exponent of the same letter is greater in the 
divisor than in the dividend. 

3d. When the divisor contains one or more letters which are 
not found in the dividend. 

When either of these three cases occurs, the quotient remains 
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under the form of a monomial fraction, that is, a monomial ex- 
pression, necessarily containing the algebraic sign of diylsion, 
but which may frequently be reduced. 

Take, for example, 12a^b^cd to be divided by 8a^bc\ 
Here an entire monomial cannot be obtained for a quotient ; 
that is to say, a monomial which does not contain the sign of di- 
vision ; for 12 is not divisible by 8, and moreover, the exponent 
of c is less in the dividend than in the divisor ; therefore, the quo- 
tient is presented under the form ; but this expression 

can be reduced, by observing that the factors 4, a^ b and e are 
common to the two terms of the fraction. We then have, 

— r — for the result. 
2c 

In general, to reduce a monomial fraction it is necessary 

1st. To suppress the greatest factor common to the two co-effi* 
dents. 

2d. Svhtraet the less of the two exponents of the same letter^ from 
the greater^ and write the letter affected with this difference^ in that 
term of the fraction corresponding with the greatest exponent. 

3d. Write those letters which are not common, with their respee* 
tive exponents, in the term of the fraction which contains them. 

From this new rule, we find, 

4Sa^^cd^ 4ad^ ^ 37ab^c^d 37b^e 

and 



also, 



36a^^c^de'^3bce Sa^bc^d^'^ 6a^d' 

Id^b 1 



I4a^62'"2a6' 

In the last example, as all the factors of the dividend are found 
in the divisor, the numerator is reduced to unity ; for, in fact, both 
terms of the fraction are divided by the numerator. 

52. It often happens, that the exponents of certain letters, ^ar^ 
the same in the dividend and divisor. 

For example, divide 24a^^, by 80^5^ ; as the letter h is affected 
with the same exponwt, it should not be contained in the quo- 
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tient, and wc have — -^^=:3a. But it is to be remarked, that 

this result, 3a, can be put under a form which will preserve the 
trace of the letter 6, this letter having disappeared in consequeneo 
of the reduction. 

For, if we apply the rule for the exponents (Art. 50.), to the 

b^ b^ 

expression — , it becomes — =62-2--.5o . i\^\q new symbol 5®, in- 
dicates that the letter enters times, as a factor in the quotient 
(Art. 13.) ; or, which is the same thing, that it does not enter it; 
but it indicates, at the same time, that it was in the dividend and 
divisor, and that it has disappeared in consequence of the opera- 
tion. This symbol has the advantage of preserving the trace of 
a quantity which constitutes a part of the question, that it has 
been our object to resolve, without changing the value of the re- 

b^ 
suit ; for since b^ is equivalent to — , which is, moreover, equiva- 
lent to 1, it follows that 3a&<^=3aX l=3a. In like manner, 



Sa^bc^ 



=5aO&2cO=5R 



53. As it is important to have clear ideas of the origin and sig- 
nification of the symbols employed in algebra, we shall show that 
in general every quantity a affected with the exponent 0, is equiva* 
lent to 1 : that is, that aP=i. 

For this expression arises, as has just been said, from the fact 
that a is affected with the same exponent in the divisor and divi- 
dend. 

To make the case general, let m denote the entire number 

a"* 
which is the exponent of a. We shall then have, -;;p=a^. But 

a*" 
the quotient of any quantity divided by itself, is 1 . Hence, ---s= 1 ; 

therefore, we also have a^=rl. 

4 
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We observe again, that the symbol afi is only employed con- 
Tentionally, to preserve in the calculation the trace of a letter 
which entered in the enunciation of a question, but which may 
disappear in consequence of a division ; and it is often necessary 
to preserve this trace. 

Division of Polynomials, 

54. The object of division, is to find a third polynomial called 
'the quotient, which, multiplied .by the divisor, shall produce the 
dividend. Hence, the dividend is the assemblage, after reduc- 
tion, of the partial products of each term of the divisor by each 
term of the quotient, and consequently the signs of the terms in 
the quotient must be such as to give proper signs to the partial 
products. 

Since, in multiplication, the product of two terms having the 
same sign is affected 'with the sign +9 and the product of two 
terms having contrary signs is affected with the sign — , we may 
conclude, 

1st. That when the term of the dividend has the sign +» and 
that of the divisor the sign of +» the term of the quotient must 
have the sign +. 

2d. When the term of the dividend has the sign +, and that of 
the divisor the sign — , the term of the quotient must have the 
sign — , because it is only the sign ^, which, combined with the 
sign — , can produce the sign + of the dividend. 

3d. When the term of the dividend has the sign — , and that of 
the divisor the sign +9 the quotient must have the sign — . 

That is, when the two terms of the dividend and divisor have 
&e same sign, the quotient will be affected with the sign +, and 
when they are affected with contrary signs, the quotient will be 
affected with the sign — ; again, for the sake of brevity, we say 

that 

+ divided by +, and — divided by — , give + ; 

— divided by +, and + divided by — , give — . 
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1. Divide o^— 2aa?^af2 by a-^x. 

It is found most convenient, Dividend, Divisor. 

in division in algebra, to place a^ — 2ax+x^ \ a — » 
the divisor on the right of the a^-^ ax a — x 

dividend and the quotient di- -^ ax+x^ Qaotient. 

rectly undei the divisor. — ax+x^. 

We first divide the terra a^ of the dividend by the term a of the 
divisor, the partial quotient is a which we place under the divisor. 
We then multiply the divisor by a and subtract the product a^^ax 
from the dividend, and to the remainder bring down sc^. We then 
divide the first term of the remainder, — aa; by a, the quotient is 
—x. We then multiply the divisor by —a;, and, subtracting as 
before, we find nothing remains. Hence, a— a; is the exact quo- 
tient. 

In this example we have divided that term of the dividend which 
is affected with the highest exponent of one of the letters, by that 
term of the divisor affected with the highest exponent of the same 
letter. Now, we avoid the trouble of looking out the term, by taking 
care, in the first place, to write the terms of the dividend and divisor 
in such a manner that the exponents of the same letter shall go on 
diminishing from left to right. This is what is called arranging the 
dividend and divisor with reference to a certain letter. By this 
preparation, the first term on the left of the dividend, and the first 
On the left of the divisor, are always the two which must be divided 
by each other in order to obtain a term of the quotient. 

55. Hence, for the division of polynomials we have the following 

RULE. 

I. Arrange the dividend and divisor with reference to a certain 
letter, and then divide the first term on the left of the dividend hy the 
first term on the left of the divisor, the result is the first term of the 
quotient ; multiply the divisor by this term, and subtract the product 
from the dividend. 
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II. Then divide the first term of the remainder hy the first term 
of the divisor, which gives the second term of the quotient ; multiply 
the divisor hy this second term, and subtract the product from the 
result of the first operation. Continue the same process, and if you 
obtain Ofor a remainder, the division is said to be exact. 

FIRST EXAMPLE. 

Let it be required to divide 5Ia2i2_^I0a*— 48a3^--I5fi*+4a&3 
by 4a6-5a2+3R 

Dividend arranged. Divisor. 

l0ai^48a^+5la^^+4ab^ — l5b^^^^ --5a^+4ab+3b^ 
+ 10a^- 8a3ft~ 6a^^ -2a^-^Sab-db^ 

— 40a3&+57a2&2+ 4a&3—156* Quotient. 
- 40g3&+32fl?&2 4.24^53 

25a262— 20aft3— 15ft* 
25flgftg— 20gft3— 156* 

Remark. — ^When the first term of the arranged dividend is not 
exactly divisible by that of the arranged divisor, the complete divi- 
sion is impossible ; that is to say, there is not a polynomial which, 
multiplied by the divisor, will produce the dividend. And in gene- 
ral, we shall find that a division is impossible, when the first term 
of one of the partial dividends is not divisible by the first term of 
the divisor. 

56. Though there is some analogy between arithmetical and 
algebraical division, with respect to the manner in which the ope- 
rations are disposed and performed, yet there is this essential dif- 
ference between them, that in arithmetical division the figures of 
the quotient are obtained by trial, while in algebraical division the 
quotient obtained by dividing the first term of the partial dividend 
by the first term of the divisor is always one of the terms of the 
quotient sought. 

From the third remark of Art. 45, it appears that the term of the 
dividend afifected with the highest exponent of the leading letter, 
and the term affected with the lowest exponent of the same letter. 
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may each be derived without reduction, from the multiplication of 
a term of the divisor by a term of the quotient. Therefore nothing 
prevents our commencing the operation at the right instead of the 
left, since it might be performed upon the terms affected with the 
lowest exponent of the letter, with reference to which the arrange- 
ment has been made. 

Lastly, so independent are the partial operations required by the 
process, that after having subtracted the product of the divisor by 
the first term found in the quotient, we could obtain another term 
of the quotient by dividing by each other the two terms of the new 
dividend and divisor, affected with the highest exponent of a dif- 
ferent letter from the one first considered. If the same letter is 
preserved, it is because there is no reason for changing it, and be- 
cause the two polynomials are already arranged with reference to 
it ; the first terms on the left of the dividend and divisor being 
sufficient to obtain a term of the quotient ; whereas, if the letter 
is changed, it would be necessary to seek again for the highest 
exponent of this letter. 

SECOND EXAMPLE. 

Divide . . . 21jr3y24.25a;V+68a?y*— 4PyS— 56««— 18aj*y by 
5y2— 8a?2— 6a?y. 

— 40y^+68a:y^+25a;y+21rg3y^--18a:*y— 56a?*|| 5yg--6ay— Sgg 

^40y^+48xy^+64xY — 8y3+4«y2— 3012^4. 7«9 

1st. rem. 20xi/^-'39x'^f+2loi^y^ 
20aTy^— 24a?V-~32a;y 
2d. rem. — 1 5cc^f+53x^f — 1 Saf^y 

— 15a?y + 1 8a?y +24a?*y 

35ar3y2--42a:*y— 560* 
35^y2— 42a:*y-.56gg 
Final remainder ' 0, 

57. Remark. — In performing the division, it is not necessary to 

bring down all the terms of the dividend to form the first remain- 

4* 
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der, but they may be brought down ia succession, as in the 
example. 

As it is important that beginners should render themselves fami- 
liar with the algebraic operations, and acquire the habit of caU 
culating promptly, we will treat this last example in a different 
manner, at the same time indicating the simplifications which 
should be introduced. These consist in subtracting each partial 
product from the dividend as soon as this product is formed. 

~40yg+68a;y^+25a;y+21a?^y^--18^y-56a:g || 5yg-~6a:y~ 8 a:^ 

1st. rem. 20a?y*~39arV+21j?y --8y^+4xy^—3x^y+7x^ 

2d. rem. — 15a?y+53a?y— 18ar*y 

3d. rem. — 35a?3yg-~42ac*y-~56a;^ 

Final rem. 0. 

First, by dividing — 40y* by 5i/^, we obtain — 8y* for the quo- 
tient. Multiplying Sy^ by — 8y3, we have --40y*, or by chang- 
ing the sign, -+-40y*, which destroys the first term of the dividend. 

In like manner, —6xj/x—Sy^ gives +48a?y* and for the sub- 
traction — 48xy*, which reduced with +680:3^, gives 20apy* for 
a remainder. Again, —Soc^x—Sy^ gives +, and changing sign, 
— 64a^y3^ which reduced with 25a;^y3, gives —39x^y^, Hence 
the result of the first operation is 20apy*— 390;^ followed by 
those terms of the dividend which have not been reduced with 
the partial products already obtained. For the second part of the 
operation, it is only necessary to bring down the next term of the 
dividend, separating this new dividend from the primitive by a 
line, and operate upon this new dividend in the same manner as 
we operated upon the primitive, and so on. 

THIRD EXAMPLE. 

Divide 95a-:-73a2+56a*-25-59a3 by -.3a2+5-lla-7<r\ 

56g*--59a3~73flH95fl--25 | |7ga>-3og~llg+5 
1 St. rem. -35a?4-15g^+55a~25 8a -5 

2d. rem. 0. 
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GENERAL EXAMPLES. 

1. Divide I8x^ by 9*. Ans. 2a?. 

2. Divide 10a?V by — San^y. Ans, — 2y. 

3. Divide —Oax^y^ by 9ar*y. Aiw. —ay. 

4. Divide — 8a?2 by —2a?. Ans. +Ax. 

5. Divide I0ab+I5ac by 5a. ^iw. 26+3c. 

6. Divide SOoa?- 54a? by 6a?. Ans, 5a— 9. 

7. Divide 10a?2y— 15y3— 5y by 5y. Ans, 2a?2— 3y— 1. 

8. Divide 12a+3aa?— 18aa?2 by 3a. Ans. 4+a?— Gap*. 

9. Divide daa^+da^x+a^it^ by ax. Ans. 6a?+9a+aa?. 

10. Divide a2+2aa?4-a?^ by a+x, Ans. a+x. 

11. Divide a^— 3a2y+3ay2— y3 by a—y. 

Ans. a^— 2ay+y^. 

12. Divide 24a^b—l2a^cP—Gab by — 6ai. 

Ans. — 4a+2a2c5+l. 

13. Divide 6a?*— 96 by 3a?— 6. Ans. 2a?3+4a?2+8a?+16. 
H.Divide .... a^— 5a*a?+10a3a?2— i0aV+5aa?*-ai« 

by a2— 2aa?+a;2. Ans. a^— 3a2a;+3aa?2— a;3. 

15. Divide 48a?3— 76aa!»— 64a2ir+ 105a3 by 2a?— 3a. 

Ans, 24a:2— 2aa?— 35a*. 

16. Divide y^- 3y4a?2+3y2a?*— a?^ by y^- 3y2a?+3ya?2~a?3. 

Ans, f+3i/x+3ysP+a^. 

17. Divide 64a*6«— 25a^68 by 802^34.5^^4. 

Ans. 8a2^3— 5ai*. 

18. Divide 6a3+23a2fi+22ai2+5j3 by 3a2+4aJ+^^. 

Ans. 2a+5ft. 

19. Divide 6aafi+6ax^i^+i2a^a^ by aa?+5aa?. 

Ans. x^+X7/^+7ax. 

20. Divide . — 15a*+37a2W-29aV-20&2cP+445c4f-8c2/» 
by 3a2— SW+c/; Ans. — 5a2+4W— 8c/. 

21. Divide a?*+«^y^+y* by a^—xy+y^. Ans. ai^+xy+y\ 

22. Divide a*— y* by x—y. Ans, x^+x^y+xy^+y^. 

23. Divide 3a*— 8a362+3aV+5ft*-342c2 by a^-R 

Ans. 3a2--5ft2+3c«. 
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24. Divide ex^-dx^y^-^GxY+ex^y^+l^a^f—doc^i^+lOa^^^ 
+ 15y» by 3oi^+2a^f+3f. Ans. 2a?3— 3a;2y2+5y3. 

59. Among the different examples of algebraic division, there is 
one remarkable for its applications. It is so often met with in the 
resolution of questions, that algebraists have made a kind of theorem 
of it. 

We have seen (Art. 46), that 

hence, 7-=a+6. 

a — 

If we divide c^—V^ by a—h we have 

a3-P 



a -^b 



--a^+ab+l^: 



also -— T^=a3+a2J+aJ2+63 

a — 

by performing the division. 

These are results that may be obtained by the ordinary process 
of division. Analogy would lead to the conclusion that whatever 
may be the exponents of the letters a and &, the division could be 
performed exactly ; but analogy does not always lead to certainly. 
To be certain on this point, denote the exponent by m ; and pro- 
ceed to divide a"'--b^ by a-^b, 

1st. rem. . . . . o'^^i— J")a"»-^+ 
or &(a"^'— &'-*). 

Dividing a"* by a the quotient is a"^', by the rule for the expo- 
nents. The product of a— ft by c"^^ being subtracted from the 
dividend, the first remainder is a'***^— ft*", which can be put under 
the form ft(a'^\— ft*"""^). Now, if a*"-*— ft**-^ is divisible by a— ft, 
then will a" —ft"* also be divisible by a— ft ; that is, if the differ- 
ence of the similar powers of two quantities of a certain degree^ is 
exactly divisible by the difference of these quantities, the difference 
of the powers of a degree greater by unity ^ is also divisible by it^ 
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But it has already been shown that a*— 5* is divisible by a — 5 : 
hence, a^'-^b^ is also divisible by a— ft. Now, if «*—&* is divisi- 
ble by a—bj it must follow that o^— 5® is also divisible by a— ft. 
In the same way it may be shown that the division is possible when 
the exponent is 7, 8, 9, <fec. 

Hence, a"*— ft"* is divisible by a— ft. 

The beginner should reflect upon the method of demonstrating 
this proposition, as it is frequently employed in algebra. 

60. We have given (Art. 51, and 55,) the principal circum- 
stances by which it may be discovered that the division of mono- 
mial or polynomial quantities is not exact ; that is, the case in 
which there does not exist a third entire algebraic quantity, which, 
multiplied by the second, will produce the flrst. 

We will add, as to polynomials, that it may often be discovered 
by mere inspection that they cannot be divided by each other. 
When the polynomials contain two or more letters, before arrang- 
ing them with reference to a particular letter, observe the two 
terms of the dividend and divisor, which are affected with the high- 
est exponent of each of the letters. If for either of these letters, 
one of the terms with the highest exponent is not divisible by the 
other, we may conclude that the total division is impossible. This 
remark applies to each of the operations required in the process 
for finding the quotient. 

Take, for example, 120^— 5a2ft+7aft^— -llft^ to be divided by 
4a«— 8aft+3ft2. 

By considering only the letter a, the division would appear pos- 
sible ; but regarding the letter ft, the division is impossible, since 
~Ilft3 is not divisible by 3ft2. 

One polynomial A, cannot be divided by another B containing 
a letter which is not found in the dividend ; for, it is impossible 
that a third quantity, multiplied by B which contains a certain let- 
ter, should give a product independent of that letter. 

A monomial is never divisible by a polynomial, because every 
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polynomial multiplied by either a monomial or a polynomial gives 
a product containing at least two terms which are not susceptible 
of reduction. 

61. Remark. — ^If the letter, with reference to which the divi- 
dend is arranged, is not found in the divisor, the divisor is said to 
be independent of tliat letter ; and in that case, the exact division 
is impossible, unless the divisor will divide separately the co-e/fflcient 
of each term of the dividend. 

For example, if the dividend were Zha'^+dba^+lQb, arranged 
with reference to the letter a, and the divisor 3b, the divisor would 
be independent of the letter a ; and it is evident that the exact divi-* 
sion could not be performed unless the co-efiicient of each term of 
the dividend were divisible by 3b, The exponents of the leading 
letter in the quotient would be the same as in the dividend. 

1. Divide lSa^a^'-36a^oc^-'l2ax by 6a?. 

Ans, 3a3aj— 6a2a«2— 2a. 

2. Divide 25a^b—30a^b+40ab by 5b. 

Ans. 5a*— 6a2+8«. 

OF ALGEBRAIC FRACTIONS. 

62. Algebraic fractions should be considered in the same point 
of view as arithmetical fractions, such as' f , j-J, that is, we must 
conceive that the unit has been divided into as many equal parts 
as there are units in the denominator, and that one of these parts is 
taken as many times as there are units in the numerator. Hence, 
addition, subtraction, multiplication, and division, are performed 
according to the rules established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those rules, 
and in their application we must follow the procedures indicated 
for the calculus of entire algebraic quantities. 

63. Every quantity which is not expressed under a fractional 
form is called an entire algebraic quantity. 
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64. An algebraic expression, composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity/, 

65. When a division of monomial or polynomial quantities can- 
not be performed exactly, it is indicated by means of the known 
sign, and in this case, the quotient is presented under the form 
of a fraction, which we have already learned how to simplify, 
(Art. 51). With respect to polynomial fractions, the folio Wing are 
cases which are easily reduced. ^ 

Take, for example, the expression -^ — ,^ . 

This fraction can take the form "V iZ^ (Art. 46). 

(a—by ^ ' 

Suppressing the factor a— ft, which is common to the two terms, 

a-^-b 



we obtain 



a-ft* 



.... . 5a3— 10(|2ft+5aft2 
Again, take the expression — -r-r — r-rr . 

mi_. , J :. 1 5a(a2-2aft+52) 

This expression can be decomposed thus : — ~qTi — m — » 

or — ^^ —, 

%a\a-b) 

Suppressing the common factor, a(a— ft), the result is 
5(a— ft) 

The particular cases examined above, are those in which the 
two terms of the fraction can be decomposed into the product of 
the sum by the difference of two quantities, and into the square of 
the sum or difference of two quantities. Practice teaches the man- 
ner of performing these decompositions, when they are possible. 

But the two terms of the fraction may be more complicated poly- 
nomials, and then, their decomposition into factors not being so 
easy, we hare recourse to the process for finding iKb greatest eom^ 
mam divisor * 
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CASE I. 

Of the Greatest Common Divisor. 

66. The greatest common divisor of two polynomials, is the 
greatest polynomial, with reference to the exponents and co-effi- 
cients, that will exactly divide the proposed polynomials. 

67. Two polynomials which have not a common factor are said 
to be prifne with respect to each other. 

68. The subject of the greatest common divisor is fully dis- 
cussed under the general theory of equations. We shall here 
state two principles, which are there proved. 

1st. Tlie greatest common divisor of two polynomials contains as 
factors all the particular divisors of the polynomials, and does not 
contain any other factors. 

2d. The greatest common divisor of two polynomials is the same 
as that which exists between the least polynomial and their remainder 
after division. 

From these two principles we have the following 
RULE. 

I. Take the first polynomial and suppress all the monomial factors 
common to each of its terms. Do the same with the second polyno- 
mial, and if the factors so suppressed have a common divisor, set it 
aside as forming a part of the common divisor sought. 

II. Having done this, prepare the dividend in such a manner that 
tts first term shall be divisible by the first term of the divisor ; then 
perform the division, and suppress in the remainder all the factors 
that are common to the co-efficients of the different powers of the 
principal letter. Then take this remainder as a divisor, and the 
second polynomial as a dividend, and continue the operation with 
these polynomials, in the same manner as with the preceding. 

III. Continue this series of operations until a remainder is oh^ 
tained which wiU exactly divide the preceding divisor: this last divisor 
will be the greatest common divisor ; but if a remainder is obtained 
which is independent of the principal letter, and which wiU not divide 
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the eO'efficients of each of the proposed polynomials, it shotos that the 
proposed polynomials are prime with respect to each other, or that th^y 
have not a common factor. 

EXAMPLES. 

69. 1. Find the greatest common divisor of the polynomials 
a3-a2i+3a52— 363, and a^—oab+^i^. 

First Operation. 



a3— a2i+3ai2_3ft3 



Aa% — a62_3^ 



a2-.5aft+4ft2 



a +46 



1st rem, .... 19a62— 1963 
or 1962(a— 6). 

Second Operation, 



a^^5ab+4b^ 



—406+462 



[ fl-6 



a-46. 



0. 

Hence, a—h is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree by 
that of the lowest degree ; the quotient is, as we see in the above 
table, a+4b, and the remainder is 19a62— 1963. 

But 19a62— 1963 can be put under the form 1962(a— 6). Now 
the factor 196^, will divide this remainder without dividing 

a^^5ab+4i^, 

hence, the factor must be suppressed, and the question is reduced ^ 
to finding the greatest common divisor between 

a2— 5a6+462 and a— 6. 

Dividing the first of these two polynomials by the second, there 
is an exact quotient, a— 46 ; hence a— 6 is the greatest common 
divisoi of the two proposed polynomials. To prove this, let each 
be divided by a— 6. 
V. 
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70. Ex.2. Find the greatest commoAdivii^OT of the polynomials 

3o«-5a3^2+2ai* and 2a*^3a^b^+b\ 

We first suppress a, which is a factor of each term of the first 
polynomial^ we then have 

We now find that the first term of the dividend will not contain the 
first term of the divisor, we then multiply the dividend by 2, which 
merely introduces a factor not common to the divisor, and hence 
does not affect the common divisor sought. We then have 

6a*-10a2ft2+454||2a4--3a2^-j^ 

We find, after division, the remainder — -o^+^j which we put 
mider the form —b^{a^—b^). We then suppress —^2, and divide 



2a*-3a2J24.54| 
2a*-2a3J2 



a2-J2 



2o2-.J3 



- a^h^+b\ 

Hence, a^ — h^ is the greatest common divisor. 

3. Find the greatest common divisor of a^— 1 and sc^+x^. 

Ans. l+a^. 

4. Find the greatest common divisor of 4a^—2a^—3a+l and 
3a«--2a— 1. Ans. a— 1. 

6. Find the greatest common divisor of a^^ca^ and a^-^a^x 

6. Find the greatest common divisor of 36a*— 18a*— 27«*+9a' 
and 27a«52_i8a*fi2_9^3^2. ^^. 9a»(a-^l). 

7. Find the greatest common divisor of 

^p3+3npV— 2npj3— 2ii^ and 2mff'-ATnf^^mj^q-\-3mp^. 

Ans. p—q. 
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6. Find the greatest common divisor of the two polynomials 
15a*+ 10a*6+4a«J'+6a*J«- 3a** 
12aW+38aV+ 16ai*- lO**. 

Ans. 3a*+2aJ-**. 

CASE IL 

71. To reduce a mixed quantity to the form of a fraction. 

RULE. 

MuU^Iy the entire part by the denominator of the fraction : then 
connect tMe product with the terms of the numerator hy the rules for 
addaiony and under the result place the given denominator. 

EXABIFLBS. 

(a^s?) 
!• Reduce x to the form of a fraction. 

X 

X = -^ • Ans. 

X X ' X 

oof+a!* 

2. Reduce x to the form of a fraction.* 

2a 

ax—s^ 
Ans. 



2a • 



2a?— 7 

3. Reduce 5-1 — r to the form of a fraction 

ox 



17a;-7 
Ans. 



Zx 



x—a—1 
4. Reduce 1 to the form of a fraction. 



2a— aj+1 
Ans. — : • 



a?— 3 

6. Reduce l+2a? — 3—- to the form of a fraction. 



10a»+4a?+3 
Ans. > - 
5a; 
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CASE in. 

72. To reduce a fraction to an entire or mixed quantity. 

RULE. 

Divide the numerator hy the demmdnaior for the entire partf and 
place the remainder^ if any^ over the denominator for the fractional 
part* 

EXAMPLES. 

ax+a* 

1. Reduce to a mixed quantity. 

ax+a* a' 
=a-| — Ans, 

X X 

ax — £6* 

2. Reauce to an entire or mixed quantity. 

Ans. a— « 

flj— 2a" 

3. Reduce — r — to a mixed quantity. 

- 2a* 
Ans. a — J-- 



a«— «* 

4. Reduce to an entire quantity. 

a^^x 

5f. Reduce to an entire quantity. 

a?— y 



W ^ , 10x'-5a;4-3 . , 

6. Reduce r to a mixed quantity, 



Ans, a+z 
Ans, sf+xy+y^. 



3 

Ana, 2*— 1+r-. 
ox 



CASE IV. 
73. To reduce fractions having different denominators to equiva- 
lent fractions having a common denominator. 
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RULE. 

MuUipl^ each numerator into aU the denominators except Us om^ 
for ihe new numerators^ and aR the denominators together for a com* 
mon denominator. 

EXAMPLES. 

a h 

!• Reduce -r- and — to equivalent fractionfl having a com- 
o c 

won denominator. 

bXh'- 
and • • bxe=^lMS the common denommator. 

a a+h 

2. Reduce -r- and to fractions, having a common de- 

c 

ae _ ah+y 
nonunator. Ans. — and 



:=:ae ) , 

,, f the new numerators. 



be be 

- Sx 2b 
3. Reduce — , — , and d^ to fractions having a common de- 
Oca? 4ab Qaed 
nominator. Ans. -^ — ^ -r — and 



6ac ' 6ac 6ac * 



3 2ar . 2» 



4. Reduce — , — , and a-\ — , to fractions having; a com- 

9a Sax , 12a'+24« 

mon denommator. Ans. -^ . ..^ . and rr • 

12a 12a 12a 

1 a« a'4-«* 

5. Reduce -77, -r- and — ; — ^ to fractions having a com- ^ 

2 3 a+x ® 

mon denominator. 

Sa+Sx 2a'+2a'« 6a*+es^ 

^~- eJ+to' 6a+6« ' "^ 6a+ex * 

CASE V. 
74. To add fractional quantities together. 

6* 
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RULE. 

Reduce AefracUonSf if neceisaryf to a common denommator: then 
add the numerators iogeUier and place their sum ooer the common de- 
nominator. 

EXA1CPLE& 

a c e 

1. Find the sum of , -7-, -t"> and "T"- 
o d f 



Here, . axdxf=adn 

cX^ Xf=chf y the new numerators. 
exhXd=^€ 



f=adn 
i=:ebd) 



And • • lfXdXf=^ the common denominator. 

,^ adf chf ehd adf+chf+ehd 

Hence, ^+-^+-^= ^ '^''^' 



2. To a r- add *4- , 



, 2abx^'Scx' 
Ans. a+h+ 



be 

XXX X 

8. Add — , — and -p together. Ans. x+--. 

- A ij ^-2 ^ 4a; ^ ^ 19X--14 

4. Add and — together. 4n*. , 

. * ,. a?~2 ^ 2a;— 3 

5. Add x-\ — r— to 3a;H — . 

o * 

10a;-17 
Ans, 4i;+- 



5a;* x-^-a 

6. It IS required to add 4a;, -^^^ and -^;^ together, 



12 
2a ' 2a; 



i ^ . 5a:*+aa;+a» 

Ans. 4a;H ^ — - — . 

2ax 

2x 7x fix+1 

7. It is required to add — , — , and — - — together. 

A n . 49a?+12 
Ans. 2x+ 



60 
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^. It ifl r«iquired U) add 4c, — , and 2+— together. 

449+90 

Ans 4x+ 



45 

2x &x 

9. It is required to add 3*+— and x — ^ together. 

2Zx % 
Arts. 3jc-| — rr-. 
40 

CASE VI. 

75. To subtract one fractional quantity from another. 

RULE. 

I. Reduce the fractions to a common denominator, 

II. Subtract the numerator of the fraction to he subtracted from the 
nmmerator of the other fraction^ and place the difference over the com- 
mon denominator. 

examples; 

X — a 2a— 4a; 

1. Find the difference of the fractions _. and — r 

Zo oc 

Here, («— fl)x 3c=:3ca;— 3ac ) . 

. - V ^, - , «, C the numerators 
(2a— 4a:)x2ft=4ai— 85a: ) 

And, 2b x3c=65c the common denominator. 

3c»— 3ac 4ab^6bx 3ca:— Sac— 4a5+85a? 

««°<^' — eS 66r^= 6^^ • ^"*- 



12a? 3a: 

2. Required the difference of — =— and — . 



3. Required the difference of 5y and -g-. 



89* 
Ans. "3^. 



Ans. —-. 
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i. Required the difference of — and — . 



Ans. -g^. 



x+a c 

5. Required the difference between — r^ and — . 



dx+cid-^hc 
Ans. 



bd 



3a;4-a 2x4-7 

6. Required the difference of — rr — and — - — < 



24a;4-8a-10&B— 85ft 

^'"- 40^^ • 

X X — a 
7. Required the difference of ^+"r and x . 

cx+^x— oft 
Ana. 2a;+ 



CASE VII. 

76« To multiply fractional quantities together. 

BULE. 

If the quantUiea to he multiplied are mixed, reduce them to a frac-^ 
tionaJform ; then multiply the ntmerators together for a numerator 
and the denominators together for a denominator. 



EXAMPLES. 



bx e 

1. Multiply aH — by -j. 

hx a*+hx 
a+— = 
a a 

a*+Ja? c a^c+iex 
Hencey ^"5*^^ ]J3 — • Ans, 

Sx da 

2. Required the product of — and -r-. 



9ax 
Ans. -gj.. 
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3. Required the product of —and — . 

Ana. -3-. 
ba 

^ t:*. J xi. .. , , ^ 2x Zah , 3ac 

4. Find the contmued product of — , , and -777-- 

Aru. 9ax. 

5. It is required to find the product of h-^ — and — , 

ab+hx 
Arts. . 

X 

6. Required the product of — 7 and 



be •*"" b+c • 

. x*—b* 
Am, 



7. Required the product of x+- , and 



b'c+bc' 



a ' """ a+y 

fla?*— oaj+a?'— 1 



Ans. 



a'+ab 



ctx fl'— ic* 

8. Required the product of a-\ by r- 

a^x X -^-sr 



Ans, 



ax+aof—a^s* ' 

CASE VIII. 

77. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities, if there are any, to afracttmaiform : 
then invert the terms of the divisor andmuMply the fractions together 
as in the last case. 

EXAMPLES. 



I. Divide .... a—— by — . 
2c ^ g 



^""20"* 2c 



«6 
HencGi 






Ans. 


91« 
60~* 


Ax 
Ans. -. 


Arts. 


x+1 
4c* 


Ans. 


2 


Ans. 


5to 
2a ' 


Ans. 


x-b 


Ans. 


y 

"+-' 



7x 12 

2. Let — be divided by 7^ 

3. Let - ■ be divided by 5a?, 

4. Let - ■ be divided by — . 

D O 

X X 

5. Let r be divided by -—. 

a?— 1 "^ 2 

507 2a 

6. Let — be divided by -rr. 

a?— ft ■ ,. ., , , 3ci 

7. Let -S"^ be divided by -73-. 

a?*— ft* a:'4-ftaj 

8- Let -7 — », . M ^® divided by 7—. 

a:*— 2fta?+ft «— ft 



78. We will add but a single proposition more on the subject of 
fractions. It is this. 

If the same number be added to each of the terms of a proper fraction^ 
the new fraction resulting from this addition vnU be greater than the 
first ; but if it be added to the terms of an improper fraction^ the rc^ 
suiting fraction wiU be less than the first. 

a 

Let the fraction be expressed by -=-9 and suppose a<ft« 

Let TO represent the number to be added to the terms: the 

fraction then becomes t-. — • 
o-^-m 

In order to compare the two fractions, they must be reduced to the 

^ , ft- alf+am ^ aft+ftm 

same denorpmator^ which gives , ^ . , for the first, and —- — 

(r+bm h^+bm 

for the second. 
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Now, the denominators being the same, that fraction will be the 
greatest which has the greater numerator. But the two numera- 
tors, ab+am^ and db+bnif have a common part ab ; and the part bm 
of the second is greater than the part am of the first, since J>a. 
Hence the second fraction is greater than the first. 

If the given fraction is improper, or a >i, it is plain that the nu- 
merator of the second fraction will be less than that of the fiwt, 
since bm would be less than am. 



CHAPTER II. 
Of Equations of the First Degree. 

79. An Equation is the expression of two equal quantities with 
the sign of equality placed between them. Thus, x=a+b is an 
equation, in which x is equal to the sum of a and b. 

80. By the definition, every equation is composed of two parts, 
separated from each other by the sign =. The part on the lefl of 
the sign, is called the fast member, and the part on the right, is called 
the second member ; and each member may be composed of one or 
more terms. 

81. Every equation may be regarded as the enunciation, in alge- 
braic language, of a particular problem. Thus, the equation 
fl;-|-a;=30, is the algebraic enunciation of the following problem ; 

To fold a number which, being added to itself, shaU give a sum 
equal to 30. 

Were it required to solve this problem we should first express it 
in algebraic language, which would give the equation 

x+ a?=30. 

By adding a; to itself, we have 2c=:30. 

and by dividing by 2, we obtain . • • • «=15. 
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Hence we see that the solution of a problem by algebra, consists 
. of two distinct parts. 

1^. To express digebraicalbf the relation between the known and 
unknown quantities. 

2d, To find a value for the unknown quantity f in terms of tJwse 
which are known, which suhsiHuted in its place in the given equation 
wiU satisfy Hie equation ; tluU is, render the first member equal to the 
seconds 

This latter part is called the sdliUion of the equation. 

82. An equation is said to be verified, when such a value is sub- 
stituted ibr the unknown quantity as will prove the two members of 
the equation to be equal to each other. 

83. Equations are divided into different classes. Those which 
contain only the first power of the unknown quantity, are called 
equations of the first degree. Thus, 

ax + b =: cx+d is an equation of the 1st. degree. 
2s^—'Sx =5 —2a;' is an equation of the 2d. degree. 
4a;*— 5a?'=3a?+ll is an equation of tlie 3d. degree. 
In general, the degree of an equation is denoted by the greatest 
of the exponei;its with which the unknown quantity is affected. 

84. Equations are also distinguished as numerical equations and 
lUeral equations. The first are those which contain numbers only, 
with the exception of the unknown quantity, which is always de- 
noted by a letter. Thus, 4a;— 3=2a;+5, So;*— a;=8, are numerical 
equations. They are the algebraical translation of problems, in 
which the known quantities are particular numbers. 

The equations ax^b^z^cx-^d, aa^+bx=c, are literal equations, 
in which the given quantities of the problem are represented by 
letters. 

85. It frequently occurs in algebra, that the algebraic -sign + or 
— , which is written, is not the true sign of the term before which 
It is placed. Thus, if it were required to subtract —5 from a, we 
should write 
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Here the true sign of the second term of the binomial is plus, al- 
though its algebraic sign, which is written in the first member of the 
equation, is — . This nainus sign, operating upon the sign of h^ 
which is also negative, produces a plus sign for b in the result. 
The sign which results, after combining the algebraic sign with the 
sign of the quantity, is called the essential sign of the ierm^ and is 
often different from the algebraic sign. 

By considering the nature pf an equation, we perceive that it 
must possess the three following properties. 

1st. The two members are composed of quantities of the same kind. 

2d. The two members are equal to each other. 

3d. The essential sign of the two members must be the same. 

Equations of tJie First Degree involving but one unknoum 
quantity. * 

86. An axiom is a self-evident proposition. We may here state 
the following. 

1. If equal quantities be added to both members of an equation, 
the equality of the members will not be destroyed. 

2. If equal quantities be subtracted from both members of an 
equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same num- 
ber, the equality will not be destroyed. 

87. The transformation of an equation consists in changing its 
form without aifecting the equality of its members. 

The following transformations are of continued use in the resolu- 
tion of equations. 

First Transformation, 

88. When some of the terms of an equation are fractional, to re- 
duce the equation to one in which the tenne shall be entire' 
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Take the equation, 

2a; 3 x 

First, reduce all the fractions to the same denominator, by the 
known rule ; the equation becomes 

48a; 54i; 12a; 



72 72 ' 72 

and since we can multiply both members by the same number with- 
out destroying the equality, we will multiply them by *'72, which is 
the same as suppressing the denominator 72, in the fractional terms, 
and multiplying the entire term by 72 ; the equation then becomes 

48a?— 54i;+ 12a;=792. 
or dividing by 6 8a?— 9a?+ 2a?=132. 

89. The last equation could have been found in another manner 
by employing the least common multiple of the denominators. 

The common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple, is the least number which they will so divide. The 
least common multiple will be the product of all the numbers, 
when, in comparing either with the others, we find no common fac- 
tors. But when there are common factors, the least common mul- 
tiple will be the product of all the numbers divided by the product 
of the common factors. 

The least common multiple, when the numbers are small, can 

generally be found by inspection. Thus, 24 is the least common 

multiple of 4, 6, and 8, and 12 is the least common multiple of 

3, 4 and 6. 

2x 3 0? 
Take the last equation -^ jir+-^=ll. 

We see that 12 is the least common multiple of the denomina- 
tors, and if we multiply all the terms of the equation by 12, and 
' divide by the denominators, we obtain 

8a;— 9x+2a:=132. 
the same equation as before found. 
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90. Hence, to make the denominators disappear from an equation, 
we have the following 

RULE 

I. Form ike least common multiple of aU the denominators, 

II. Multiply each of iJie entire terms by this multiple, and each of 
the fractional terms hy the quotient of this muitiple divided by the de- 
nominator of the term thus multiplied, and omit the denominators of 
the fractional terms, 

EXAMFLES. 

1. Clear the equation -^+-= — 4=3 of its denominators. 

Ans. 7a?+5a;— 140= 105. 

a c 

2. Clear the equation -r -r-+f=g, 

Ans, ad'-bc+bdf=:bdg, 

3. In the equation 

ax 2c^x 4bc^x 5a* 2c^ 

b ab (V ^ a 

the least common multiple of the denominators is a*i' ; hence clear- 
ing the fractions, we obtain 

a*3a:-2a23c2a;+4a*^=46'<r'a?~5a«+2a«5»c2-3a3J3. 

Second Transformation. 

01. When the two members of an equation are entire polynomials, 
to transpose certain terms from one member to the other. 

Take for example the equation .... 5a;— 6=8+2x\ 

If, in the first place we subtract 2a: from 
both members, the equality will not be de- 
stroyed, aud we have . 50?— 6— 2x=8. 

Whence we see that the term 2ar, which was additive in the 
second member becomes subtractive in the first. 
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In the sec(xid place if we add 6 to both 
membersi the equality will still exist and 

we have 5a?— 6— 2a;+6=8+6. 

Or, since —6 and +6 destroy each other 5x— 2a?=8+6. 

Hence the term which was subtractive in the first nfiember, passes 
into the second member with the ^ign of addition. 

Again, take the equation ...••• aw+b=:zd'-cx. 

If we add ex to both members 
and subtract b from them, the 

equation becomes .... fla?+ft+ca?— J=:<i— c«+caj— ^. 
or reducing ax+cx=d—h. 

Therefore, for the transposition of the terms, we have the 
following 

RULE. 

Any term of an eqvation may he transposed from one member to the 
aiker by changing its sign* 

92. We will now apply the preceding principles to the resolutfon 
of the equation, 

4a?— n=2a;+5. 
by transposing the terms —3 and 2a? it becomes 
4a?— 2a?=5+5 
Or reducing » 2ap=8 

a 

Dividing by 2 . a?^— =4. 

Now, if 4 be substituted in the place of x in the first equation, it 
becomes 

4x4— 5=2x4+^ 
or .... 1S=13. 

Hence, the value of a? is verified by substituting it for the lanknowa 
quantity in the given equation. 

For a second example, take the equation 
5a? 4a? 7 13a? 

12"'T"'^^"¥ 6~- 
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By making the denominators disappear, we haye 

10a;-32a:-312= 21 -62« 

or, by transposing • lOo;— 32x+52a;= 21 +312 

by reducing ... 30x=:333 

333 111 
dividing by 30 . . a?=— =-j^=lM. 

a result which may be verified by substituting it for x in the given 
equation. 

For a third example let us take the equation 
(3a— 0?) (a— ft)+2ac=4i(a;+a). 

It is first necessary to perform the multiplications indicated, in or- 
der to reduce the two members to two polynomials, and thus be able 
to disengage the unknown quantity a;, from the known quantities. 
Having done that, the equation becomes, 

Sa*—aX'-^ah+hx+2ax=:4hx+^ab, 
or by transposing . — aa?+Ja?+2aar— 45a? =4aJ+3ai— 3a' 
by reducing . . ax^Zbx =7abSa* 

Or, (Art. 48). . . (a-3&)a;=7a5-3a« 

Dividing both members by a— 3ft we find 
7ahSa* 
''"■ a-3ft • 
93. Hence, in order to resolve any equation of the first degree, 
wc have the following general 

BULE. 

I. If there are any denominators, cause them to disappear, and per- 
form, in both members, all the algebraic operations indicated : we thus 
obtain an equation the two memhers of which are entire pdynomiaU. 

II. Then transpose all the terms affected with the unknown quantity 
into tlie first member, and all the known terms into the second member. 

Fli. Reduce to a single term aU the terms involmng x: this term 
wiU be composed of two factors, one of which will be x, and the other 
all themubipUers of x, connected with their respective signs. 

6* 
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IV. Divide both mmbera hy (he number or folynomidlhy whick the 
unknaum ^piantit^ is rnidUj^ied, 

VXAXPIXB, 

1. Given 3a;— 2+24=31 to find a?. Am. a?=8. 

2. Given a?+18=3a?— 6 to find a:. Ans. aj=ll— . 

3. Given 6— 2a?+10=20— 3a;— 2 to find X, Ans. a;=2. 

4. Given x+--rx+—x=ll to find a;. Ans* a;=6. 

«* o 

1 ,6 

6i Given 2«— ^^4-l==5a?— 2 to find x. Ans» «=-=-• 

a 
6. Given 3aar+— — 3=&p^— a to find ar* 

6^3a 
Ans. a?=- 



"6a- 2d* 



_. a— 3 a; a;— 19 
7. Given — — h-g-=2^ o — ^ *' 



-4?w. a;5?=23-~. 
4 



07+3 X X — 5 
8. Given — r — h-;r=s=4 — to find x. 



6 
Ans, «=3-5. 



^. oa?— J a da; &c— a ^ , 

9. Given - — r-^=ir'"^ z — ^^ "°" *• 



A 3d 



10. Find the value of x in the equation 



a— d a+d d 



iln», «=- 



2d(2a«+ad-d«) 
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Of Questions producing Equations of the First Degree 
involving but a single unknown quantity. 

94. It has already been observed (Art. 81), that the solution of 
a problem by algebra, consists of two distinct parts. 

1st. To express the conditions of the problem algebraically ; 
and 

2d. To disengage the unknown from the known quantities. 

We have already explained the manner of finding the value of 
the unknown quantity, after the question has been stated ; and it 
only remains to point out the best methods of enunciating a problem 
in the language of algebra. 

This part of the algebraic resolution of a problem, cannot, like 
the second, be subjected to any well defined rule. Sometimes the 
enunciation of the problem furnishes the equation immediately ; and 
sometimes it is necessary to discover, from the enunciation, new con- 
ditions from which an equation may be formed. The conditions 
enunciated are called explicit conditions^ and those which are de- 
duced from them, impUdt conditions. 

In almost all cases, however, we are enabled to discover the equa- 
tion by applying the following 

RULE. 

Consider the problem solved ; and then indicate^ hy means of dlge- 
hraic signs^ upon the known and unknown quantities, ike same course 
of reasoning and operations which it would he necessary to perform, 
in order to verify the unknown quantity, had it been given, 

QUESTIONS. 

1. Find a number such, that the sum of one half, one third, and 
one fourth of it, augmented by 45, shall be equal to 448. 

Let the required number be denoted by • . . x . 
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X 

Then, one half of it will be denoted by . . . — - 



one third of it . . by 



X 
X 



one fourth of it . • by 
And by the conditions, —+—+—+45=448. 

<6 o 4 

Or by subtracting 45 from both members, 

XXX 

_+_+_=403. 

By clearing the terms of their denommators,we obtain 

6x+Ax+Sx=4tSS6. 

or . . 13j?=483d. 

4836 
Hence . a?=— r-=372. 

Id 

Let this result be verified. 

372 372 37*^ 
-^-+-^+-j^-4-45=rlS6+124+93+45=448. 

2. What number is that whose third part exceeds its fourth, by 
16. 
Let the required number be represented by x. Then, 

— x= the third part, 
o 

— x= the fourth part. 

1 1 

And by the question —x — T-a?= 16. 

or, . . . 4c— 3a;=192. 

«=192. 

Verification. 
192 192 



-=64-48=16. 
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8. Divide $1000 between A, B, and C, so that A shall have $72 
more than B, and C $100 more than A. 



Let . . 


£= B's share of the $1000. 


Then . • 


x+ 72= A's share. 


And . . 


a;+l'72= C's share. 


Their sum 


3a:+244=1000. 


Whence, 


3a;=1000~244=756 


or 


756 
«=— ^-=$252= B's share. 
o 




x+ 72=252+ 72=$324= A's share. 


And 


a;+172=252+172=$424= C's share. 



Verification* 
252+324+424=1000. 

4. Out of a cask of wine which had leaked away a third part, 
31 gallons were aflerwards drawn, and the cask being then gauged, 
appeared to be half full : how much did it hold ? 

Suppose the cask to have held x gallons. 

X 

Then, — = what leaked away. 

X 

And — + 21= all that was taken out of it. 

o 

X 1 

Hence, — + 21=-7-« by the question. 
o 2 

or 2a:+126=3j;. 

or — a? = — 126. 

or X = 126, by changing the signs of botli 

meipbers, which does not destroy their equality. 

Verification, 

126 126 

-21=42+21=63=-~r~. 



3 ' • 2 

5. A fish was caught whose tail weighed 9lb, ; his head weighed 
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as much as his tail and half his body, and his body weighed as 
much as his head and tail together ; what was the weight of the 
fish? 

Let . 2x= the weight of the body. 

Then . 9+x= weight of the head. 
And since the body weighed as much as both head and tail 
2a;=9+ 9+x 
or . . ,2x— x=18 and a;=18. 

Verification, 

2a?=36ZJ= weight of the body. 

9-{-x=27lb= weight of the head. ^ 

Qlb= weight of the tail. 

Hence, . 72 ^= weight of the fish. 

6. A person engaged a workman for 48 days. For each day 
that he laboured he received 24 cents, and for each day that he was 
idle, he paid 12 cents for his board. At the end of the 48 days, the 
account was settled, when the labourer received 504 cents. Re~ 
guired the number of working day s, and the, number of days he was 
idle. 

If these two numbers were known, by multiplying them respec- 
tively by 24 and 12, then subtracting the last product from the first, 
the result would be 504. Let us indicate these operations by means 
of algebraic signs. 

Let . . a? = the number of working days. 

48— a? = the number of idle days. 
Then 24X3? = the amount earned, and 

12(48—0?)= the amount paid for his board. 
Then 24a?— 12(48— a;) =504 what he received, 

or 24a?— 576+12ai=504. 

or 36a;'=504+576=1080 



1080 

'"36"'' 

whence, 48—30=18 the idle days. 



and ^^■~36"~'^^ *^® working days. 
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Verification, 

Tliirty day's labor, at 24 cents a day, 

amounts to - 30x24=720 cts. 

And 18 day's board, at 12 cents a day, 

amounts to 18x12=216 cts. 

And 720—216=504, the amount received. 
This question may be made general, by deno- 
ting the whole number of working and idle days, by n. 
The artiount received, for each day he worked, by a. 
The amount paid for his board, for each idle 

day, . . by *. 

And the balance due the laborer, or the result 

of the account, by c. 

As before, let the number of working days be 

represented by ar. 

The number of idle days will be expressed . by n— »r. 
Hence, what he earns will be expressed . by ax, 

and the sum to be deducted, on account of his board, by If(n — a:). 
The equation of the problem therefore is, 
ax—h(n'-x)=:c 
whence ax—hii-^-bx^c 

(a-{'b)x==c +Im 
c +bn 

c +bn an-^-bn—cx-hn 
and consequently, n— a7=n— — tT~~ TT 

an—c 

or n— aj= --r. 

a+b 

7. A fox, pursued by a greyhound, has a start of 60 leaps. He 
makes 9 leaps while the greyhound makes but 6 ; but three leaps of 
the greyhound are equivalent to 7 of the fox. How many leaps 
must the greyhound mJake to overtake the fox ? 

From the enunciation, it is evident that the distance to be passed 
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over by the greyhound is composed of the 60 leaps which the fox is 
in advance, plus the distance that the fox passes over from the mo- 
ment when the greyhound stai-ts in pursuit of him. Hence, if we 
can find the expression for these two distances, it will be easy to 
form the equation of the problem. 

Let x= the number of leaps made by the greyhound before 
he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound makes 

9 .3 

but 6, the fox will make — op — leaps while the greyhound 

makes 1 ; and, therefore, while the greyhound makes x leaps, the 

3 

fox will make —x leaps. 

Hence, the distance which the greyhound must pass over, will be 

3 

expressed by 60+— a? leaps of the fox. 

It might be supposed,that in order to obtain the equation, it would 

3 

be sufficient to place x equal to 60+— ai ; but in doing so, a 

manifest error would be committed ; for the leaps of the greyhound 
are greater than those of the fox, and we would then equate hetero- 
geneous numbers, that is, numbers referred to different units. 
Hence it is necessary to express the leaps of the fox by means of 
those of the greyhound, or reciprocally. Now, according to the 
enunciation, 3 leaps of the greyhound are equivalent to 7 leaps of 

7 

the fox, then 1 leap of the greyhound is equivalent to — leaps of 

the fox, and consequently x leaps of the greyhound are equivalent 

1x 
to -r- of the fox. 

o 

7a? 3 

Hence, we have the equation — = 60+— a; ; 

making the denominators disappear 14a;=:360+ Oar, 

Whence ... 6«=360 and a?=72. 
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Therefore, the greyhound will make 72 leaps to overtake the foZv. 

3 
and during this time tlie fox will make 72 X-;;- or 108. 

2 

Vertfication. 

72 y 7 
The 72 leaps of the greyhound are equivalent to — - — =168 

leaps of the fox. 

And 60+ 108=: 168, the leaps whicli the fox made from the 
beginning. 

8. A and B play together at cards. A sets down with $84 and 
B with $48. Each loses and wins in turn, when it appears that 
A has five times as much as B. How much did A win ? 

Let X represent what A won. 

Then - - - Aros^with $84 +x dollars, 
and - - - - B rose with $48— a: dollars. 

But by the conditions of the question we have 

84+a?=5{48— «); 
hence, 84+a:=240— 5« ; 
consequently - - - 6ap=?156, 
and «=$26 what A won. 

Verification. 

84+26=110 ; 48-26=22 
110= 5(22)= 110. 

9. A can do a piece of work alone in 10 days, B in 13 days: 
in what time can they do it if they work together ? 

Denote the time by x, and the work to be done by 1 . Then in 

1 day A could do — of the work, and B could do — ; and in 9 
lU 13 
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days A could do — of the work, and B — : hence by the cott- 
ditions of the question 

X X 

TO'^13^^' 

which gives 13a?4- 10ar=r 130 : 

130 
hence, 23a?=130, a:=— — =5^1 days. 

10. A person dying leaves half of his property to his wife, one- 
sixth to each of two daughters, one-twelfth to a servant, and the 
remaining $600 to the poor : what was the amount of his property ? 

Represent the amount of the property by a?. 

Then, — = what he left to his wife, 

— = what he left to one daughter, 

and — =— what he left to both daughters, 

— = what he left to his servant. 
$600 to the poor. 
Then, by the conditions of the question 

-5-+-5-+T77+600=:af the amount of the property, 

Z 3 1<6 

which gives i=$7200. 

11. A father leaves his property, amounting to $2520, to four 
sons, A, B, C and D. C is to have $360, B as much as C and D 
together, and A twice as much as B less $1000 : how much does 
A, B and D receive ? Ans. A $760, B $880, D $520. 

12. An estate of $7500 is to be divided between a widow, two 
sons, and three daughters, so that each son shall receive twice as 
much as each daughter, and the widow herself $500 more than aD 
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the children : what was her sHare, and what the . share of each 
child ? r Widow's share $4000. 

Ans, } Each son $1000. 

' Each daughter $500. 

13. A company of 180 persons consists of men, women, and 
children. The men are 8 more in number than the women, and 
the children 20 more than the men and women together: how 
many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

14. A father divides $2000 among five sons, so that each elder 
should receive $40 mpre than his next younger brother : what is 
the share of the youngest ? An$. $320. 

15. A purse of $2850 is to be divided among three persons. A, 
B, and C ; A's share is to be to B's as 6 to 11, and C is to have 
$300 more than A and B together : what is each one's share ? 

Ans. A's $450, B's $825, C's $1575. 

16. Two pedestrians start from the same point, the first steps 
twice as far as the second, but the second makes 5 steps while 
the first makes but one. At the end of a certain time they are 300 
feet apart Now, allowing each d the longer paces to be 3 feet, 
how far will each have travelled ! 

Ans. 1st, 200/ee<; 2nd, 50X). 

17. Two carpenter!^, 24 journeymen and 8 apprentices, received 
At the end of a certain time $144. The carpenters received $1 
per day, each journeyman half a dollar, and each apprentice 25 
cents : how many days were they employed ? Ans. 9 days. 

18. A. capitalist receives a yearly income of $2940 : four-fifths 
«of his money bears an interest of 4 per cent, and the remainder of 
5 per cent : how much has he at interest ? Ans. 70000.r 

19. Atcistem containing 60 gallons of water has three unequal 
cocks for discharging it ; the largest will empty it in one hour, the 
second in two hours, and the third in three : in what time will the 
cistern be emptied if they all run together ? Ans, 32^ min. 
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30. In a certain orchard ^ are apple trees, ^ peach trees, } plum 
trees, 120 cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

21. A fanner being asked how many sheep he had, answered 
that he had them in five fields ; in the 1st he had \, in the 2nd ^, 
in the 3rd |, in the 4th ^, and in the 5th 450 : how many had he ? 

Ans. 1200. 

22. My horse and saddle together are worth $132, and the horse 
is worth ten times as much as the saddle : what is the value of 
the horse? Ans. $120. 

23. The rent of an estate is this year 8 per cent greater than if 
was last. This year it is $1890 : what was it last year ? 

Ans. $1750. 
-. 24. What number is that from which,, if 5 be subtracted, |- of 
the remainder will be 40 ? Ans. 65. 

25. A post is \ in the mud, ^ in ^e water, and left feet above the 
water : what is the vfhsAt length of the post ? Ans. 24 feet. 

26. After paying ^ and | of my money, I had 66 guineas left 
in my purse : how many guineas were in it at first ? 

Ans. 120. 

27. A person was desirous of giving 3 pence- apiece to some 
beggars, but found he had not money enough in his pocket by 8 
pence :'^he therefore gave them each 2 pence and had 3 pence re* 
maining: required the number of beggars. Ams. II. 

28. A person in play lost \ of his money, and then won 3 shil- 
lings ; after which he lost ^ of what he then had ; and this done, 
found that he had but 12 shillings remaining i what had he at first? 

At^s. 20*. 

29. Two persons, A and B, lay out equal sums of money in 
trade; A gains. $126, and B loses $87, and A's mone^ is now 
double of B's : what did each lay out? Ans: $300. 

30. A person goes to a tavern with a certain sum of money in his 
pocket, where he spends 2 shillings ; he then borrows as much mo 
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Dey 08 he had left, and going to another tavern, he there spends 2 
shilliAgs also ; then borrowing again as much money as was left, he 
went to a third tavern, where likewise he spent two shillings and 
borrowed as much as he had left ; and again spending 2 shillings 
at a fourth tavern, he then had nothing remainmg. What had he 
at first ? Ans. 9s. dd. 

Of Equations of tlie First Degree involving two or more 
unknown quantities. 

95. Although several of the questions hitherto resolved, contain- 
ed in their enunciation more than one unknown quantity, we have 
resolved them by employing but one symbol. The reason of this 
is, that we have been able, from the conditions of the enunciation, 
to express easily the other unknown quantities by means of this sym* 
b9l ; but this is not the case in all problems contaming more than 
one unknown quantity. 

To ascertain how problems of this kind are resolved : first, take 
some of those which have been resolved by means of one unknown 
quantity. 

1. Given the sum a, of two numbers, and their difilerence 3, it is 
required to find these numbers. 

Let a;= the greater, and y the less number. 
Then by the conditions . • . • x+y= a. 
and .... «— y=J, 

By adding (Art. 86. Ax. 1.) . . . 2a;=a+*. 

By subtracting (Art. 88. Ax. 2.) . . 2yr=a— i. 

Bach of these equations contains but one unknown quantity. 

a+h 



From the first we obtain . • • «= 

And from the second • • • . • y= 

7* 



2 
2 



Verification. 

a+h a-'h 2a , a+b a—h 2b 
, -^+-^=-^ai and ^=Y=^' 

For a second example, let us also take a problem that has been 
already solved. 

2. A person engaged a workman for 48 days. For each day 
thai he labored he was to receive 24 cents, and for each day that he 
was idle he was to pay 12 cents for his board. At the end of the 
48 days, the account was settled, when the laborer received 504 
cents. Required the number of working days and the number of 
days he was idle. 

Let X = the number of working days. 

y = the number of idle days. 

n = the whole number of days = 48. 

a = what he received per day for Work = 24 cts, 

b = what he paid per day foat board = 12 cts» 

c = what he received at the end of the time = 504. 

Then, ax = what he earned. 

And by = what he paid for his board. 

We have by the question • • • ) , 

( ax — oy=z c. 

It has already been shown that the two members of an equation 
can be multiplied by the same number, without destroying the equal- 
ity ; therefore th^ two members of the first equation may be multi- 
plied by by the qo-efficient of y ip the second, and we have 

The equation bx+byz=Im, 

Which, added to the second . . ax—by=: c. 

Gives ax+bx=bn+c. 

*,« bn-\-c 

Whence «= 1. 

a+b 

In like manner, multiplying the two members of the first equa- 
tion by a, the co-efficient of a; in the second, it becomes 
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ax+ay=:an. 
From which, subtract the second equation, ax—ly^ c. 
And we obtain . . . . . ay+hy^an-^c. 

Whence • • • • . y= ^ , » * 

By introducing a symbol to represent each of the unknown quan« 
tities in the precedmg problem, the solution which has just been 
given has the advantage of making known the two required num» 
bers, independently of each other. 

Elimination. 

96. The method which has just been explained of combining two 
equations, involving two unknown^ quantities, and deducing there- 
from a single equation involving but one, may be extended to three, 
four, or any number of equations, and is called elimnation. 
There are three principal methods of elimination : 
1st. By addition and subtraction. 
2d. By substitution. 
3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Stibtraction. 

bx+7y=:AS. 



97. Take the two equations . . i , , . ^ /»« 

^ ( lla?+9y=69. 

which may be regarded as the algebraic enunciation of a problem 

oohtaining two unknown quantities. If, in these equations, one of 

the unknown quantities was affected with the same co-efficient, we 

might, by a simple subtraction, form a new equation which would 

contain but one unknown quantity, and from which the value of this 

unknown quantity could be deduced. 

Now, if both members of the first equation be multiplied by 9, 

the co-efficient of y in the second, and the two members of the 

second by 7, the co-efficient of j^ in the first, we will obtain 
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45a?+63y=:'387, 
77a;+633/=483, 

equations which may be sub^ituted for the two first, and in which 
y is affected with the same co-efficient. 

Subtracting, then, the first of these equationsT from the second, 
there results 32a;==:96, whence a?=3. 

Again, if we multiply both members of the first equation by 11, 

the co-efficient of x in the second, and botli members of the second 

by 5, the co-efficient of x in the first, we will form the two equations 

55aj-f773^==473, ) 

«...-( which may be substituted for the two 
65a;-f45y=345, ) "^ 

proposed equations, and in which the co- efficients. of a? are the same. 

Subtracting, then, the second of these two equations from the first, 
there results 323/= 128, whence y=4. 

Therefore a;=3 and y=4, are the values of x and y, which 
should verify the enunciation of the question. Indeed we have, 

1st. 5x3+7x4n;;=15+28=43 ; 

2d. 11x3+9x4=33+36=69. 
The method of elimination, just explained is called the method hy 
addition and subtraction, because the uqknown quantities disappear 
by additions and subtractions, after having prepared the equations 
in such a manner that one unknown quantity shall have the same 
co-efficient in two of them. 

Elimination hy Substitution, 

^ rr. , , { 5a;+7y=43. 

98. Take the same equations . . J , ^ 

( lla:+9j^=69 

Find the value of x in the first equation, which gives 

43-7y 

Substitute this value of x in the second equation, and we hav« 

43-7« 
llX— T-^+9y=69. 
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or 

or 

Hence 

And 



473-.77y+45y:=345. 

-33yr=-.128. 

y=4. 



43-28 



-==3. 



This method, called the method by substitution, consists in finding 
the value of one of the unknown quantities in one of the equations, 
as if the other unknown quantities were already determined, and in 
substituting this value in the other equations; in this way new equa- 
tions are formed, which contain one unknown quantity less than the 
given equations, and upon which we operate as upon the proposed 
equations. 

Elimination by Comparison, 

5*+7y=43 



99. Talce the same equations 



I lla?+9y=:69. 
Finding the value of ff in the first equation, we have 

43-7y 



«=- 



And finding the value of a; in the second, we obtain 

69-9jf 



4?=- 



11 



Let these two values of x be placed equal to each other, and we 
43- ly 69- 9y 



liave, 



» 


5 11 


Or, . 


473-77y=345-45y 


Or, . 


-32y = -128. 


Hence, 


. . y= 4 


And, 


69—36 
. . . 11 3- 



This method of elimination is called the method by comparison, 
and consists in finding the value of the same unknown quantity in all 
the equations, placing them equal to each other, two and two, which 
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necessarily gives a new set of equations, containing one unknown 
quantity less than the other, upon which we operate as upon the 
proposed equations. 

But there is an inconvenience in the two last methods, which the 
method by addition and subtraction is not subject to, viz. : they pro- 
duce new equations, containing denominators, which it is afterwards 
necessary to make disappear. The method by substitution is, how* 
ever, advantageously employed whenever the co-efficient of one of 
the unknown quantities is equal to unity in one of the equations, be- 
cause then the inconvenience of which we have just spoken does not 
occur. We shall sometimes have occasion to employ it, but gene- 
rally, the method by addition and subtraction is preferable. It more- 
over presents this advantage, viz. : when the co-efficients are not 
too great, we can" perform the addition or subtraction at the same 
time with the Ynultiplication which is necessary to render the co-cf* 
fici^nts equal to each other. 

100. Let us now consider the case of three equations involving 
three unknown quantities. 

{5a;--6y+42;=15. 
7a;+4y— 32;=19. 
2x+ y+62=46. 

To eliminate % by means of the first two equations, multiply the 
first by 3 and the second by 4, then since the co-efficients of z have 
contrary signs, add the two results together : this gives a new 
equation 43a:— 2^=121 "" 

Multiplying the second equation by 2, a fac- 
tor of the co-efficient of » in the third equation, 
and adding them together, we have . . 16a;-f-9y2= 84 ^ 

The question is then reduced to finding the values of a; and y» 
which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and the re- 
sults be added together, we find 

419a?=lii57, whence a;=:3. 
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We might, by means of the two equations involving x and y^ de- 

termine y in the same way we have determined x ; but the value of 

y may be determined more simply, by observing that the last of 

these two equations becomes, by substituting for x its value found 

above, 

84-48 
48+9y=84 whence y= — 5*~"=4« 

In the same manner the first of the three proposed equations, be- 
comes, by substituting the values of x and y, 

24 
15—24+42=15, whence t=--j-=6. 

4 

101. Hence, if there are m equations involving a like number of 
unknown quantities, the unknown quahtjities may be eliminated by 
the following 

RULE. 

I. T\) eliminate one of the unknown quantities^ combine any one of 
the equations wUh each of the m—l others ; there wiU thus he obtain* 
ed m— 1 new equations containing m— 1 utiknoum quantities. 

II. Eliminate another unknown quantity by combining one of these 
new equations with them ^2 others; this wHl give m— 2 equations 
containing m— 2 unknown quantities. 

in. Continue this series of operations until a single equatwii con* 
Udning but one unknown quantity is obtainedjfrom which the value of 
this unknown quantHy is easily found. Then by going back through 
the series of equations which have been obtained, the values of the 
other. unknown quanixUes may be successively determined. 

102. It often happens that each of the proposed equations does 
not contain all the unknown quantities. In this case, with a little 
address, the elimination is very quickly performed* 

Take the four equations involving four unknown quantities : 

jte-3y+2«=13) . . (1) 4^+22 = 14 . . (3). 



I— 2a;=30 ) 



4i<-.2a?=30 ) . . (2) 5y+3ii=32 . . (4). 



6l 
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6y inspecting these equations, we see that the elimination of z in 
the two equations, (1) and (3), will give an equation involving a; and 
y ; and if we eliminate u in the equations (2) and (4), we will ob- 
tain a second equation, involving x and y. These two last unknown 
quantities may therefore be easily determined. In the first place. 



the elimination of % in (1) and (3) gives 

That oft* in (2) and (4), gives 

Multiplying the first of these equations by 3, 
and adding 

Whence 

Substituting this value in 7]^— 2a?=l, we find 

Substituting for x its value in equjation (2), 
it becomes 4m— 6=30, whence 

And substituting for y its value in equation 
(3), there results . . • . . 



7y— 2a?=:l ^ 
2()2/+6a?r=38 

41y=41 

x= 3 

tt= 9 



EXAMPLES. 



1, Given 2a?+3y=16, and 3aj— 2^=11 to find the values of 

Ans. a?=5, y=2, 

61 

to find the values 



X and y. 
2, Given 



2x 



3y 
5^4 



9 , Zx '2y 

=^r^ and -r+-r"= 
20 4 5 



of X and .v. 



120 

- 1 1 

Ans. x^-ry=-. 



X y 

3. Given — +7y=99, and --•+7a;=:51, to find the values of 



X and|^. 

4. Given ^-^12:=^+%, and 
« 4 



Ans. x=7, y=14. 



x+y X 



' 2y— a? 
8=-i^^— 4-27, 



5 ' 3 4 

to find the values of x and y. Arts, a?=60, |^=r40. 

«+ y+ «=29 "^ 
^+ 2y+ 3z=62 
111 



5. Given 



YX+-3^+^=io 



to find X, y and z. 



Ans. a:=8, y=9, flp=12. 



6. Given 
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4a?— 2y+ 5«=18 I to find a?, 
6x+ 7y- «=63j 



85 



7, Given -< 



*+2^+-8*=^ 



■3^+4^+-6*=^^ 



^andz. 
Ans. a:=:3, y=7, «=4. 

»• to find Xf y and z. 



»=12 



Jifw. a?==12, y=20, «=30. 

7a?- 2«+ 3tt=17' 
4y— 2«+ <=11 
8. Given < 6y— 3a?— 2w= 8 )► to find a?, ^, «, if, and <• 
4y— 3m+ 2<= 9 
3«+ 8tt=5 
iln«, a?=2, 2^=4, «=3, «=3, <=!• 

103. In all the preceding reasoning, we have supposed the num- 
ber of equations equal to the number of symbols employed to de- 
note the unknown quantities. This must be the case in every pro- 
blem involving two or more unknown quantities, in order that it may 
be determinate ; that is, in order that it may not admit of an infi- 
nite number of solutions. 

Suppose, for example, that a problem involving two unknown 

quantities, a? and y, leads to the single equation, 5a;— 3y=12 ; we 

12+3tf 
deduce from it «= — - — . Now, by making sucoessiTely 



5 
3^=1, 2, 



3, 4, 5, 6, dec, 



there results, 



:p=3, 



18 



U 

T 



24 



27 

•^, 6, dec, 



and every system of values, 
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18\ 21\ 

substituted for a; and y in the equation, will satilBfy it equally welL 

If we had two equations involving three unknown quantities, we 
could in the first place elinunate one of the unknown quantities by 
^leans of the proposed equations, and thus obtain an equation, which, 
containing two unknown quantities, would be satisfied by an infinite 
number of systems of values taken for these unknown quantities. 
Therefore, in order that a problem may he determined, its enumAatixm 
must contain at least as many different conditions as there are unknown 
fuantitieSy and these conditions must he such^ that each of them may 
be expressed by an independent equation ; that iSf an equation not 
produced by any comJnnation of the others of the system. 

If, on the contrary, the number of independent equations exceeds 
the number of unknown quantities involved in them, the conditions 
which they express cannot be fiilfilled. 

For example,, let it be required to find two numbers such that 
their sum shall be 100, their difference 80, and their product 700. 

The equations expresdng these conditions are, 

a;+y=100 

x—y=z 80 

and a;xy=700. 

Now, the first two equations determine the values of x and y, viz. 
x=90 and y=10. The product of the two numbers is therefore 
known, and equal to 900. Hence the third condition cannot be ful- 
filled. 

Had the product been placed equal to 900, all the conditions 
would have been satisfied, in which case, however, the third would 
not have been an independent equation, since the condition expressed 
by it, is implied in the other two. 

QITESnONS. 

1. What fraction is- that, to the numerator of which, if 1 be add- 
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ed, its value will be — , but if one be added to its denominatory its 

o 

1 

value will be -r-. 
4 

X 

Let the fraction be represented by — . 

r,,, , , . «+l 1 ^ « 1 

Then, by the question =-;r and —---=-—. 

•^ ^ y 3 y+l 4 

Whence 3a?+3=y, and 4a;=y+l. 

Therefore, by subtracting, a?— 3=1 or a?= 4. 

Hence, 12+3=y: therefore y=15. 

2. A market woman bought a certain number of eggs at 2 for a 
penny, and as many others, at 3 for a penny, and having sold them 
again altogether, at the rate of 5 for 2(2, found that she had lost 
44 : how many eggs had she ? 



Let 


2x= 


the whole number of eggs. 


Then 


a?i= 


the number of eggs of each sort. 


Then will 


1 


the cost of the first sort. 


And 


1 
3^= 


the cost of the second sort. 


Ax 
But 5 : 2 : : 2a: : — the amount for which the eggs were 


sold. 






1 1 4a? 
Hence,by the question "o^+'o'^— ^ =4. 


Therefore 


• 


15a?+10a?-24«=120. 


Or, 


• 


«=120 the number of eggs of 


each sort. 







3. A person possessed a capital of 30,000 dollars for which he ' 
drew a certain interest; but he owed the sum of 20,000 dollars, for 
which he paid a certain interest. The interest that he received ex- 
ceeded that wnich he paid by 800 dollars. Another person pes 
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868fled 85,(M)0 dollars, for which he received interest at the second 
of the above rates, but he owed 24,000 dollars, for which he paid 
interest at the first of the above rates. The interest that he re- 
ceived exceeded that which he paid by 310 dollars. Required, the 
two rates of interest. 

Let X and y denote the two rates of interest : that is, the interest 
of $100 for the given time. 

To obtain the interest of $30,000 at the first rate denoted by x, 

we form the proportion 

80,000» 
100 : a? : : 30,000 : : or 300«. 

And for the interest $20,000, the rate being y. 

20,000tf 
100 : y : : 20,000 : : -~^ or 200y. 

But firom the enunciation, the difference between these two in. 
terests is equal to 800 dollars. 

We have, then, for the first equation of the problem, 
300a?— 200y=800. 

fiy writing algebraically the second condition of the problem, we 
obtam the other equation, 

350y-240«=310. 

fioth members of the first equation being divisible by 100, and 
those of the second by 10, we may put the following, in place of 
them : 

8«^2y=8, 35y— 24a;=31. 

To eliminate «, multiply the first equation by 8, and then add it 
to the second ; there results 

10Sf=95, whence y=5. 

Substituting for y, in the first equation, its value, this equation 
becomes 

S«— 10=8, whence a?=6. 

Therefore, the first rate is 6 per cent., and the second 6. 
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Verificatioru 

f aO,000, placed at 6 per cenU, gives 300x6, = $1800. 
$20,000, do. 5 do. 200x5, = $1000. 

And we have 1800—1000=800. 

The second condition can be verified in the same manner. 

4. There are three ingots composed of different metals mixed 
together. A poun^ of the first contains 7 ounces of silver, 3 ounces 
of copper, and 6 of pewter. A pound of the second contains 12 
ounces of silver, 3 ounces of copper, and 1 of pewter. A pound • 
of the third contains 4 ounces of silver, 7 ounces of copper, and 5 
of pewter. It is required to find how much it will take of each of 
the three ingots to form a fourth, which shall contain in a pound, 6 
ounces of silver, 3} of copper, and 4 j of pewter. 

Let ar, y and z represent the number of ounces which it is neces- 

sary to take from the three ingots respectively, in order to form a 

pound of the required ingot. Since there are 7 ounces of silver in 

a pound, or 16 ounces, of the first ingot, it follows that one ounce 

of it contains ^^ of an ounce of silver, and consequently in a num. 

7a? 
ber of ounces denoted by a;, there is — ounces of silver. In the 

12y Az 

same manner we would find that . , and 7^, express the num- 

lo Id 

ber of ounces of silver taken from the second and third, to form 

the fourth ; but from the enunciation, one pound of this fourth ingot 

contains 8 ounces of silver. We have, then, for the first equation 

Ix 12y As 

1 — -^H — =8 

16^ 16 ^16 

or, making the denominators disappear. . 7a?+12y+4z=] 

As respects the copper, we should find • • da;4- Zy+lz- 

and with reference to the pewter • • . 6a;+ y+bz- 

As the co-efficients of j^ in these three equations, are the most 

Simple, it is most coavenient to eliminate this unknown quantity first. 

8* 



5=128^ 
K= 60 i 
z= 68 J 



2=144 J 



MultiplyiDg the second equation by 4, and subtracting the first 
equation from the product, we have • • • 5a;+24K=:] 

Multiplying the third equation by 3, and 
subtracting the second from the product • • I5x+ 

Multiplying this last equation by 3, and subtracting the preced- 
ing one from the product, we obtain 40x=d20, whence x=8. 

Substitute this value for x in the equation 15a;+82=144 ; it be- 
comes 

120+82=144, whence 2;=3. 

Lastly, the two values a;=6, 2=3, being substituted in the equa- 
tion (k+y +62=68, give 48+y+ 15=68, whence y=5. 

Therefore in order to form a pound of the fourth ingot, we must 
take 8 ounces of the first, 5 ounces of the second, and 3 of the 
third. 

Verification. 
If there be 7 ounces of silver in 16 ounces of the first ingot, in 
6 ounces of it, there should be a number of ounces of silver ex- 

pressed by -j^, 

12x5 4X3 

In like inanner — r-r — and -r^ will express the quantity 

of silver contained in 5 ounces of the second ingot, and 3 ounces of 
the third. 

7x8 12X6 4X3 128 
Now, we have -jg-H jg — '"T6~'^T6~~^' therefore, a 

pound of the fourth ingot contains 8 ounces of silver, as required by 
the enunciation. The same conditions may be verified relative to 
the copper and pewter. 

6. What two numbers are those, whose difference is 7, and sum 
33 1 An8. 13 and 20. 

6. To divide the number 75 into two such parts, that three times 
the greater may exceed seven times the less by 15. 

Ans. 64 and 21. 



EQUATIONS OF THIS FIBST DEGB^E. 91 

7. In a mixture of wine and cider, ^ of the whole plus 25 gaU 
]OQs was wine, and ^ part minus 5 gallons was cider ; how many 
gallons were there of each ? 

Afis. 85 of wine, and 35 of cider* 

8. A bill of £120 was paid in guineas and moidores, and the 
number of pieces of both sorts that were used was just 100 ; if the 
guinea be estimated at 21 s, and the moidore at 27 «. how many 
were there of each ? Ans, 50 of each, 

0« Two travellers set out at the same time from London and 
York, whose distance apart is 150 miles ; one of them goes 8 miles 
a day, and the other 7 ; in what time will they meet ? 

Ans. In 10 days, 

10. At a certain election, 375 persons voted for two candidates^ 
and the candidate chosen had a majority of 91 ; how many voted 
for each ? Ans. 933 for one, and 142 for the pther, 

11. A's age is double of B's, and B's is triple of C's, and the sum 
of all their ages is 140 ; what is the age of each ? 

Am. A's=84, B%=4?, and C'9=14. 

12. A person bought a chaise, horse, and harness, for £Q0 ; the 
horse came to twice the price of the harness, ^nd the chaise to twice 
the price of the horse and harness ; what did h^ give for each ? 

{j^l3. 6s. %d. for the horse. 
fi 6. IS9. 4d. for the harness. 
£40. for the chaise, 

18* Two persons, A and B, have both the same income : A saves 
} of his yearly, but B, by spending £50 per annum more than A, 
at the end of 4 years finds himself £100 in debt ; what is their 
income ? Ans» £125. 

14. A person has two horses, and a saddle worth £50 ; now if 
the saddle be put on the back of the first horse, it will make his 
value double that of the second ; but if it be put on the back of the 
seccmd, it will make his value triple that of the first ; what is the 
value of each horse ? 

Ans. One £80, and the other £40. 
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. 15. To divide the number 36 into three such parts that \ of the 
iirsty I of the second, and | of the third, may be all equal to each 
other. Ans. 8, 12, and 16. 

16. A footman agreed to serve his master for £8 a year and a 
livery, but was turned away at the end of 7 months, and received 
only £2» 13«. 4d* and his livery ; what was its value ? 

Ans, £4. I6s. 

17. To divide the number 90 into four such parts, that if the first 
be increased by 2, the second diminished by 2, the third multiplied 
by 2, and the fourth divided by 2, the sum, difference, product, and 
quotient so obtained, will be all equal to each other. 

Ans. The parts are 18, 22, 10, and 40. 

18. The hour and minute hands of a clock are exactly together 
at 12 o'clock ; when are they next together ? 

Ans. Ih. b^min. 

19. A man and his wife usually drank out a cask of beer in 12 
days ; but when the man was from home, it lasted the woman 30 
days ; how many days would the man alone be in drinking it ? 

Ans. 20 days. 

20. If A and B together can perform a piece of work in 8 days, 
A and C together in 9 days, and B and C in 10 days : how many days 
would it take each person to perform the same work alone ? 

Ans. A 14}A days, B 17jf, and C 23^^- 

21. A laborer can do a certain work expressed by a, in a time 
expressed by 3 ; a second laborer, the work c in a time d ; a third, 
the work c, in a time/. It is required to find the time it would take 
the three laborers, working together, to perform the work g. 

Ans ^/^ 

Application, 

a=27; 5=4 | c=35; d=6 | e=40;/=12 |^=191; 
X will be found equal to 12. 

22. If 32 pounds of sea water contain 1 pound of salt, how 
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much fresh water must be added to these 82 pounds^ in order that 
the quantity of salt contained in 82 pounds of the new" mixture 
shall be reduced to 2 ounces, or | of a pound 1 

Am. 2241b. 
28* A number is expressed by three figures ; the sum of tliese 
figures is 11 ; the figure in the place of units is double that in the 
place of hundreds ; and when 297 is addepl to this number, the sum 
obtained is expressed by the figures of this number reversed. What 
is the number 1 Arts. 826 

24. A person who possessed 100,000 dollars, placed the greater 
part of it out at 5 per cent, interest, and the other part at 4 per 
cent. The interest which he received for the whole amounted to 
4640 dollars. Required, the two parts* 

Ans. 64,000 and 86,000. 

25. A person possessed a certain capital, which he placed out at 
a certain interest. Another person who possessed 10,000 dollars 
more than the first, and who put out his capital 1 per cent, more 
advantageously than he did, had an income greater by 800 dollars. 
A third person who possessed 15,000 dollars more than the first, 
and who put out his capital 2 per cent, more advantageously than 
he did, had an income greater by 1500 dollars. Required, the capi- 
tals of the three persons, and the three rates of interest. . 

Sums at mterest, $80,000, $40,000, $45,000. 
Rates of interest, 4 5 6 percent. 

26. A banker has two kinds of money ; it takes a pieces of the 

first to make a crown, and b of the second to make the same sum. 

Some one offers him a crown for c pieces. How many of each kmd 

must the banker give him ? 

afc-^h) h(a — c) 

Ans. Istkind, -^ — ^; 2d kind, -^^ — r-^. 
a — o a — 

27. Find what each of three persons A, B, C, is worth know- 
ing; 1st, that what A is worth added to / times what B and C are 
worth is equal top ; 2d, that what B is worth added to m times what 
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A and C are worth is equal to q; Sd, that what C is worth added to 
n times what A and B are worth is equal to r. 

This question can be resolved in a very simple manner, by intro 
ducing an auxiliary unknown quantity into the calculus. This un- 
known quantity is equal to what A, B and C are worth. 

28. Find the values of the estates of six persons, A, B, C, D, S, 
F, from the following conditions : 1st. The sum of the estates of A 
and B is equal to a ; that of C and D is equal to h ; and that of £ and 
F is equal to c. 2d. The estate of A is worth m times that of C ; 
the estate of D is worth n times that of E, and the estate of F is 
worth p times that of B. 

This problem may be resolved by means of a single equation^ 
involving but one unknown quantity. 

Theory of Negative Quantities, Explanation of the termSf 
Nothing and Infinity. 

104. The algebraic signs are an abbreviated language. They 
point out in the shortest and clearest manner the operations to be 
performed on the quantities with which they are connected. 

Having once fixed the particular operation indicated by a parti- 
cular sign, it is obvious that that operation should always be perform- 
ed on every quantity before which the sign is placed. Indeed, the 
principles of algebra are all established upon the supposition, that 
each particular sign which is employed always means the same 
thing ; and that whatever it requires is strictly performed. Thus, 
if the sign of a quantity is +, we understand that the quantity is to 
be added ; if it is —, we understand that it is to be subtracted. 

For example, if we have —4, we understand that this 4 is to be 
subtracted from some other number, or that it is the result of a sub- 
traction in which the number to be subtracted was the greatest. 

If it were required to subtract 20 from 16, the subtraction could 
not be made by the rules of arithmetic, since 16 does not contain 
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20 ; nor indeed can it be entirely performed by Algebra. We 
write the numbers for subtraction thus> 

16-20=16-16-4= -4. 

By decomposing —20 into ^16 and — 4, the —16 will cancel 
the +16, and leave —4 for a remainder. 

We thus indicate that the quantity to be subtracted exceeds the 
quantity from which it is to be taken, by 4. 

To show the necessity of giving to this remainder its proper sign, 
let us suppose that the difference of 16—20 is to be added to 10. 
The numbers would then be written 

16-20=- 4 

+10 = +10 

26-20=+ 6 

105. If the sum of the negative quantities in the first member of 
the equation, exceeds the sum of the positive quantities, the second 
member of the equation will be negative, and the verification of the 
equation will show it to be so. 

For example, if a^b=:Cf 

and we make a=15 and 3=18, c will be =—3. Now the essen- 
tial sign of c is different from its algebraic sign in the equation. 
This arises from the circumstance, that the equation a^b=c ex- 
presses generally f the difference between a and b, without indicating 
which of them is the greater. When, therefore, we attribute par- 
ticular values to a and ft, the sign of c, as well as its value, becomes 
known. 

We will illustrate these remarks by a few examples. 

1. To find a number which, added to the number ft, gives for a 
sum the number a. 

Let «= the required number. 

Then, by the condition a:+ft=a, whence x=za^b* 
. This expression, or/ormtdo, will give the algebraic Talue of « in 
aU the particular cases of this problem. 

For example, let a=47y ft=29, then a;=47— 29=18. 
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Again, let iis:249 ^=^31 ; then will x=:24— 31r=— 7. 

This value obtained for x, is called a negative soboion. How is 
ii to be interpreted T 

Considered arithmetically, the problem with these values of a and 
h, is impossible, since the number h is already greater than 24. Con* 
sidered algebraically, however, it is not so ; for we have found the 
value of a; to be --7, and this number added, in the algebraic senses 
to 31, gives 24 for the algebraic sum, and therefore satisfies both 
the equation and enunciation. 

2. A father has lived a number a of years, his son a number of 
years expressed by b. Find in how many years the age of the 
son will be one fourth the age of the father. 

Let «s= the required number of years. 

Then a+«= the age of the father ) , , ^ , 

. , . .1. r .u ( at the end of the requir* 

and h+x= the age of the son ) ^ 

ed time. 

a-{-x a^^^b 

Hence, by the question =b+x ; whence «= 



3 • 

, , , 54-36 18 

Suppose a=54, and i=9 : then a?= — 5 — =—=6. 

The father having lived 54 years, and the son 9, in 6 years the 

father will have lived 60 years, and his son 15 ; now 15 is the 

fourth of 60 ; hence, x=:6 satisfies the enunciation. 

45--60 
Let us now suppose a=:45, and 5= 15 : then a?= — - — = — 5. 

o 

If we substitute this value of a; in the equation of condition* we 

obtain 

45-5 

— - — =15-5 
4 

or 10=10. 

Hence, -^5 substituted for x verifies the equation^ and there&re 
is the true answer. 
Now, the pontive result which has been obtained, shows thai the 
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age of the' father will be four times that of the son at the expiration 
of 6 years from the time when their ages were considered ; while 
the negative result indicates that the age of the father was four times 
that of his son, 5 years previous to the time when their ages were 
compared. 

The question, taken in its most general or algebraic sense, de- 
mands the time, at which the age of the father was four times that 
of the sop. In stating it, we supposed that the age of the father 
was to be augmented ; and so it was, by the first supposition. But 
the conditions imposed by the second supposition, required the age 
of the father to be diminished, and the algebraic result conformed 
to this condition by appearing with a negative sign. If we wished 
the result, under the second supposition, to have a positive sign, we 
might alter the enunciation by demanding how many years since the 
age of Uie father was four times that of his son. 

If x= the number of years, we shall have 

a—x Ab—a 

--; — ■=0'-x: hence a;=- 



3 " 
If a=45 and J=15, x will be equal to 5. 

Reasoning from analogy, we establish the following general 
principles. 

Ist. Every negative value found for the unknown quantily in a 
problem of the first degree, mill^ when taken with its proper sign, verify 
the equation from which it was derived. 

2d. Tiiat lids negative value, taken vnth its proper sign, wUl also 
satisfy the enunciation of the problem, understood in Us algebraic 
sense. 

3d. If the enunciation is to be understood in its artAmeticdl sense, 

in winch the quantities referred to are always supposed to be positive, 

tlien this vahie, considered without reference to its sign, may be eon- 

sidered as the answer to a problem, of which the enunciation onhf djf' 

fersfrom that of the proposed problem in this, that certain quantities 

which were additive, have become subtractwe, and reciprocoBy. 

9 
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106. Take for example the problem of the labourer (Page. 88). 
Supposing that the labourer receives a sum e, we have the 
equations. 

x+ y=:n ) ^ bn+c an-^c 

. \ , whence x— -^, 3r= -]-. 

ax^by=c ) a+b ' a+b 

But if we suppose that the labourer, instead of receiving, owes a 
sum Cf the equations will then bo 

x+ y=in I i x+ y=n, 

by^ax=^e ) ' ( ax^by=—c. 

By changing the signs of the second equation. 

Now it is visible that we can obtain immediately the values of x 
and y, which correspond to the preceding values, by merely chang- 
ing the «gn of c in each of those values ; this gives 

bn^c an+c 

*^ a+b' ^"^ a+b' 

To prove this rigorously, let us denote ^cby d; 

\ x+ y=n 
The equations then become j , _ , and they only difier 

firom those of the first enunciation by having d in the place of c. 
We would, therefore, necessarily find 

bn+d an—d 

And by substituting — c for d, we have 

*"= a+b '^- a+b ' 

or by applying the rules of Art. 85, 

bn^c an+c 



*~ a+b ' ^"- a+b ' 
The results, which agree to both enunciations, may be compre- 
hended in the same formula, by writing 

bn^c anipc 
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The double sign d= is read plus or mtnuSf the superior ngns cor- 
respond to the case in which the labourer received, and the inferior 
signs to the case in which he owed a sum c. These formulas com- 
prehend the case in which, in a settlement between the labourer and 
his employer, their accounts balance. This supposes c=0, which 
gives 

bn an 

107. When a problem has been resolved generally, that is, by 
representing the given quantities by letters, it may be required to 
determine what the values of the unknown qucustities become, when 
particular suppositions are made upon the given quantities. The 
determination of these values, and the interpretation of the peculiar 
results obtained, form what is called the discussion of the problem. 

The discussion of the following question presents nearly all the 
circumstances which are met with in problems of the first degree. 

108. Two couriers are travelling along the same right line and 
in the same direction from R' towards R. The number of miles 
travelled by one of them per hour is expressed by m, and the 
number of miles travelled by the other pen hour, is expressed by n. 
Now, at a given time, say 12 o'clock, the distance between them is 
equal to a number of miles expressed by a : required the time when 
they will be together. 

R;^ A B R. 

At 12 o'clock suppose the forward courier to be at B, the other 
at A, and R to be the point at which they will be together. 
Then, AB=a, their distance apart at 12 o'clock. 
Let . . <= the number of hours which must elapse, before 

they come together. 
And , x= the distance BR, which is to be passed over by 

the forward courier. 
Then, since the rate per hour, multiplied by the number of hours 
will give the distance passed over by each, we have. 
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tx^ = a+x=AR. 
tXn — x =:BR. 

Hence by subtractings /(m— n) = a 

a 
Therefore, . • . «= . 

Now so long as m>n, t will be positive, and the problem will be 
solved in the arithmetical sense of the enunciation. For, if »i>n 
the courier from A will travel faster than the courier from B, and 
will therefore be continually gaming on him : the interval which 
separates them will diminish more and more, until it becomes 0, and 
then the couriers will be found upon the same point of the line. 

In this case, the time i, which elapses, must be added to 12 o'clock, 
to obtain the time when they are together. 

But, if we suppose tn<iny then m— n will be negative, and the 
value of t will be negative. How is this result to be interpreted ? 

It is easily explained from the nature of the question, which, con- 
sidered in its most general sense, demands the time when the 
osuriers are together. 

' Now, under the second supposition, the courier which is in ad- 
vance, travels the fastest and therefore will continue to separate 
himself from the other courier. At 12 o'clock the distance between 
them was equal to a : after 12 o'clock it is greater than a, and as 
the rate of travel has not been changed, it follows that previous to 
12 o'clock the distance must have been less than a. At a certain 
hour, therefore, before 12 the distance between them must have been 
equal to nothing, or the couriei*8 were togelner at some point R'. 
The precise hour is found by subtracting the value of t from 12 
o'clock. 

This example, therefore, conforms to the general principle, that, 
if ike conditions of a problem are such as to render the unknoicn 
quantity essentially negative, it vsiU appear in tfie result toiih the 
minus ngn^ whenever it has been regarded as positive in the enttft. 
daiion* 
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If we wish to find the distances AR^and BR passed over t)y the 
two couriers before conung together, we may take the equation 

a 

and multiply both members by the rates of travel respectively : this 
will give 

VML 

AR=in<= and 

BR= tt<=- 



Also, • . AR'=— flrf= 



and . . BR'= — frt=- 



na 



from which we see that the two distances AR, BR, will both be 
positive when estimated towards the right, and that AR', BR' will 
both be negative when estimated in the contrary directbn. 

109. To explain the terms nothing and infinity^ let us conside- 
the equation 

w— n 
If in this equation we make m:=^n^ then m— ii=0, and the value 
of t will reduce to 

a 

In order to interpret this new result, let us go back to the enun- 
ciation, and it will be perceived that it is absolutely impossible to 
satisfy it for any finite value for i ; for whatever time we allow tO 
the two couriera they can never come together, since being once ^ 
parated by an interval a, and travelling equally fest, this interval, 
will always be preserved. 

a 
Hence, the result, -tr may be regarded as a sign of impossi- 
bility for any /!m<e value of t 

9* 
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Nevertheless, algebraists consider the result 

a 

OS forming a species of value, to which they have given the name 
of infinite vaLue^ for this reason : 

When the difference m— n, without being absolutely nothing, is 
supposed to be very small, the result 

a 
"" m^n ' 
is very great. 
Take, for example, m— n=0,01. 

Then <= =7r7:T— 100a ; 

m-^n 0,01 

Again, take m—n^ 0,001, and we have 

a a 



-= 1000a. 



m—n 0,001 

In short, if the difference between the rates is not zero, the cou- 
riers will come together at some point of the line, and the time will 
become greater and greater as this difference is diminished. 

Hence, if the difference between the rates is less than any assigna^ 
hie numheTf the lime expressed by 

a a 

"*" m— tt """O^' 
wiU he greater than any assignable or finite numler. Therefore, 
for brevity, we say when m— n=0, the result 

a 

t=i 

m—n 

becomes equal to infinity^ which we designate by the character oo. 

Again, as the value of a fraction increases as its numerator be* 

comes greater with reference to its denominator, the expression — , 

A being any finite number, is a proper symbol to represent an tit/i- 
mU quantity ; that is, a quantity greater than any assignable quan. 
tity. 
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A 

A quantity less than any given quantity may be expressed by — ; 
(or a fraction diminishes as its denominator becomes greater with 
reference to its numerator. Hence, and — are synonymous 

A 

symbols, and so are — and qd . 

We have been thus particular in explaining these ideas of infini- 
ty, because there are some questions of such a nature, that infinity 
may be considered as the true answer to the enunciation. 

In the case, just considered, where ffi=n it will be perceived that 
there is not, properly speaking, any solution in^ni^e cmd deiermiTiatc 
numbers ; but the value of the unknown quantity is found to be 
infinite. 

110. If, in addition to the hypothesis m=n, we suppose that a:=0, 
we have 



To interpret this result, let us reconsider the enunciation, whero 
it will be perceived, that if the two couriers travel equally fast, and 
are once at the same pointj they ought always to be together, and 
consequently the required point is any point whatever of the line 



travelled over. Therefore, the expression — is in this case, the 

symbol of an indeterminate qwmtity. 

If the couriei-s do not travel equally fast, that is, if m>, or »i<n, 
and a=0, then will ^=0. 

Indeed, it is evident, that if the couriers travel at different rates, 
and are together at 12 o'clock, they can never be together after- 
wards. 

The preceding suppositions are the only ones that lead to remark- 
able results ; and they are sufficient to show to beginners the man- 
ner in which the results of algebra answer to all the circumstances 
of the enunciation of a problem. 
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111. We will add another example to show, that the expressioa 



— expressesi generally, an indeterminate quantity. 

Take the expression, • 



1— « 

Now, if we perform the division the quotient will be 1 ; and if we 
make x= 1, there will result 

l-a? _ _ 

1— x" 

Let us next take the expression — . 

If we perform the division, the quotient will be l+x; then 
making x=l, the expression becomes 

l-x* 



1~« 



-=—=2. 



l-^aP 

In like manner • — =--•=: 8 when a?=l. 

1— « 

l-x* 
and • . • • -z =— =n when aj=l. (See Art. 50). 


all of which goes to show that — is the symbol of an indeteitni. 

nate quantity. 

112. We will add another example showing the value of the ex- 

pressions — and — . 

Take the equation ax=h^ involving one unknown quantity, whence 

b 

«= — * 
a 

1st. If, for a particular supposition made with reference to the 

given quantities of the question, we have a=0, there results 

h 

Now in this case the equation becomes Ox«=^i and evidently 
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cannot be satisfied by any finite value of a?. We will however remark 

b 
that, as the equation can be put under the form — =0, if we sub- 

X 

stitute for Xf numbers greater and greater, — will differ less and 

X 

less from 0, and the equation will become more and more exact ; so 

h 
that, we may take a value for x so great that — will be less than 

X 

h 

any assignable quantity, or — =0. 

GO 

It is in consequence of this that algebraists say, that infinity satis- 
fies the equation in this case ; and there are some questions for 
which this kind of result forms a true solution ; at least, it is certain 
that the equation does not admit of a solution infinite numbers, and 
this is all that we wish to prove. 

2d* If we have a=0, ^=0, at the same time, the value of x 



takes the form a?=-jr-. 

In this case, the equation becomes 0x^=0, and every finite nufn^ 
heVf positive or negative, substituted for a?, will satisfy the equation. 
Therefore the equation^ or the problem of which it is the algebraic 
translation^ is indeterminate* 


113. It should be obseiTed, that the expression —, does not al- 
ways indicate an indetermination, it frequently indicates only tJie exist- 
ence of a common factor to the two terms of the fraction, which fac- 
tor becomes nothing, in consequence of a particular hypothesis. 
For example, suppose that we find for the solution of a problem, 

x=—^ — j^. If, in this formula, a is made equal to 3, there results 
_ 

But it will be observed, that tf'-lP can be put under the form 
(a—i) (a»+a3+^), (Art. 59), and that a'-J* is equal to (a-b) 
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(a 4-^), therefore the value of x becomes 

Now, if we suppress the common factor (a— i), before making 
the supposition a=*, the value of x becomes a?= — : , 

3a» 3a 

which reduces to x=—t — y or ff=-r-, when fl=3. 
2a 2 

For another example, take the expression 

g'-y ^ (a+h){a^b) 

(ollif "■ (a-i) (a-b) • 


Making a=3, we find a:=— , because the factor (a—b) is com* 

mon to the two terms ; but if we first suppress this factor, there re* 

a+b 2a 

suits «= Tf which reduces to «=-r-, when a= J. 

a— i 



From this we conclude, that the symbol — sometimes indicates 

the existence of a common factor to the two terms of the fradion 

tohich reduces to ihis form. Therefore, before pronouncing upon 

the true value of the fraction, it is necessary to ascertain whether 

the two terms do not contain a common factor. If they do not, we 

conclude that the equation is really indeterminate. If they do con- 

tain one, suppress it, and then make the particular hypothesis ; this 

will give the true value of the fraction, which will assume one of 

A A 
the three forms — , — , ---, in which case, the equation is determi^ 

note, impossible in finite numbers, or indeterminate. 

This observation is very useful in the discussion of problems. 

Of Inequalities, 

114. In the discussion of problems, we have often occasion lo 
suppose several inequalities^ and to perform transformations upon 
them, analogous to those executed upon equalities. We are often 
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obliged io do this, when, in discussing a problem, we wish to esta- 
blish the necessary relations between the given quantities, in order 
that the problem may be susceptible of a direct, or at least a real 
solution, and to fix, with the aid of these relations, the limits between 
which the particular values of certain given quantities must be 
found, in order that the enunciation may fulfil a particular condition. 
Now, although the principles established for equations are in general 
applicable to inequalities, there are nevertheless some exceptions, of 
which it is necessary to speak, in order to put the beginner upon his 
guard against some errors that he might commit, in making use of 
the sign of inequality. N^^hese exceptions arise from the introduction 
of negative expressions into the calculus, as qtumtities^ 

In order that we may be clearly understood, we will take exam- 
ples of the different transformations that inequalities may be subject- 
ed to, taking care to point out the exceptions to which these trans- 
formations are liable. 

115. Two inequalities are said to subsist in the same sense, when 
the greater quantity stands at the lefl in both, or at the right in 
both ; and in a contrary sense, when the greater quantity stands at 
the right in one, and at the lefl in the other. 

Thus, 25>20 and 18>10, or 6<8 and 7<9, 
are inequalities which subsist in the same sense ; and the inequalities 
15>13 and 12<14, subsist in a contrary sense. 

1, If we add the same quantity io hotk members of an inequality ^ 
or subtract the same quantity from both members^ the resulting in* 
equality wUl subsist in the same sense. 

Thus, take 8>6 ; by adding 5, we still have 8+5>0+5 
and 8— 5>6— 5. 

When the two members of an equality are both negative, that 
one is the least, algebraically considered, which contains the great- 
est number of units. Thus, — 25<— 20 ; and if 30 be added to 
both members, we have 6<10. This must be understood entirely 
in an algebraic sense, and arises from the convention before esta- 
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. blished, to consider all quantities preceded by the minus sign, as 
subtractive. 

The principle lirst enunciated, serves to transpose certain terms 
from one member of the inequality to the other. Take, for ex- 
ample, the inequality a^+^>3^--2o* ; there will result frpm it 
a--f2a*>3i»-;^, or 3a2>25*. 

2. If two inequalities subsist in Hie same sense, and we add them 
member to member , the resulting inequality will also subsist in the same 
sense. 

Thus, from a>^, c>rf, e>/, there results a-\-c+ey>h+d-ff. 

But this is not always tlie case, when we subtract, member from mcrn- 
her, two inequalities established in the same sense. 

Let there be the two inequalities 4<7 and 2<3, we have 
4—2 or 2<7— 3 or 4. 

But if we have the inequalities 9<10 and 6<8, by subtricting 
we have 9—6 or 3>10— 8 or 2. 

We should then avoid this transformation as much as possiolo, or 
if we employ it, determine in what sense the resulting inequality 
exists. 

3. If the two members of an inequality be multiplied by a positive 
number, the resulting inequality will exist in the same sense. 

Thus, from a<^, we deduce 3a<3J ; and from - a< — ti. 
— 3a<— 3*. 
This principle serves to make the denominators disappear. 

From the mequality — ^ — > — -- — , we deduce, by multiply, 
ing by 6ad, 

3a(a^-i^)>2i(c*-£p). 

The same principle is true for division. 

But when the two members of an inequality are mvlfiplied or di^ 
tided by a negative number, tlie inequality subsists in a contrary 
sense. 

Take, for example, 8>7; multiplying by —8, we hare 
-24<-21. 
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8 8 7 

In like maimer, 8>7 gives — r-, or — 5-< -^-^» 

— o o o 

Therefore, when the two members of an inequality are multipli- 
ed or divided by ^ number expressed algebraically, it is necessary 
to ascertain whether the mvUiplier or dimsor is negative ; for, id 
that case, the inequality would exist in a contrary sense. 

4. It is not pemutted to change the signs of the two members of an 
inequality unless we establish the resulting inequcHHy in a contrary 
sense ; for this transformation is evidently the same as multiplying 
the two members by — !• 

5. Both members of an inequality between positive numbers can be 
squared^ and the inequality will exist in the same sense. 

Thus from 5>3, we deduce 25>9; from a+by^c^ we find 

{a+byyc^. 

6. When both members of the inequality are notposiUvef we cannai 
tell before the operation ispetformed, in which sense the resulting tn- 
equality will exist. 

For example, — 2<3 gives (—2)^ or 4<9; but — 3>— 5 
gives, on the contrary, (—8)* or 9<(--5)* or 25. 

We must then, before squaring, ascertain whether the two mem- 
bers can be considered as positive numbers. 

EXAHPLES. 

1. Find the limit of the value of xm the expression 

5aj— 6>19. Ans. «>5. 

2. Find the Ihnit of the value of x in the expressicm 

14 
ac+— «— 80>10 Ans. «>4. 

8. Find the limit of the value of a; in the expression 

1 1 « 13 17 
_,,^_^+_+_>_ Ans. x>6. 

4. Find the limit of the vtdue of x in the inequalities 
10 
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ax 


+bs-ah>- 


7' 


-ax+ai<Y 



5. The double of a number diminished by 5 is greater than 25, 
and triple the number diminished by 7* is less than double the num- 
ber increased by 18. Required a number which shall satisfy the 
conditions. 
By the questiont we have 

2x-5>25. 
ap-7<2a;+13. 

Resolving these inequalities, we have dr>15 and a;<20* Any 
number, therefore, either entire or fractional, comprised between 15 
and 20, will satisfy the conditions. 

0. A boy being asked how many apples he had in his basket, re 
plied, that the sum of 3 times the number plus half the number, di. 
minished by 5 is greater than 16 ; and twice the number diminished 
by one third of the number, plus 2 is less than 22. Required the 
number which he had. 

Ana. 7, 8, 9, 10, or 11. 



CHAPTER III. 

Extraction of the Square Root of Numbers. Forma- 
tton of the Square and Extraction of the Square 
Root of Algebraic Quantities* Calculus of Radi- 
cals of the Second Degree. Equations of the Se- 
cond Degree. 

116. The square or second power of a number, is the product 
which arises from multiplying that number by itself once : for ex- 
ample, 40 m the square of 7, and 144 is the square of 12. 
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The square root of a number is a second number of such a value, 
that, when multiplied by itself once the product is equal to the given 
number. Thus, 7 is the square root of 49, and 12 the square root 
of 144: for 7x7=49, and 12x12=144. 

The square of a number, either entire or fractional^ is easily » 
found, being always obtained by multiplying this number by itself 
once. The extraction of the square root of a number, is however, 
attended with some difficulty, and requires particular explanation* 

The first ten numbers are, 

1, 2, 3, 4, 6, 6, 7, 8, 9, 10, 
and their squares, 

1, 4, 9, 16, 25, 86, 49, 64, 81, 100. 
and reciprocally, the numbers of the first line are the square roots 
of ihe corresponding numbers of the second. We may also remark 
that, the square of a number expressed hy a single fgure^ vfill contain 
mo figure of a higher denomincuUon Hum tens. 

The numbers of the last line 1, 4, 9, 16, <Sec., and all other num. 
bers which can be produced by the multiplication of a number by 
itself, are called perfect squares* 

It is obvious, that there are but nine perfect squares among all tho 
numbers which can be expressed by one or two figures : the 
square roots of all other numbers expressed by one or two figures 
will be found between two whole numbers differing from each other 
by unity. Thus, 55 which is comprised between 49 and 64, has for 
its square root a number between 7 and 8. Also, 91 which is 
comprised between 81 and 100, has for its square root a tiumbcr 
between 9 and 10. 

Every number may be regarded as made up of a certain number 
of tens and a certain number of units. Thus 64 is made up of 6 
tens and 4 units, and may be expressed under the form 60+4=64* 

Now, if we represent the tens by a and the units by by we shall 
have a+i .= 64 

and . - . . . (a+*)^=(64)», 
or . . a*+2ai+J^ =4096. 
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Which proveB that the square of a number composed of tens and 
imits contains, the square of ihe tens phts twice the produet of the iena 
ly the unitSfphu ihe square of the untie. 

117. If now, we make the units 1, 2, 9, 4, &c.| tens, by annex- 
ing to each figure a cipher, we shall hare, 

10, 20, SO, 40, 50, 60, 70, 80, 90, 100 
and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

frcxn which we see that the square of one ten is 100, the square of 
two tens 400 ; and generally, ihal the square of tens wUl contain no 
Jigure of a less denondnadon than hundreds^ nor of a higher name 
than thousands. / 

Example I. — To extract the square root of 6084. 

Since this number is composed of more than two 
places of figures its roots will contain more than one. 60.84 

But since it is less than 10000, which is the square 
of 100, the root will contain but two figures : that is, units and tens. 

Now, the square of the tens must be found in the two left hand 
figures which we will separate from the other two by a point. 
These parts, of two figures each, are called periods. The pan 60 
is comprised between the two squares 49 and '64, of which the roots 
are 7 and 8 : hence, 7 is the ^gure cf the tens sought ; and the re- 
quired root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60.84 1 78 

number, from which we separate it 49 

by a vertical line : then we subtract 7x2= 14.8 118.4 

Its square 49 from 60, which le$ives 118 4 

a remainder of 11, to which we 

bring down the two next figures 84. 

The result of this operation 1184, contains tmce ihe product (f the 
tens hy the units phts the square of the units. But since tens multi. 
plied by units cannot give a product of a less name than tens, it fol. 
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lows that the last figure 4 can form no part of the double product of 
the tens by the units \ this double product is therefore found in the 
part 118» which we separate from the units' place 4 by a pcHnt. 

^ow if we double the tens, which gives 14, and then divide 118 
by 14, the quotient 8 is the figure of the unUs^ or a figure greatet 
than the units. This quotient figure can never be too small, sinco 
the part 118 will be at least equal to twice the product of the tens 
by the units : but it may be too large ; for the 118 besides the doii<* 
ble product of the tens by the units, may likewise contain tens aris- 
ing from the square of the units. To ascertain if the quotient 8 
expresses the units, we write the 8 to the right of the 14, which givea 
148, and then we multiply 148 by 8. Thus, we evidently form* 
1st, the square of the units : and 2d, the double product of the tens 
by the units. This multiplication being effected, gives for a product 
1184, a number equal to the result of the first operation* Having 
subtracted the product, we find the remainder equal to : hence 78 
is the root required. 

Indeed, in the operations, we have merely subtracted from the 
given number 6084, 1^/, the square of 7 tens or 70 ; 2</, twice the 
product of 70 by 8 ; and 3<i, the square of 8 : that is, the three 
parts which enter into the composition of the square of 70+8 or 
78 ; and since the result of the subtraction is 0, it follows that 78 
is the square root of 6084. 

Ex. 2. To extract the square root of 841. 

We first separate the number into 
periods, as in the last example. In the 8^41 i 29 

second period, which contains the square 4 ( 

of the tens, there is but one figure. The 2x2=4,9 I 44.1 

greatest square contained in 8 is 4, the I 44 1 

root of which is 2 : hence 2 is tibie fi- 

gure of the tens in the required root. 

Subtracting its square 4 from 8, and bringing down 41, we obtain 
for a result 441. 

10* 
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If noW| as in the last example, we separate the last figure 1 from 
the others by a point, and divide 44 by 4, which is double the tens, 
the quotient figure will be the units, or a figure greater than the 
units. Here the quotient is 11 ; but it is plam that it ought not to 
exceed 9, for if it could, the figure of the tens already found would 
be too small. Let us then try 9. Placing 9 in the root, and also 
on the right of the 4, and multiplying 49 by 9, we obtain /or a pro 
duct 441 : hence, 29 is the square root of 841. 

Bjbkask. The quotient figure 11, first found, was too large be 
cause the dividend 44 contained, besides the double product of the 
tens by the units, 8 tens arising from the square of the units. When 
the dividend is considerably augmented, by tens arising from the 
square of the units, the quotient figure will be too large. 

Ex. 3. To extract the square root of 431649. 

Since the given number exceeds 10,000 its root will be greater 
than 100 ; that is, it will contain more than two places of figures. 
But we may still regard the root as composed of tens and units, for 
every number may be expressed in tens and units. For example, 
the number 6758 is equal to 675 tens and 8 units, equal to 6750+8. 

Now, we know that the square of the tens of the required root 
can make no part of the two right 

hand figures 49, which therefore, we 43.16.49 i 657 

separate from the others by a point, 36 | 

and the remaining figures 4316 con- 12.5 

tain the square of the tens of the re. 5 



71.6 
62 5 



quired root. But since 4316 exceeds 130.7 I 9 14.9 

100 the tens of the required root will I 9 14 9 

contain more than one figure : hence 

4316 must be separated into two 

parts, of which the right hand period 16 will contam no part of the 
square of that figure of the root, which is of the highest name, and 
for a similar reason we should separate again if the part to the left 
contained more than two figures. 
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Since 36 is the greatest square contained in 43, the first figure of 
the root is 6. We then suhtract its square 36 from 43, and lo the 
remainder 7 hring down the next period 16. Now, since the last 
figure 6 of the result 716, contains no part of the double product of 
the first figure of the tens by the second, it fi>llows, that the second 
figure of the root will be obtained by dividing 71 by 12,doubIe the 
first figure of the tens. This gives 5 for a quotient, which we place 
in the root, and at the right of the divisor 12. Then subtract the 
product of 125 by 5 from 716, and to the remainder bring down the 
next period, and the result 9149 will contain ttcice the product of tlie 
tens of the root muUiplied by the units, plus the square of the units. 
If this result be then divided by twice 65, that is, by double the tens 
of the root, (which may always be found by adding the last figure 
of the divisor to itself), the quotient will be the units of the root. 

Hence, for the extraction of the square root of numbers, we have 
the following 

RULE. 

I. Separate the given number into periods of two figures each he- 
ginning at the right hand, — the period on the left will often contain but 
onefigure, 

II. Find the greatest square in the first period on the left, and place 
its root on the right cfter the manner of a quotient in division. Sub- 
tract the square of the root from the first period, and to the remainder 
bring down the second period for a dividend. 

III. Double the root already found and piace it on the lefifor a di- 
visor. Seek how many times the divisor is contained in tht dividend, 
exclusive of the right hand figure, and place the figure in the root and 
also at the right of the divisor. 

IV. Multiply the divisor^ thus augmented, by the last figure of the 
root, and subtract the product from the dividend, and to the remainder 
bring doum the next period for a new dividend. 

V. Double the whole root already found, for a new divisor, and 
continue the operation as before, untU ail the periods are brought down. 
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ist, Rekark. Iff after all the perioli^are brought down, there is 
no remainder, the proposed number is^ a perfect square. But if 
there is a remainder, you have only found the root of the greatest 
perfect square contained in the given number, or the entire part of 
the root sought. 

For example, if it were required to extract the square root of 665, 
we should find 25 for the entire part of the root and a remainder of 
40, which shows that 665 is not a perfect square. But is the square 
of 25 the greatest perfect square contained in 665 ? that is, is 25 the 
entire part of the root ? To prove this, we will first show that, the 
difference between the squares of two consecutive nwmherSf is equal t0 
twice the less number augmented by unity. 

Let . . . a = the less number, 

and . . . fl+1 = the greater. 

Then . . {a+iy=a^+2a+l 

and . . . (a)'=a^ 

Their difference is . = 2a+l as enunciated. 

Hence, the entire part of the root cannot be augmented, unless 
the remainder exceed twice the root found, plus unity. 

But25x2+l=51>40 the remainder: therefore, 25 is the en- 
tire part of the root. 

2d. Remark. The number of figures in the root will always be 
equal to t^e number of periods into which the given number is 
separated. 

EXAMPLES. 

1. To find the square root of 7225. 

2. To find the square root of 17689. 
8. To find the square root of 994009. 

4. To find the square root of 85678973. 

5. To find the square root of 67812675. 

118. The square root of a number which is not a perfect square, 
is called incommensurable or irrationdl^ because its exact root can- 
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not be found in terms of the numerical unit. Thus, V27 Vs, 

Vt/ are incommensurable numbers. Thej are also sometimes 
<i9Med surds^ 

In order to prove that the root of an imperfect power cannot be 
expressed by exact parts of unity, we must first show that, 

Every wmher P, wldch mil exactly divide the product A X B of two 
numherSf and which is prime with one of them^ will divide the other. 

Let us suppose that P will not divide A, and that /A is greater 
than P. Apply to A and P the process for finding the greatest com- 
mon divisor, and designate the quotients which arise by Q, Q', Q'' . . . 
and the remainders^R, R', R" . , . respectively. If the division be 
continued sufficiently far, we shall obtain a remainder equal to unity^ 
for the rema'mder cannot be 0, since by hypothesis A and P are prime 
with each other. Hence we shall have the following equations. 

A =P Q +R 
P =:R Q' +R' 

R=:R'Q"4-R" 
R'=R"Q'"+R'" 



Multiplying the first of these equations by B, and dividing by P, 
we have 

AB „^ BR % 

But, by hypothesis, p ■ is an entire number, and since B and 

Q are entire numbers, the product BQ is an entire number. Hence 

BR . . , 

it follows that —5— is an entire number. 

If we multiply the second of the above equations by B, and 
divide by P, we have 

BRQ^ BR' 



1^ 



P • 



/ 
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BR 
But we have already shown that —^ is an entire number ; 

BRQ' . BR' 

hence — = — is an entire number. This being the case, p 

must also be an entire number. If the operation be continued until 

Bxl 

the number which multiplies B becomes 1, we shall have — p — 

equal to an entire number, which proves that P will divide B. 

In the operations above we have supposed A>P, but if P> A we 
should first divide P by A. 

Hence, if a number P will exctcUy divide the product of tufo fwmu 
bersy and is prime with one of them, it will divide the other. 

We will now show that the root of an imperfect power cannot be 
expressed by a fractional number. 

Let c be an imperfect square. Then if its exact root can be ex* 
pressed by a fractional number, we shall have 

/ — a 

or . . . • c ="^ by squaring both members. 

But if c is not a perfect power, its root will not be a whole num. 

a 
her, hence -r- will at least be an irreducible fraction, or a and h 
a 

will be priq^tb each other. But if a is not divisible by ^, ax ^ or 

c? will not be divisible by b, from what has been shown above ; 

neither then can c? be divisible by ^. Since to divide by Z»* is but 

a» 
to divide a^ twice by b. Hence, t^ is an irreducible fraction, 

and therefore cannot be equal to the entire number c : therefore, we 

. a 

cannot assume Vc=^^, or the root of an imperfect power can- 
not be expressed by a fractional number that is rational. 



BXTSACTION OF THE RQUARE ROOT OF FRACTIONS. 110 



Extraction of the square root of Fractions. 

119. Since the square or second power of a fraction is obtained 

by squaring the numerator and denominator separately, it follows 

that the square root of a fraction will be equal to the square root 

of the numerator divided by the square root of the denominator. 

a^ a 

For example, the square root of ^ is equal to -7- : for 

a a a' 

But if neither the numerator nor the denominator is a perfect 
square, the root of the fraction cannot be exactly found. We can 
however, easily find the exact root to within less than one of the 
equal parts of the fraction. 

To effect this, multiply both terms of the fraction by the denomina- 
tOTf which makes the denominator a perfect square without altering the 
value of Hie fraction. Then extract the square root of Vie perfect 
square nearest the value of the numerator^ and place the root of the 
denominator under it; this fraction wiU he the approximate root. 

Thus, if it be required to extract the square root of ---, we mul- 

5 

15 

tiply both terms by 5, which gives — : the square nearest 15 is 

4 • 

16 : hence — is the required root, and is exact to vithin less 

1 

than -r-. 
o 

120. We may, by a similar method, determine approximatively 
the roots of whole numbers which are not perfect squares. Let it 
be required, for example, to determine the square root of an entire 

number a, nearer than the fraction — : that is to say, to find a 
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number which shall differ from the exact root of a, by a quantity 

lessthaa — . 
ft 

It may be observed that a= — 5—. If we designate by r the 

entire part of the root of an^, the number av? will then be compri«- 

ed between r" and {r-\-Vf ; and — 5— will be comprised between 

— and 5-^ ; and consequently the true root of a is com- 

prised between the root of -5- and — 5 — ; that is, between 

— and • Hence — will represent the square root of a 

within less than the fraction — . Hence to obtain the root : 

n 

Multiply the given number hy the square of the denominator of the 
fraction which determines the degree of approximation : then extract 
the square root of the product to the nearest unitf and divide this root 
hy the denominator of the fraction. 

Suppose, for example, it were required to extract the square root 

of 59, to withm less than — ' 

Let us rejMat on this example, the demonstration which has just 

been made. 

59x(12)^ 
The number 59 can be put under the form — .^ • or by 

(12) 

fiAQA 

multipliying by (12)*, —-. But the root of 8496 to the near- 

8496 
est unit, is 92 : hence it follows that j-^ or 59, is comprised be- 

(92)« (98)« 

tween Tr^rj and j-^. Then, the square root of 69 is itself 
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92 93 

comprised between — and — : that is to say, the true root 

92 1 

differs from — ^y a fraction less than — . 

92 93 8464 ^ 8649 

Indeed the squares of — and — are jr^ *nd TTa^^* """*" 

. , 8496 

bers which comprise ■ .^ or 59. 

2. To find the VlT to within less than rr. 

lo 



4 
Ans. 3--. 

10 



3. To find the V'223 to within less than — . 

40 



37 

Ana. 14—. 

40 

121. The manner of determining the approximate root in deOf 

malsy is a consequence of the preceding rule. 

To obtain the square root of an entire number within — , "TJvJt, 

fof^i &;c. — it is necessary according to the preceding rule to mul- 
tiply the proposed number by (10)^ (100)*, (1000)* . . . or, which 
is the same thing, add to the right of the number , two^four, six, ^e. 
ciphers : then extract the root of the product to the neantst unit, and 
divide this root by 10, 100, 1000, &c., which is effected hy pointing c§ 
one, two, three, ^c, decimal places from the right hand. 

Example 1. To extract the square root of 7 to within , . 

Having added four ciphers to .the 7.00.00 I 2,64 

right hand of 7, it becomes 70000, 4 I 

whose root extracted to the nearest 46 I 300 

unit is 264, which being divided by I 276 

100 gives 2,64 ibr the answer, which 524 t 2400 

. ^. , , 1 I 2096 

tf true to within less than -t;:t-. — :rr- ^ 

100 11 804 Rem 
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V 

2. Find the V29 to within -— jr-. 



3. Find the -v/^T to within 



Ans. 5,38. 



10000 

Ans. 15,0665. 
Rehabk. The number of ciphers to be annexed to the whole 
number, is always double the number of decimal places required to 
be found in the root. 

122. The manner of extracting the square root of decimal frac- 
tions is deduced immediately from the preceding article. 

Let us take for example the number 3,425. This fraction is 

3425 ^^ 
equivalent to tj^^- Now 1000 is not a perfect square, but the 

denominator may be made such without altering the value of the 

34250 

^fraction, by multiplying both the terms by 10 ; this gives - 

xUUiH/ 

34250 
or , vg . Then extracting the square root of 34250 to the 

185 
nearest unit, we find 185 ; hence -j^ or 1,85 is the required 

1 



root to within . 

If greater exactness be required, it will be necessary to add lo 
the number 3,4250 so many ciphers as shall make the periods of 
decimals equal to the number of decimal places to be found in the 
root. Hence, to extract the square root of a decimal fraction : 

Annex ciphers to tJie proposed number until the decimal places sliaU 
}>e eren, and equal to double the number of places required in the root. 
Then extract the root to the nearest unit, and point off from the right 
hand the required number of decimal places 



Ex. 1. Find the V 3271,4707 to within ,01. 

Ans. 57,19. 
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2. Find the V 31,027 to within ,01. 

Ans. 5,57. 

3. Find the V0,01001 to within ,00001. 

• Ana. 0,10004. 

123. Finally, if it be required to find the square root of a vulgar 
fraction in terms of decimals : Change the vulgar fraction into a de- 
cimal and continue the division until the number of decimal places is 
double tJie number of places required in the root. Then extract the 
root of the decirnal by the last rule, 

Ex. 1. Extract the square root of — to within ,001. This 

number, reduced to decimals, is 0,785714 to within 0,000001 ; 
but the root of 0,785714 to the nearest unit, is ,886 : hence 0,886 is 

the root of --7 to within ^001. 
14 



2. Find the V ^tt to within 0,0001. 

10 



Ans. 1,6931. 



Extraction of the Square Root of Algebraic Quantities. 

124. We will first consider the case of a monomial ; and in order 
to discover the process, see how the square of the monomial is 
formed. 

By the rule for the multiplication of monomials (Art. 41.), we, 
have 

(5a"J3c)3=:5a253cx5a^ft=»(S=25a«5«(r' ; 

that is, in order to square a monomial, it is necessary to square its 
co-efficient, and double each of the exponents of the different Utters. 
Hence, to find the root of the square of a monomial, it is necessary, 
1st. To extract the square root of the co-efficientm 2d. To take the 
half of each of the exponents. 

Thus, V64a«i^=8a^2r» ; for 8a'^x8a'i»=64a«5*. 
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In like manner, 



V625a«^c«=25a6V, for (25a5*c3)«=625a'3«A 

From the preceding rule, it follows, that, when a monomial is a 
perfect square, its numerical co-efficient is a perfect square, and ail 
its exponents even numbers. Thus, 25a^^ is a perfect square, but 
98a3^ is not a perfect square, because 98 is not a perfect square, and 
a i^ affected with an uneven exponent. 

In the latter case, the quantity is introduced into the calculus by 

affecting it with the sign V , and it is written thus, V^98ad*, 
Quantities of this kind are called radical quaniitiesy or irraiianal 
quantities^ or simply radicals of the second degree. 

125. These expressions may sometimes be simplified, upon the 
prindple that, ike square roottf the product of two or more factors is 
equal to the product of the square rods of these factors; or, in alge* 

braic language, Vabcd . . . = y/a, y/h» y/c. y^d, . . . 

To demonstrate this principle, we will observe, that from the de- 
finition of the square root, we have 

( Vabcd , . . .Y=:ah€d . • . • 
Again,. 
(VaX ^/*X %/cX y/d . . f=(^/aYx(^yx(s/cyx(y/^dy . . . 
=zabcd • • • • 

Hence, since the squares of Vabed . . . ., and. 

%^a. y/b, v^c. y/^d^ • . ., are equals the quantities themselves are 
equal. 

This being the case, «h^ above expression, VoSa^*, can be put 

under the ibrm V49^x2?a= l/49i*x V2a. Now V495*"majr 

be reduced to 7b^ ; hence V'98ai*=7Z»»V2a. 
In like manner, 

V45aW«^ Vda^'lr'e'x^hd^Sabc VUd^ 
V864a«^c"= Vl44a«i*c"x6*c= 12aAV V^cT 
The quantity which stands without the radical sign is callecl the 
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co^eficierU of the radical. Thus, in the expressions IVV^Oy 

Sahc Vdbdy 12a^c* V^bcT the quantities 7^, Sahc, 12aJ»c', are 
called co-efficients of the radicals. 

In general, to simplify an irrational monomial, separate it into 
tiDO partSf of which one shall contain all the factors that are perfect 
squares, and iJie other the remaining ones: then take the roots of the 
perfect squares and place them before the radical sign, under whichf 
leave those factors which are not perfect squares^ 

EXAMPLES. 

1. To reduce Vldd^bc to its simplest form. 

2. To reduce Vl2Qb^a^cP to its simplest form. 

3. To reduce Vd2a^b^c to its simplest form. 

4. To reduce V256a'b*c^ to its simplest form. 

6. To reduce '/l024a'iV to its simplest form. 

6. To reduce V728aWd to its simplest form. 

126. Since like signs in both the factors give a plus sign in the 
product, the square of ~a, as well as that of -fa, will be a*: 
hence the root of a^ is either +a or —a. Also, the square root 
of 25a"J* is either +50** or — 5ai*. Whence we may conclude, 
that if a monomial is positive, its square root may be affected either 

with the sign + or — ; thus, V9a*==b3a*, for +3a* or —3a*, 
squared, gives 9a*. The double sign ± with which the root is 
affected is read plus or minus. 

If the proposed monomial were negative, it would be impossible 
to extract its root, since it has just been shown that the square of 
every quantity, whether positive or negative, is essentially positive. 

Therefore, V— 9, V— 4a^ V—Qc^b, are algebraic s3rmboIa 
which indicate operations that cannot be performed. They are 
called imaginary quantities, or rather imaginary expressions, and are 
frequently met with in the resolution of equations of the second 

Jl* 
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degree. These symbols can, however, by extending the rules, be 
ftimpliiied in the same manner as those irrational expressions which 

indicate operations that cannot be performed. Thus, V— 9 may be 
reduced to (Art. 125.) 

-/Qx V^ror, 3 V-1; V-4£r»= Vio^ V-l=2a V— 1; 
V-So^ Vl?>0^=2a -/— 2i=2a V^X V~l. 

127. Let us now examine the law of formation for the square of 
any polynomial whatever ; for, from this law, a rule is to be de- 
duced for extracting the square root. 

It has already been shown that the square of a binomial (a+^) 
is equal to c?+2ah+lF (Art. 46.). 

Now to form the square of a trinomial a+h+Cy denote a+h by 
the single letter «, and we have 

(a+i+c)*=(5+c)«^5a^2jc+c«. 

But*^=(a+5)^=a»+2ai+^; and S|jfc=:2(a+i)c=2ac+2^, 

Hence (a+J+c)^=a*+2fl3+^+2ac+2^c+c^ ; 
that is, the square of a trinomial is composed of the sum of the squares 
if its three temiSf and twice the products of these terms multiplied 
together two and two. 

If we take a polynomial of four or more terms, and square it, we 
shall find the same law offormation> We may, therefore, suppose 
the law to be proved for the square of a polynomial of m terms ; 
and it then only remains to be shown that it will be true for a poly- 
nomial of OT+1 terms. 

Take the polynomial (a+b+c . • • +i), having m terms, and 
denote their sum by *: then the polynomial (a+h+c . . . +i+k\ 
having m+l terms, will be denoted by (s+k). 

Now, (s+ky=s^+2sk'\']i^^ or by substituting for s, 

(s+ky={a+b+c , . . +iy+2(a+b+e . . .+i)k+k'. 

But by hypothesis, the first part of this expression is composed 
of the squares of aU the terms of the first polynomial and the double 



SQUARE ROOT OF ALGEBRAIC QUAIfTITIES. 127 

products of these terms taken two and two ; the second part contains 
the double products of all the terms of the first polynomial by the 
additional term k ; and the third part is the square of this term. 
Therefore, the law of composition^ announced above, is true for the 
new polynomial. But it has been proved to be true for a trinomial ; 
hence it is true for a polynomial containing four terms ; being true 
for four, it is necessarily true forjSce, and so on. Therefore it is 
general. This law can be enunciated in another manner : viz. 

The square of any polynomial contains the square of the first term^ 
plus twice the product of the first hy the second, plus the square of the 
second ; plu^ twice the product of tJie first two terms by the third, plus 
the square of the third; plus twice the product of tlie first three terms 
by i/ie fourth, plus the square of the fourth ; and so on. 

This enunciation which is evidently comprehended in the ^xsX, 
shows more clearly the process for extracting the square root of a 
polynomial. 

From this law, 

(a+A+c+df=a«+2a3-f-^'+2(a+^>)c+c^+2(a+i+c)d-f(f». 

128, We will now proceed to extract the square root of a poly- 
nomial. 

Let the proposed polynomial be designated by N,' and its root, 
which we will suppose is determined, by R ; conceive, also, that 
these two polynomials are arranged with reference to one of the 
letters which they contain, a, for example. 

Now it is plain that the first term of the root R may be found by 
extracting the root of the first term of the polynomial N ; and that 
the second term of the root may be found by dividing the second 
term of the polynomial N, by twice the first term of the root R. 

If now we form the square of the binomial thus found, and sub- 
tract it from N, the first term of the remainder will be twice the 
product of the that term of R by the third term : hence^ if this first 



128 ALGEBRA. 

lenn be divided by double the first term of R^ the quotient will be 
the third term of R. 

In order to obtain the fourth terra of R, form the double products 
of the first and second terms, by the third, plus the square of the 
third ; then subtract all these products from the remainder before 
found, and the first term of the result will be twice the product of 
the first term of the root by the 4th : hence, if it be divided by 
double the first term, the quotient will be the fourth term. In the 
same manner the next and subsequent terms may be found. Hence, 
for the extraction of the square root of a polynomial we have the 
following 

RULE. 

I. Arrange the polynomial with reference to one of Us leiiers and 
extract the square root of the first term : this wUl give tJ^e first term 
of the root. 

II. Divide the second term of the polynomial by double ilie first 
term of the root, and tlie quotient vsill he the second term of tfie root, 

III. Then form the square of the two terms of the root found, and 
subtract it from the first polynomial, and then divide the first term of 
Hie remainder by double the first term of the root, and the quotient 
vnll be the third term. 

IV. Form the double products of tJie first and second terms, by the 
third, plus the square of the third ; then subtract all these products 
from the last remainder, and divide the first term of the result by doiu 
ble the first term of the^raot, and tJie quotient will be the fourth term* 
Then proceed in tlie same manner to find the other terms, 

EXAMPLES. 

1. Extract the square root of the polynomial 

49a«J»-24a*^+25a*-30a'*+163*. 
First arrange it with reference to the letter a. 
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25a*-30a33+49a«i»-24a^+165* 
25a*— 30a^3+ 9a«^ 



lOo^ 



40a2^*— 24a5'+16Zr* 1st. Rem. 
40aay^24fly+16^^ 

". ] T" 2d. Rem. 

After having arranged the polynomial with reference to a, extract 
the square root of 25a*, this gives. 6a^ which is placed to the right 
of the polynomial ; then divide the second term, — 30a^5, by the 
double of 5a^, or 10a'; the quotient is — 3a3, and is placed to the 
right of 5a^* Hence, the first two terms of the root are 5a*— 3ai. 
Squaring this binomial, it becomes 25a*— SOa^i+Oo^i*, which, sub- 
tracted from the proposed polynomial, gives a remainder, of which 
the first term is 40a'^# Dividing this first term by lOo", (the double 
of §a*), the quotient is +4^; this is the third term of the root, and 
IB written on the right of the first two terms. Forming the double 
product of bc^—Sab by 4^, and the square of 43*, we find the poly, 
nomial 40aV—24aJ*+ 165*, which, subtracted fi-om the first re- 
mainder^ gives 0. Therefore 5a*— 3a5-|-4i" is the required root. 

2. Find the square root of 

a*-f4a^a;+6aV+4aar*+a:*. 

8. Find the square root of 

a*— 2a*a?+3a*a;*— 2air*+a:*. 

4. Find the square root of 

4a^+12ar*+5a;*-2ar*+7a:*-2a;+l. 

5. Find the square root of 

9a*-12a=*+28a*5*-16a3'+165*. 

6. Find the square root of 
25a*3*-40a35*c+76a*5*c*-48a5*cH36^c*-30a*5c+24a'5c* 

-36a**c'+9a*A 

129. We will conclude this subject with the following remarks. 

1st. A binomial can never be a perfect square, since we know 
that the square of the most simple polynomijil, viz. a binomial, con- 



130 ALOBBRA. 

tains three distinct parts, which cannot experience any redacti<Mi 
amongst themselves. Thus, the expression a^+^ is not a perfect 
square ; it wants the term d=2a5 in order that it should be the square 
of crit^. 

2d. In order that a trinomial, when arranged, may be a perfect 
square, its two extreme terms must be squares, and the middle term 
must be the double product of the square roots of the two others. 
Therefore, to obtain the square root of a trinomial when it is a per- 
fect square ; Extract the roots of the two extreme terms^ and give 
these roots the same or contrary signs, according as the middle term 
is positive or negative. To verify it, see if iJie double product of the 
two roots gives the middle term of the trinomial. Thus, 

9a*'--48a*J^+64a^3* is a perfect square, 

since V9aP=Sa^, nnd V6^a^*=^BaPy 

and also 2 x Sa^ X — 8a^= — 48a*^, the middle term. 

But 4a^+14a3+93^ is not a perfect square : for although 4a*' 
and +9^^ are the squares of 2a and 3^, yet 2 X 2a X 3^ is not equal 
to 14a5. 

3d. In the series of operations required in a general problem, 
when the first term of one of the remainders is not exactly divisi- 
ble by twice the first term of the root, we may conclude that the 
proposed polynomial is not a perfect square. This is an evident 
consequence of the course of reasoning, by which we have arrived 
at the general rule for extracting the square root. 

4th. When the polynomial is not a perfect square, it may be sim- 
plified (See Art. 125.). 

Take, for example, the expression Va^b + 4a^Z>^+ 4aZr*. 

The quantity under the radical is not a perfect square ; but it can 
be put under the form ai(a^+4a54-4A^)« Now, the factor between 
the parenthesis is evidently the square of a-\-2b, whence we may 
conclude that, 

Va'b+^a'b^+^alf^={a+2b) Vab. 
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Of the Calculus of Radicals of the Second Degree. 

130. A radical quantity is the indicated root of an imperfect 
jpower. 

The extraclion of the square root gives rise to such expressions 

as Va^ 3 VX, 7 VIT, which are called irrational quantities ^ or 
radicals of the second degree. We will now establish rules for per- 
forming the four fundamental operations on these expressions. 

131. Two radicals of the second degree are similar^ when the 
quantities under the radical sign are the same in both. Thus, 

3 VT" and 5c V~b are similar radicals ; and so also are 9 V^ 

and 7 V^. 

Addition and Subtraction. 

132. In order to add or subtract similar radicals, add or subtract 
their co-efficients, then prefix the sum or difference to the common 
radical. 

Thus, . • . 3a -v/T+Sc VT=(3a+5c) VT, 
And . . . 3a VT— 5c VT'=(3a— 5c) VT, 
In like manner, 7 V2a+S V2a=(74-3) V2a=10 V2a. 

And . . , 7 1/20-3 '>/2a=(7~3)V2a= 4 V2a. 

Two radicals, which do not appear to be similar at first sight, 
may become so by simplification (Art. 125). 
For example, 

V48^+i V75fl=4i VSa-h^h Vsa=9b VSa, 

and 2 V45-3V^6V^3V6^3V5r 

When the radicals are not similar, the addition or subtraction can 

only be indicated. Thus, in order to add fi Vb'to 5 VoTwe write 

5Va+sVb7 
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Multiplication, 

133. To multiply one radical by another, multiply the two quan- 
tities under the radioed sign together^ and place the common radical 
over the product. 

Thus, Vox W— v^; this is the principle of Art. 125, taken in 
an inverse order. 

When there are co-efficients, toe first multiply them together, and 
write the product before the radical. Thus, 

3 VEoTx^ V20a =12 -/lOOa^d =120a VbT 

2a Vic X 3a Vlc=6a' V^V~=6a>^c. 



2a V^Ti^ X -3a -yV-f^ = ~6a^(aH5'), 

Division, 

134. To divide one radical by another, divide one of the tpiantx- 
ties under the radical sign hy the other and place the common radical 
over the quotient. 

^/ a ^ /a ^ , ^ , 

Thus • = V T- ; for the squares of these two expres- 

' VT * 

slons a»e equal to the same quantity -r ;. hence the expressions 

themselves must be equal. When there are co-efficients, write their 
quotient as a co-effident of the radical. 
For example, 

12ac V6bc-^4c V^=Sa V -^=3a VBc, 

135, There are two tr<tnsformations of frequent use in finding the 
numerical values of radicals. 
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The first consists in passing the co-efficient of a radical under the 
sign. Take, for example, the expression SaV^; it is equiva- 
lent to V 9a^ X VEb, or V 9a*.5* = V 45a?*, by applying 
the rule for the multiplication of two radicals ; therefore, to pass 
the co-efficient of a radical under the sign, it is only necessary to 
square it. 

The principal use of this transformation, is to find a number 
which shall differ from the proposed radical, hy a quantity less than 

unity. Take, for example, the expression 6 Vl3 ; as 13 is not a 
perfect square, we can only obtain an approximate value for its root. 
This root is equal to 3, plus a certain fraction ; this being multiplied 
by 6, gives 18, plus the product of the fraction by 6 ; and the en- 
tire part of this result, obtained in this way, cannot be greater than 
18. The only method of obtaining the entire part exactly, is to put 

6 Vl3 under the foi-m V6*xl3 = V'36x"l3= V 468. 

Now 468 has 21 for the entire part of its square root ; hence, 6 Vl8 
is equal to 21, plus a fraction. 

In the same way, we find that 12 ^7=31, plus a fraction. 

136. The object of the second transformation is to convert thd 

a a , 

denominators of such expressions as — ; — ;-, r-> mto rational 

JP+ \/f P— ^q 

quantities, a and p being any numbers whatever, and q not a per- 

feet square. Expressions of this kind are often met with in the 

resolution of equations of the second degree. 

Now this object is accomplished by multiplying the two terois of 

the fraction by p— y/q, when the denominator is p+ >/q^ and by 

T+ ^q> when the denominator is p— ^^r. For multiplying in this 

manner^ and recollecting that the sum of two quantities, multiplied 

by their difference, is equal to the difference of their squares, we 

liave 

g g( J>— -•?) a(y— \/g) _ flp— g \/g 

p+ %^?'"(p+ V^Xp- v^?)"" f—q " f-q ' 

12 
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g(p+ \^g) a(P+ y/q) qp+g Vq 



in which the denominators are rational. 

To form an idea of the utility of this method, suppose it is required 

7 
to find the approximate value of the expression -3. It be- 

7(3 + v/5) 21+7V5 
comes — , or . Now 7 V 5 is equivalent to 

V49x5, or V246, which is equal to 15, wUhm one of the true 

value. 

^^ ^ 7 21+15+ a fraction 36 

Therefore, Tr= ;; =--=9, withm a frac- 

o— vD 4 4 

tion of one fourth ; that is, it differs from the true value by a 
quantity less than one fourth* 

When we wish to have a more exact value for this expression, 
extract the square root of 245 to a certain number of decimal places^ 
add 21 to this rooty and divide the result hy 4. 

For another example, take .,^ . — ;t-, and find the value of 

vii+ vo 

It to withm 0,01. 

We have, 

7^/5 _ 7v/5(x/ll~^3)7x/55->7x/15 
^/ll+s/3~ 11-3 " 8 

Now, 7 ^/65= V55x49= -/2695=51,91, within 0,01, 

7^/15= V15X49= Vizf=21,ll ; 

^ ^ 7^/5 51,91-27,11 24,80 
^^^'^' Vll+^/3 = 8 =-9- =3,10. 

Hence we have 3,10 for the required result. This is exact to 

'^^''^ loo • 

By a simibr process, it will be found that 
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8+2 v^ 



=2,123, exact to within 0,001. 



5^12— 6 V5 

Reuabk. Expressions of this kind might be calculated by ap- 
proximating to the value of each of the radicals which enter the 
numerator and denominator. But as the value of the denominator 
would not be exact, we could not form a precise idea of the degree 
of approximation which would be obtained, whereas by the method 
just indicated, the denominator becomes rational^ and we always 
know to what degree the approximation is made. 

The principles for the extraction of the square root of particular 
numbers and of algebraic quantities, being established, we will pro- 
ceerl to the resolution of problems of the second degree. 

Examples in the Calculus of Radicals. 



1. Reduce V 125 to its most smiple terms. 



. /60 
2. Reduce v TTT to its most simple terms. 



147 



Ans. — -/¥. 



3. Reduce V 9Sa^x to its most smiple terms. 

Ans. la VS. 

4. Reduce V(r*— a^x") to its most simple terms. 

5. Required the sum of -/72 and V 128. 

Ans. 14 \/T. 

6. Required the sum of V27 and V 147 . 

Ans. 10 VT. 

7. Required the sum of \/ — and \/ — . 



3 --"^ ^ 50 



1» /— 



1S6 



8. Required the sum of 2 V o^b and 8 V64S?. 

9. Required the sum of 9 V 243 and 10 V 363 . 

10. Required the difference of \/ -r* and \/ g^^* 

Ans. — vis. 

4D 

11. Required the product of 5 V^ and 3 V^, 

Ans. 30 V\0. 

2 / 1 3 / 7 

12. Required the product of -^'V -^r and -"r'v 77:. 

00 4 lU 

Jn5. — -/35. 
40 

13. Divide 6 VlO by 3 VT. Ans. 2 V^. 

Of Equations of the Second Degree. 

137. When the enunciation of a problem leads to an equation of 
the form a!x^=h, in which the unknown quantity is multiplied by 
itself, the equation is said to be of the second degreef and the princi- 
ples established in the two preceding chapters are not sufficient for 
the resolution of it ; but since by dividing the two members by a, it 

h 
becomes a"= — 9 we see that the question is reduced to finding the 

square root of — • 

138. Equations of the second degree are of two kinds, viz. equa- 
tions involving two termsy or incomplete equations, and equations in- 
volving three terms, or complete equations. 

The first are those which contain only terms involving the square 

of the unknown quantity, and known terms ; such are the equa 

tions, 

1 • ^ . '^ ,299 

3a!«=.5; -a;«-3+--a;«=--a:«+ 



12 24 ' 24 
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These are called equations involving /too terms because they may 
be reduced to the form aa?=ft, by means of the two general trans- 
formations (Art. 90 & 91). For, let us consider the second equa- 
tion, which is the most complicated ; by clearing the fractions it be- 
comes* 

8a:»-72+10x"=7-24a:>+299, 
or transposing and reducing 

42a^=378. 

Equations involving three terms, or complete equations, are those 
which contain the square, and also the first power of the unknown 
quantity, together with a known term ; such are the equati<His 

5.1 3 2 ^273 



6 2 ^4 3 '12 

They can always be reduced to the form aa^+bx=Cf by the two 
transformations already cited. 

Of Equations involving two terms. 

139. There is no difficulty in the resolution of the equation 

h /h 

aa^=zh. We deduce from it a"= — , whence «=\/ — . 

a ▼ a 

b 
When — is a particular number, either entire or fractional^ 

we can obtain the square root of it exactly, or by approzimafion. 

b 
If — is algebraic, we apply the rules established for algebraic 

quantities. 
But as the square of +m or — m, is +^9 it follows that 

(=1=^/ — j is equal to — . Therefore, x is susceptible of two 

values, viz. a:=+w^ — , and a?=— ^/ — . For, substituting 

either of these values in the equation oo^^, it becomes 

12* 
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«X(+V — j =*, or ax— =^ 

and . . . ax(— \/ — ) =^> or ax — =^- 

For another example take the equation 4a:^— 7=3aJ*+9 ; by 

transposing, it becomes, a'srlG, whence a;=db Vl[6==t4. 
Again, take the equation 

1 . 5 . 7 ^ 299 



3 ^12 24 ^ 24 

We have already seen (Art. 138.), that this equation reduces to 

378 
42a?=378, and dividing by 42, aj»=-— -=9 ; hence a:=d=3. 

Lastly, from the equation 3a:^=5 ; we find 



«=±\/t==*=i-\/i 



3 3 V !»• 

As 15 is not a perfect square, the values of x can only be deter- 
mined by approximation. 

Of compkte Equations of the Second Degi'ee, 
140, In order to resolve the general equation 

we begin by dividing both members by the co-efficient of a^, which 
gives, 

ar-] — ^0?= — , or ar+px=:iq 

b c 

by making — =p and — =q. 

Now, if we could make the first member (a^+|)a;) the square of a 
binomial, the equation might be reduced to one of the first degree, 
by simply extracting the square root. By comparing this member 
with the square of th6 binomial (x+fl)> that is, with a^+2ac+a*, 
i^ is plain that a^-^-px is composed of the square of a first term jk. 
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plus the double product of this first term a; by a second, which must 

P . p P I^ 

be — , since pa;=2— a?; therefore, if the square of — or — , be 

added to a^+px, the first member of the equation will become the 

P 
square of a?+— ; but in order that the equality may not be destroy. 

ed -J- must be added to the second member. 
4 

By this transformation, the equation c[^+px=q becomes 

p2 pa 

a^+px+^=:q+^. 

Whence by extracting the square root 



The double sign d= is placed here, because either 
+ V 91+-^^ or — V ?+-^> squared gives q+Y' 

P 

Transposing — , we obtain 

. From this we derive, for the resolution of complete equations of 
the second degree, the following general 

RULE. 

After reducing the equation to the form x^+px=q, add the square 
of half of the co-efficient of x, or of the second term, to both tnetn^ 
hers ; then extract the square root of both members^ giving the double 
sign d= to the second member ; then find the value of x from the re* 
mdAng equation* 

This formula for the value of a? may be thus enunciated. 

The value of the unknown quantity U equal to half the co-^ffident 
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^ Xf taken mih a contrary ngn, plus or minus the square root ofHu 
knoum term increased by the square of half the co-efficient of x. 
Take, for an example, the equation 

5 1 3 2 .273 



6 2 ' 4 3 '12 

Clearing the fractions, we have 

10a:»-6ic+9=96-8a?-.12«>+273, 
or, transposing and reducing, 

22a:«+2a;=360, 

and dividing both members by 22, 

, 2 360 



22 22 



/lv« 

Add (~j to both members, and the equation becomes 

'^+22*+V22/ "" 22 +122/ ' 
whence, by extracting the square root, 

1 . /360 TT? 

^+22=^'^-22-+(22)' 
Therefore, 

^=-22^^^2-+(22)' 

which agrees with the enunciation given above for the double value 

of X, 

It remains to perform the numerical operations. In the first 

360 / 1 \* 
place, —^ — ^(oq/ ^^^ ^® reduced to a single number, having 

(22)^ for its denominator. 

360 /lv^_ 360x22+l _7921 
^°^' "22"'^V22/ ~" (22)^ ""(22/' 

extracting the square root of 7921, we find it to be 89 ; therefore. 



^360 /lT'_8g 
^ 22 "^122/ ""22* 
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1 ^89 
Ck>nsequently, a?= -"22 22' 

Separating the two values, we have 

^ 1 89_88_^ 
*'^""22'*"22""22'^^' 

__ 1 89_ 45 
*"""'22 Sa"""*!!* 
Therefore, one of the two values which will satisfy the proposed 
equation, is a positive whole number, and the other a negative frac- 
tion. 

For another example, take the equation 

which reduces to 

37 _ 67 

37 /87\» 

If we add the square of — , or l—j to both members, it be- 
comes 

. 37 /37\a 57 /37\» 
^-T^+y =-6-+(l2) ' 

whence, by extracting the square root 

Consequently, 

12 ^ 6 ^\12/ 

/37\^ 57 
In order to reduce (— j — r- to a single number, wo will ob- 
serve, that 

(12)«=12x 12-6x24; 

therefore, it is only necessary to multiply 57 by 24, then 37 by itself, 
4ind divide the difference of the two products by (12)^ Now, 
37x37=1369; 57x24=1368; 



142 

thereforci 
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/37v» 57_ 1 
\12/ 6 ""(12)^ 



the square root of which is 



12* 



Hence, «=i2'*'i2' ^' 



_^37 1 _38_19 
*^12'*"l2"^12"'"c'* 

_37 1 _36^ 
^'^I2"~12""12'"^" 



Thia example is remarkable, as both of the values are positive, 
and answer directly to the enunciation of the question, of which 
the proposed equation is the algebraic translation. 

Let us now take the literal equation 

4a»-2x»+2aa;=18a3~18&^. 
By transposing, changmg the signs, and dividing by 2, it becomes 
«»— aa?=2a*— 9ai+9^ ; 
whence, completing the square, 






4 4 

extracting the square root, 



'9ah+9i^. 



-9ab+9h'. 



Now, the square root of 



9a« 



3a 



'9ab+9h', is evidently, -77— 3d. 



Therefore, 






3a ^ \ ( x= 2a-- 3^, 



a+33. 

These two values will be positive at the same time, if 2a>33, 
and 35>a, that is if the numerical value of 5 is greater than 
a 
T 



2a 

and less than -tt. 
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EXAMPLES. 

ar— 7a:+10=0 .... values i __r I » 

1 , 4 ^ ix= 7,12 ) to within . 

g* -t »-r-^u- 5^ ^^^ ^ (a:=~5,73) 0,01. 

3. Given or*— 8a?+10=19, to find a?. Ans, x=9. 

4. Given rc^— a;— 40=170, to find a;. Ans, a?=15. 

5. Given 31!'+ 2a;— 9=76, to find a;. Ans, x=6, 

6. Given -Jar*— ia?+7|=8, to find a:. Ans. a;=li. 

mV 

7. Given a'+5^— 2^a;+aj'= — r— to find x, 

n 

Ans. x=:-^^(hn±: Vc^m^^-Vm^-a^n^ 

QUESTIONS. 

1. Find a number such, that twice its square, increased by three 
times this number, shall give 65. 

Let a? be the unknown number, the equation of the problem will be 
2ar»+3a;=65, 
whence, 

3 . ^ /65 9" 3 . 23 

4 ^ 2^16 4 4 
Therefore, 

3 23 3 23 13 

a:=--+-=5, and a:=-~--=--. 

fioth these values satisfy the question in its algebraic sense. 

For, 2X(5)'+3X5=2X25+15=65. 

/ 13\* 13 169 39 130 

and 2(--)+3x-y=— ~=^=65. 

But, if we wish to restrict the enunciation to its arithmetical 
sense, we will first observe, that when z is replaced by —a?, in the 
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equation 2«*+3iJ=65, the sign of the second term Sx only, is chang* 
ed, because (— a?)*=a:*. 

3 23 

Therefore, instead of obtaining a?= — T^T* ^® would find 

• 3 23 13 

a:=-— ±— -, or x^-r- and a;=-- 6, values which only differ from 
4 4 2 

the preceding by their signs. Hence, we may say that the nega- 

13 

tive solution — —y considered independently of its sign, satisfies 

this new enunciation, viz. : To find a number such, thai twice its 
square, diminished by three times this number, shall give 65, In fact, 
we have 

/13v« 13 169 39 

My) -^x-2-=— -y=«^- 

2. A certain person purchased a number of yards of cloth for 
240 cents. If he had received 3 yards less of the same cloth, foi 
the same sum, it would have cost him 4 cents more per yard. How 
many yards did he purchase ? 

Let a?= the number of yards purchased. 

240 
Then will express the price per yard. 

If, for 240 cents, he had received 3 yard^ less, that is a— 3 
yards, the price per yard, in this hypothesis, would have been repre- 

240 

sented by -. But, by the enunciation this last cost would ex- 

X — o 

ceed the first, by 4 cents. Therefore, we have the equation 

240 240 
4 . 

a;-3 X ' 

whence, by reducing «'--3a?=180. 



«±V^.- «±2^ 



2-- ,-+180=- ^ 

therefore 

a?=:15, and 0?=— 12* 
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The value x=15 satisfies the enunciatioD ; for, 15 yards for 240 

240 
cents, gives , or 16 cents for the price of one yard, and 12 

yards for 240 cents, gives 20 cents for the price of one yard, 
which exceeds 16 by 4. 

As to the second solution, we can form a new enunciation, with 
which it will agree. For, go back to the equation, and change x 
into —a:, it becomes, 

240 240 240 240 

-=4, or — ; r7T=*» 



—a;— 3 —X X x+S 

an equation which may be considered the algebraic translation of 
this problem, viz, : A certain person purchased a number of yards 
of cloth for 240 cents : if he had paid the same sum for 3 yards 
morcj it wotdd have cost him 4 cents less per yard. How maliy 
yards did he purcliase ? Ans, x=l% and a?= — 15. 

Remakk. Hence the principles of (Arts. 104 and 105.) are 
confirmed for two problems of the second degree, as they were fbr 
all problems of the first degree. 

3. A merchant discounted two notes, one of $8776, payable in 
nine months, the other of $7488, payable in eight months. . He 
paid $1200 more for the first than the second. At what rate of 
interest did he discount them ? 

To simplify the operation, denote the interest of $100 for one 

month by Xy or the annual interest by 12x ; 9a; and 8a; are the in- 

terests for 9 and 8 months. Hence 100+ 9a?, and 100+ 8a?, repre- 

sent what the capital of $100 will be at the end of 9 and 8 months. 

Therefore, to determine the present values of the notes for $8776, 

and $7488, make the two proportions, 

877600 
lOO+Oa;: 100:: 8776 r^^^^p^. 



100+8a; : 100 : : 7488 ; 



748800 
100+8a; ' 



and the fourth terms of these proportions will express what the mer- 

13 
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chant paid for each note. Hence, we have the equation 
877600 748800 
100+9aj " 100+80? "^ ^^^^ ' 
Or, observing that the two members are divisible by 400, 
2194 1872 

100+9a; "" 100+8a; ~^* 
Clearing the fraction, and reducing, it becomes, 
216x«+4396ar=2200; 
whence 

_ 2198^^^/2200 (2198)' 
*"" 216 ^ '216"*" (2167"* 

Reducing the two terms under the radical to tho same denomi- 
nator, 

_— 2198=b V 5306404 
*"" 216 ' 

or multiplying by 12, 

,^ -2198zfc V 5306404 
12.= _ . 

To obtain the value of 12a7 to within 0,01, we have only to ex- 
tract the square root of 5306404 to within 0,1, since it is afterwards 
to be divided by 18, 

This root is 2303,5 ; hence 

,^ -2198=b2303,5 
18 
and consequently. 



105,5 
12a:=— — -=5,86, 



and 




12a?= jg = -250,08. 



The positive value, 12a?=:5,86, therefore represents the rate of 
interest sought. 
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As to the negative solution, it can only be regarded as connected 
with the first by an equation of the second degree. By going back 
to the equation, and changing x into —a;, we could with some trou- 
ble, translate the new equation into an enunciation analogous to that 
o[ the proposed problem. 

4. A man bought a horse, which he sold after some time for 24 
dollars. At this sale, he loses as much per cent, upon the price of 
his purchase, as the horse cost him. What did he pay for the 
horse ? 

Let X denote the number of dollars that he paid for the 

horse, a;— 24 will express the loss he sustained. But as he 

g 
lost X per cent, by the sale, he must have lost ttjtjt- upon each 

a? 
dollar, and upon « dollars he loses a sum denoted by -rrr-r- ; we 

have then the equation 

-— =a?— 24, whence 0;*— 100a;=— 2400. 

and a?=60=b V2500— 2400=50=bl0. 

Therefore, 

=60 and «=40, 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave $60 for the horse 
and sold him for 24, he loses 36. Again, from the enunciation, he 

60 60x60 

should lose 60 per cent, of 60, that is, ---—- of 60, or •, 

^ 100 ' 100 ' 

which reduces to 36 ; therefore 60 satisfies the enunciation. 

If he paid $40 for the horse, he loses 16 by the sale ; for, he 

40 
should lose 40 per cent, of 40, or ^^x-Tq^, which reduces to 16 ; 

therefore 40 verifies the enunciation. 

5. A grazier bought as many^heep as cost him £60, and after 
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resenring fifteen out of the number, he sold the remainder for i&54, 
and gained 2s a head on those he sold : how many did he buy ? 

Afu. 75. 

6. A merchant bought cloth for which he paid £33 15^, which 
he sold again at £2 Ss per piece, and gained by the bargain as 
much as one piece cost him : how many pieces did he buy ? 

Ans. 15. 

7. What number is that, which, being divided by the product of 
its digits, the quotient is 3 ; and if 18 be added to it, the digits will 
be inverted 7 Ans. 24. 

6. To find a number such that if you subtract it from 10, and 
multiply the remainder by the number itself^ the product shall be 21. 

Ans, 7 or 3. 
9. Two persons, A and B, departed from different places at the 
same time, and travelled towards each other. On mect'mg, it ap^ 
peared that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15f days, but B would have been 
28 days in performing A's journey. How far did each travel ? 

A 72 tniies. 



( B 54 mues. 

Discussion of the General Equation of the Second Degree. 

141. As yet we have only resolved problems of the second de- 
gree, in which the known quantities were expressed by particular 
nuipbers. To be able to resolve general problems, and interpret 
all of the results obtained, by attributing particular values to the 
given quantities, it is necessary to resume the general equation of 
the second degree, and to examine the circumstances which result 
from every possible hypothesis made upon its co-efficients. This is 
the object of <Ac discussion of the equation of the second degree, 

142. A root of an equation of the second degree, is such a num. 
her as being substituted for the unknown quantity, will satisfy the 
equation. 
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It has be^i shown (Art. 138), that every equation of the second 
degree can be reduced to the form 

> x'+px^q (1), 

p and q being numerical or algebraic quantities, whole numbers 
or fractions, and their signs plus or minus. 

If, in order to render the first member a perfect square we add 

— to both members, the equation becomes 
4 



or (-+f ) =ir+^. 



Whatever may be the value of the number expressed by f +-r> 

4 

its root can be denoted by m, and the equation becomes 
(^+^) =«»^ or («+-|-) -«''=0. 

But as the first member of this equation is the difference between 
two squares, it can be put under the form 

in which the first member is the product of two factors, and th^' 
second is 0. Now we can render the product equal to 0, and con. 
sequently satisfy the equation (2), in two different ways : viz. 

P P 

By supposing «+——«= 0, whence «= — 5'+»*» 

P * P 

or supposing «+— +m=0, whence «= — - — m. 



Or substituting for « its value, 
13* 
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I Nowy either of these values, being substituted for j; in its cor- 
responding factor of equation (2) will satisfy that equation / and as 
equation (1) will always be satisfied when the derived equation (2) 
is satisfied, it follows, that either value will satisfy equation (1). 
Hence we conclude, 

1st. That every equation of the second degree has two roots^ and 
only two, r 

2d. That every eqtuUion of the second degree may he decomposed 
into two binomial factors of the first degree toith respect to x, having 
X for a common term, and the two roots, taken with their signs 
changedy for the second terms. 

For example, the equation a;^+3a?— 28=0 being resolved gives 
«==4 and «=— 7 ; either of which values will satisfy the equation, 
^e also have 

(a?-4) {x+7) =a?+3a?-28. 

148. If we designate the two roots by a/ and a?", we have 



• «'=-|-+V^ and ^'^-^->/^, 
by adding the roots we obtain 

aod by multiplying them together, we have 

Hence, 1st. TJie algebraic sum of the two roots is equal to the co» 
efident of the second term of the equation, taken with a contrary 
Sign. ' 2d. The product of the two roots is equal to the second mem* 
her of the equation, taken also with a contrary sign 
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Rehask. The preceding properties Suppose that the equation 
has been reduced to the form oi^+px=q ; that is, 1st. That every 
terra of the equation has been divided by the co-efficient of a^. 
2d. That all the terms involving x have been transposed and ar- 
ranged in the first member, and «" made positive. 

144. There are four forms, under which the equation of the st?- 
cond degree may be written. 

a^+px= q (1) 

a^—px = q (2) 

aj'+pa; = — <jr (3) 

a^--pxz=—q (4). 

In which we suppose p and q to be positive. 
These equations being resolved, give, 



a 
P. 



(1) 



«=-f±\/-3+X (3) 

«-+|-±V -9+X (4)- 

In order that the value of a?, in these equations, may be found, 
either exactly or approximatively, it is necessary that the quantity 
under the radical sign be positive (Art. 126), 

1^ . . .. 

Now, — being necessarily positive, whatever may be the sign 

of jp, it follows, that in the first and second forms all the values of 
X will be real. They will be determined exactly, when the puan- 

tity ^+-T- is a perfect square, and approximatively when if is 

not so. 

In the first form, the first value of a?, that is, the one arising from 
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taking the plus value of the radical, is always positive ; for the 

^ / ^ P 

radical \/ <?+"r> being numerically greater than — , the ex- 



2' 



— --±\/ S'+-T- is necessarily of the 

At 4 



pression — ^^^ v S'+"r ^ necessarily ot the same sign as 

At 4 

that of the radical. For the same reason, the second value is es- 
sentially negative, since it must have the same sign as that with 
which the radical is affected : but each root, taken with its proper 
sign^will satisfy the equation. The positive value will, in general, 
alone satisfy the problem understood in its arithmetical sense ; the 
negative value, answering to a similar problem, differing from the 
first only in this ; that a certain quantity which is regarded as ad* 
ditive in the one, is subtractive in the other, and the reverse. 

In the second form, the first value of a; is also positive, and the 
second negative, the positive value being tho greater. 

In the third and fourth forms, the values of x will be imaginary 

when 

f ^ 

^>— , and rtcX when 9.<rr* 



And since v — ?4-7" ^s less than — , it follows that the 

real values of x will both be negative in the third form, and both 
positive in the fourth. 

145. The same general consequences which have just been re- 
marked, would follow from the two properties of an equation of the 
second degree demonstrated in (Art. 143). The properties are : 

TJic algebraic sum of the roots is eqiml to the co-efficient of the se* 
oond temty taken vnih a contrary sign, and their product is equal to 
the second memhery taken also with a contrary sign. 

For, in the first two forms, q being positive in the second mem. 
ber, it follows that the product of the two roots is negative : hence, 
they have contrary signs. But in the third and fourth forms q being 
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negative in the second member, it follows that the product of the 
two roots will be positive : hence, they vxiU Imve like signs^ viz. both 
negative in the third form, where p is positive, and both positive in 
the fourth form where p is negative. 

Moreover, since the sum of the roots is affected with a sign con- 
trary to that of the co-efficient p ; it follows, that, the negative root 
mil he the greatest in the Jirst form, and the least wi the second, 

146. We will now show that, when in the third and fourth forms, 
we have J>-t-> the conditions of the question will be incompa- 
tible with each ©ther, and therefore, the values of x ought to be 
imaginary. * 

Before showing this it will be necessary to establish a proposition 
on which it depends : viz. 

If a given number he decomposed into two parts and those parts 
multiplied together, the product will he the greatest possible when 
the parts are equal. 

Let p be the number to be decomposed, and d the di^rence of 
the parts. Then 





2^2 


the greater part (Art. 32). 


and 


p d 
2 2 


the less part. 


and 




their product (Art. 46). 



Now it is plain that P will increase as d diminishes, and that it 
will be the greatest possible when d=0 : that is, 

p p p^ , 

— X-^=-7- is the greatest product. 

147. Now, since in the equation 

•c^ — pxzzz-^q 
p is the sum of the roots, and q their product, it follows that q can 



154 AIiOEBIlA. 

never be greater than — . The conditions of the equation there- 

fore fix a limit to the value of ^, and if we make 9'>"T"> we express 

by the equation a condition which cannot be fulfilled, and, this con- 
tradiction is made apparent by the values of x becoming imaginary. 
Hence we may conclude that, 

The value of the unknown quantity wUl always he imaginary when 
the conditions of the question are incompatible with each other, 

Reuark. Since the roots of the equation, in the first and second 
forms, have contrary signs, the condition that t^eir sum shall be 
equal to a given number p, does not fix a limit to their product : 
hence, in those two forms the roots are never imaginary.' 

148. We will conclude this discussion by the following remarks. 
Ist. If in the third and fourth forms, we suppose ^="t-> t^® ra- 
dical part of the two values of x becomes 0, and both of these 

P 

values reduce to x= — ^ : the two roots are then said to he equal, 

pa 

In fact, by substituting — for q in the equation, it becomes 

P" 
a^+px=——, whence 



x'+px+^=0, or {x+y) =<>• 



In this case, the first member is the product of two equal factors. 
Hence we may also say, that the roots of the equation are equal, 
since in this case the two factors being placed equal to zero, give 
the same value for x, 

2d. If, in the general equation, s^+px=:.q, we suppose g=0, 

p p 
the two values of x reduce to a?= — jr+~, or a:=0, and to 

p p 
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In fact, the equation is then of the form ar'+pa;=0, or a:(a; -fp)=0, 
which can be satisfied either by supposing a;=0, or a;4-l>=0, 
whence x= —p : that is, one of the roots is 0, and the other the 
co-eflicient of x taken with a contrary sign. 

3d. If in the general equation ar'+px=q, we suppose jp=0, 
there will result a^=^, whence a;=± ^q ; th'at is, in this case the 
two values of x are eqiml, and have contrary signs, real in the first 
and second forms, and imaginary in the third and fourth. 

The equation then belongs to, the class of equations involving two 
terms, treated of in (Art. 139). 

4th. Suppose we have at the same time jp=0, ^=0 ; the equa- 
tion reduces to a:'=0, and gives two values of x, equal to 0. 

149. There remains a singular case to be examined, which is often 
met with in the resolution of problems of the second degree. 

To discuss it, take the equation asi?+lx:=c. Thisequaticm 

gives 

-Jdz Vl/'+^ac 

x=. , 

2a 

Suppose now, that from a particular hypothesis made upon the 

given quantities of the question, we have a=0 ; the expression for 

X becomes 

_0 







whence 






The second value is presented under the form of infinity, and 
may be considered as an answer when the proposed questions will 
admit of answers in infinite numbers. 



As to the first — , we must endeavour to interpret it. 

By multiplying the numerator and denominator of the 2d mem- 

ber of the equation 

-5+ V^+4ac , , ^ 

sr= ^~- by — 0— vo*+4ai? 
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we obtain 



—2c 

or ar= by dividing by 2a, 

—J— V^+4ac 

c 
or ^=T" ^y making a=0. 

Hence we see that the apparent indetermination arises from a^ 
common factor in the numerator and denominator. 

If we had at the same time a=0, J=0, c=sO, the proposed 
equation would be altogether indeterminate. 

This is the only case of indetermination that the equation of the 
second degree presents. 

We are now going to apply the principles of this general discus- 
sion to a problem which will give rise to most of the circumstances 
which are commonly met with in problems of the second degree. 

Problem of the Lights. 



C" A C B C 

150. Find upon the line which joins two lights, A and jB, of did 
ferent intensities, the point which is equally illuminated ; admitting 
the following principle of physics, viz. : The intensity of the same 
light at two different distances, is in the inverse ratio of the squares 
of these distances. 

Let the distance AB between the two lights be expressed by a ; 
the intensity of the light A, at the units distance, by h ; that of the 
light jB, at the same distance, by c. Let C be the required point, 
and make AC=a?, whence BC=:a-~x. 

From the principle of physics, the intensity of A^ at the unity 
of distance, being h, its intensity at the distances 2, 3, 4, &c., is 

— , -—, — , &c., hence at the distance x it will be expressed by 
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167 



h 



. In like manner, the intensity of B at the distance a-^x^ is 
; but, by the enunciation, these two intensities are equal 



to each other, therefore we have the equation 
h c 



x^ (a—xy 
Whence, by developing and reducmg, 

(J— c)ar»— 2a&aj= —aH. 
This equation gives 



or reducing, 



ah ^ a^V" a^ 
* a( Jdb Vbc) 



b-^c 



This expression may be simplified by observing, 1st. that 5± Vbc 
can be put under the form y/h, y/bdz y/b, \/Cy or ^Jb{^ >/b-±i y/c) ; 
2d. that b--c=:z{^/by--{y/cy—{^/b^Vc).{Vb-VC') There- 
fore, by first considering the superior sign of the above expression, 
we have 

a^/b{^/b+y/c) __ aVb 
^= ( ^b+ Vc).( Vb- Vc) "^ Vb- Vc ' 
In like manner we obtain for the second value, 

__ aVb{y/b^y/c) _ ay/b , 

^= ( ^1,+ y/c).{ y/b— s/c) "" y/b^ ^C * 

Hence, we have 

a^b ^ r _ ^^^ 

i/J+ \/c ' from which "~ -•^+ \/c ' 

ay/b \ we obtain | -^a^/c 

s/b-s/c" 



1st 
2d^ 



. a;= 



y/b-y/c' 



a— .«= 



1st. Suppose that &>c. 
14 
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The first value of a?, — , is then positive and less than 

Cf because ■ ., , — 7- is a proper fraction ; thus this value gives 

for the required point, a point C, situated between the points A and 

B, We see moreover, that the point is nearer to B than A ; for 

since 3>c, we have y/h-\- y/h or 2 -v/^X ^/3+ -x/c) ; whence 

-v/J 1 a'^Jh a 

>— and consequently, , >'^- ^'^ ^^^^ ^^^^ 



ought to be the case, since the intensity of A was supposed to be 
greater than that of B. 

The corresponding value of a— x, , is also positive, 

a 

and less than ~, as may easily be shown. 

The second value of x, —7 --, is also positive, but greater 

than a; because — -rr 7~^^' Hence this second value gives a 

second point C, situated upon the prolongation of AB, and to the 
right of the two lights. We may in fact conceive that the two lights, 
exerting thfeir influence in every direction, should have upon the . 
prolongation of AB^ another point equally illuminated ; but this 
point must be nearest that light whose intensity is the least. 

We can easily explain, why these two values are connected by 
the same equation. If, instead of taking AC for the unknown quan- 
tity Xy we had taken AC% there would have resulted BC'=x—a ; 

h c 

and the equation ■^=7"^"\i* Now, as {x—ay is identical with 

^a—xy, the new equation is the same as that already established, 
which consequently should have given AC as well ixs AC. 

And since every equation is but the algebraic enunciation of a 
problem, it follows that, when the same equation enunciates several 
problems, it ought by its d^erent roots to solve them alU 
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When the unknown quantity x represents the line AC, the 

— a \/c 

second value of a— a?, — -r — , is negative, as it should be, since 

V^ — Vc 

we havn a;>a; but by changing the signs in the equation 
it becomes x—a= — — — ; and this value of 



ar— a represents the positive value of BC\ 
2d. Let 3<c. 

The first value of a:, , is always positive, but less than 

a 

-r, since we have 
2 

( V^+ Vc)>{ V^+ 's/h) or than 2 y/h. 
The corresponding value of a— a?, or — , is positive, and 

greater than —. 

Therefore in this hypothesis, the point C, situated between A 

and By must be nearer A than B. 

ay/h -—ay/h 
The second value of x, — -^ r- or — -, -r, is essentially ne- 

gative. To interpret it, let us take for the unknown quantity the 
distance AC'\ and let us represent this distance by x, and at the 
same time consider, as we have a right to do, x as essentially ne- 
gative. Then the general expression for BC" being a— a?, if 
we regard x as essentially negative, the true numerical value of 
a— a; is expressed by a-{-x. Hence as before, the equation or 
algebraic expression will be 



x» (a-a:)« ar» {a-{-xy 

in the first of which equations x is essentially negative. 

This equation ought to give a negative value for a?, and a posi- 
tive value for BC'^=a+x. Indeed, since the intensity of the light 
B is greater than that of A, the second required point ought to bo 
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pearer A than B. The algebraic value for BC", which Ls 

— fl Vc a Vc 

a— ar, or — — : — r or — -— -zzr w positive. 

Vb— Vc Vc — Vb 

3d. Let b=c. 

a 

The first two values of x and a-^x reduce to — , which gives 

the middle of AB for the first required point. This result agrees 

with the hypothesis. 

±ay/b 
The two other values reduce to — - — , or infinity ; that is, the 

seccmd required point is situated at a distance from the two points 
A and B^ greater than any assignable quantity. This result 
agrees perfectly with the present hypothesis, because, by supposing 
the difference 3— c to be extremely small, without being absolutely 
nothing, the second point must be at a very great distance from the 

ay/b 
lights ; this is indicated by the expression —z r-, the denomi- 
nator of which is extremely small with respect to the numerator. 
And if we finally suppose &=c, or y/b— v'c=0, the required point 
cannot exist for a finite distance, or is situated at an infinite distance. 

We will observe, that in the case of 5=c, if we should consider 
the values before they were simplified, viz. 

a(b+ y/bc) , a(3-- y/bc) 

0?= r , and x= ; -, 

b'—c b—c 

ay/b 
the first, which corresponds to a;= — jr --, would become 

VO — y/C 

2«^ , , . ^' . , ^y/b 

—rr- , and the second, which corresponds to — -r --, would be- 

U v^4- vc 

oome — . But — would be obtained in consequence of the exist- 

ence of a common factor, y/b— y/c, between the two terms of the 
value of X (see Art. 113). 
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Let h—Cf and a=0. 
The first system of values for x and a—x^ reduces to 0, and the 



second to — . This last symbol is that of indeterminaUon ; for, 

resuming the equation of the problem, (J— c)aj^— 2aJa?=— a^^, it 
reduces, in the present hypothesis to 0,a^—0.x=0, which may be- 
satisfied by giving x any value whatever. In fact, since the t^o 
lights have the same intensity, and are placed at the same point, 
they ought to illuminate equ/dly each point of the line A B. 

The solution 0, given by the first system, is one of those solutions 
in infinite numbers, of which we have spoken. 

Finally, suppose a=0, and h and c, unequal 
Each of the two systems reduces to 0, which prQves that there is 
but one point in this case equally illuminated, and that is the point 
in wluch the two lights are placed. 

In this case, the equation reduces to {b—c)3i^=.{^ and gives tho 
two equal values, a?=0, a?=0. 

The preceding discussion presents another example of the pre- 
cision with which algebra responds to afl the circumstances of the 
enunciation of a problem. 

Of Equations of tfie^ Second Degree, involving two or more 
unknown quantities. 

151. A complete theory of this subject cannot be given here, be- 
cause the resolution of two equations of the second degree involv- 
ing two unknown quantities, in general depends upon the solution of 
an equation of the fourth degree involving one unknown quantity; 
but we will propose some questions, which depend only upon the 
solution of an equation of the second degree involving one unknown 
quantity. 

1. Find two numbers such that the sum of their products by tho 

respective numbers a and ^, may be equal to 2«, and that their 

product may be equal to p, 

14* 
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Let X and y he the required numbers, we have the equations, 
ax+by=2s, ' 

2* — ax 
From the first y= — 7 — ; whence, by substituting In the se- 
cond, and reducing, 

as? — 2^2?= — ^. 
Therefore, 

9 1 J 

a a '^ . 

and consequently, 



y=y=Fy V s'-abp. 

This problem is susceptible of two direct solutions, because s is 

evidently > Vs'—abpf but in order that they may be real, it is 
necessary that ^> or ==ahp. 

Let a=^=l ; the values of a?, and y, reduce to 

aj=5d= V^-^p and y=s::p Vs'—p 
Whence we see, that the two values of x are equal to those of y, 
taken in an inverse order ; which shows, that if 5+ Vs^^p repre- 
sents the value of a?, «— Vs^—p will represent the corresponding 
value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in this par- 

C x-\-y=i2Sf 
ticular case the equations reduce to < and then the 

( xy=p ; 

question is reduced to, finding two numbers ^ which the sum is 2s, 

and their product p, or in other words, to divide a numler 2s, into 

two such parts, that their product may he equal to a given number p. 

2. Find four numbers in proportion, knowing the sum 2^ of their 
extremes, the sum 2s' of the means, and the sum 4c^ of their squares. 

Let u, X, y, z, denote the four terms of the proportion ; the cqua- 
tions of the problem will be 



EQUATIONS OF THE SECOND DEGREE. 163 

u+z=2s 
uz=xy 

Al first sight, it may appear difficult to find the values of the un- 
known quantities, but with the aid of an unknown auxiliary they are 
easily determined. 

Let p be the unknown product of the extremes or means, we 
have 

1st. The equations 

( u+z=2s, , . , . ( u=s+ V s^—p, 

< which give < , 

I uz=p, ^ lz=s-^V^^p. 

2d. The equations 



x-]-y=2s'f i^._i, _. { x=s'+ V sf^—p, 

y=s'-- V s'^—p. 



\ which give { , 

I xy=p, ^^ lv=s'-^Vs'^ 



Hence, we see that the determination of the four unknown quan- 
tities depends only upon that of the product p. 

Now, by substituting these values of w, x, y, z in the last of the 
equations of the problem, it becomes 

or, developing and reducing, 

4^+45'^— 4p= 4c'; hence p=5^4-5'^— c^ 

Substituting this value for p, in the expressions for m, a?, y, z, we 
find 



u=s+ Vc^-5'^ f x=s'+ Vc^-s^, 



These four numbers evidently form a proportion ; for wo have 

a?^.-=(^+ V7^^) (5'- V7^'^^=:g^-<^+s'. 
15* 
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This problem shows how much the iatroduction of an unknoum 
auxiliary facilitates the determination of the principal unknown quan- 
tities. There are other problems of the same kind, which lead to 
equations of a degree superior to the second, and yet they may be 
resolved by the aid of equations of the first and second degrees, by 
introducing unknown auxiliaries, 

152. We will now consider the case in which a problem leads to 
two equations of the second degree, involving two unknown quan- 
tities. 

An equation involving two unknown quantities is said to be of the 
sccmid degree, when the greatest sum of the exponents of ike two 
wnknown quantities in any temiy is equal to 2. Thus, 

are equations of the second degree. 

Hence, every general equation of the second degree, involving 
two unknown quantities, is of the form 

a, 3, c, . . . representing known quantities, either numerical or aU 
gebraic. 

Take the two equations 

aif+hxy-\-cx^+dy-\rfx-{-g=Q, 

a'f+b'xy+c'x'+d'y+fx+g'=:0. 

Arranging them with reference to a?, they become 

cf+(by+f)x+af'^dy-{-g =zO, 
cV+(J'y+/'):c+ay+dV+/r'=0. 

Now, if the co-efficients of a^ in the two equations w<^re the same, 
we could, by subtracting one equation from the other, obtain an 
equation of the first degree in x, which could be substituted for one 
of the proposed equations ; from this equation, the value of x could 
be found in terms of y, and by substituting this value in one of the 
proposed equations, we would obtain an equation involving only the 
unknown quantity y. ^^ 
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By multiplying the first equation by c', and the second bye, they 
become 

c(fa?+{^y+f yx-\-{af+dy^g )c'=0, 
ccV+(%+/)ca?+(ay+(i'2/-f/)o -:=0, 

and these equations, in which the co-efficients of a? are the same, 
may take the place of the preceding. 

Subtracting one from the other, we have ^ 

which gives 

{ca! ^ac')'f+{ad' '—dc')y-\-cg' —gc^ 
""^ {hc'^ch')y+fc'^cf * 

This expression for a?, substituted in one of the proposed equa- 
tions, will give a final equation, involving y. 

But without effecting this substitution, which would lead to a very 
complicated result, it is easy to perceive that the equation involving 
y will be of the fourth degree ; for the numerator of the expres. 
sion for x being of the forni wi^+7iy+P» its squar^, or the expres- 
sion for a^, is of the fourth degree. Now this square forms one of 
the parts of the result of the substitution. 

Therefore, in general, the resolution of two equations of the se- 
cond degree, involving two unknown quantities, depends upon that of 
an equation of the fourth degree, involving one unknown quantity. 

153. There is a class of equations of the fourth degree, that can 
be resolved in the same way as equations of the second degree ; 
these are equations of the form xl^+px^']-q=0. They are called 
trinomial equations, because they contain but three kinds of terms ; 
viz. terms involving X*, those involving a^, and terms entirely known. 

In order to resolve the equation x*+p!x^+q=0, suppose ar*=y> 
we have 



p / p^ 

f+Py+q=0, whence y=-—±\/ '-q+-^ 

But the equation sP=y, gives ^a;=db y/y. 
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Hence, x=±\/-|-zfc\/-(?+^. 

We perceive that the unknown quantity has four values, since 
each of the signs + and —, which affect the first radical, can be 
combined successively with each of the signs which affect the se- 
cond ; hut these values taken two and two are equal, and have contra- 
ry signs, ' 

Take for example the equation a;'*--25ar^=-- 144 ; 

by supposing x^=^y, it becomes y*— 25^= — 144 ; 

whence ^=16, y=9. 

Substituting these values in the equation x^=y there will result 

1st. ar*=:16, whence a;=d:4; 2d. a^=9, whence a;=zb3. 

Therefore the four values are +4, —4, +3 ^^^ —3. 

Again, take the equation a;*— 7x^=8. Supposing sc^=^y, the 
equation becomes y"— '7y=8; whence 2/=8, y=— -1. 

Therefore, 1st. ar»=8, whence a?=:db2^/2; 2d. ar»= — 1; 
whence x= ± v^— 1 ; the two last values of x are imaginary. 
Let there be the algebraic equation a;*— (25c-|-4a^)a^=:— ^^c*; 
taking ar*=y, the equation becomes j/^— (2Jc+4a*)y = — ^c' ; 

from which we deduce y= he + 2a^dt2a Vbc + a^. 



And consequently x=dzK/ be + 2<T^dt2a V^c + «^' 

154. Every equation of the form y^^+py^'-hq^O, in which the 
exponent of the unknown quantity in one term is double that of the 
other, may be solved by the rules for equations of the second degree. 
' For, put y^=Xf then y'''=.r*, and y^''+py''-}-q=xr^+px+q=0. 



Hence x = 



_|±v/-,+^ 



4' 



Or r = — ^^V -q+ 



And y =\/_^±\/-5+^- 



4 
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Extraction of the Square Root of Binomials of the form 
a =b Vb7 

155. The resolution of trinomial equations of the fourth degree^ 
gives rise to a new species of algebraic operation : viz. the extrac- 
tion of the square root of a quantity of the form adz Vb, a and h 
being numerical or algebraic quantities. 

By squaring the expression 3zh Vb^ we have 

(3=fc VT)^=9db6yy+5=14dz6 VWl 

hence, reciprocally \/ 14±6 V 5 =3zfc V 5. 
In like manner, ( ^/7zb -/11)^='7±2 v^^X v^H + H 

= 18±2v/77. 

Hence reciprocally V 18±2 ^77= v/7± Vl 1 . 

Whence we see that an expression of the form Va± s/h^ may 
sometimes be reduced to the form a'ifc y/V or y/a'dz y/V ; and 
when this transformation is possible, it is advantageous to effect it, 
since in this case we have only to extract twOMsimple square roots 

whereas the expression Vadz ^/h requires the extraction of the 
square root of the square root. 

156. If we let p and q denote two indeterminate quantities, we 
can always attribute to them such values as to satisfy the equations 

Va— sfh^.'P'-q (2). 

These equations, being multiplied together, give 
V^^h^f-(f (3). 

Now, if jjand^are irrational monomials involving only single ra- 
dicals of the second degree, or if one is rational and the other irration- 
al, it follows that p^ and ^ will be rational ; in which case, j^ — cf^ 

or its vaiu?, Va^—h^ is necessarily a rational quantity, or c^—h is 
a perfect square. 



168 AXOEBRA. 

When this is the case, the transformation can always be effected. 

For, take c?—h, a perfect square, and suppose Va^— 3=0 ; the 
equation (3) becomes 

Moreover, the equations (1) and (2) being squared, give 

whence, by adding meftber to member, 

2>'+?'=« (4); 

but ' f-t^c (5). 

Hence, by adding these last equations, and subtracting the se- 
cond from the first, we obtain 

2p2=a+c, 

and consequently. 
Therefore, 



^ /a—c 



c 
2~ 



/ >w /^+c . /a — 

Va-v/^ or ]p-^=:zbV -^qpV — 2 

or V^+;7j=±(V^+ V^) .... (6V 

v^wi=±(v/f+f:-\/^)....(7). 

These two formulas can be verified ; for by squaring both mem- 
bers of the first, it becomes 

a+c a—c ^. /€?—(? ^-. 

a+ ^J=^+-^+2 V — f— =a+ V^^i:^ 

but the relation Vc^-h^c, gives e—a^-^l. 
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Hence, a+ y/h=za+ Va*— a?'+3==a+ ^/b. 

' The second formula can be verified in the same manner. 

157. Remark. As the accuracy of the formulas (6) and (7) is 

proved; whatever may be the quantity c, or Va^—ft, it follows, 
that when this quantity is not a perfect square, we may still replace 

the expressions Va+y/b and Va— y/b, by the second members 
of the equalities (6) and (7) ; but then we would not simplify the 
expression, since the quantities p and q would be of the same form 
as the proposed expression. 

We would not, therefore, in general, use this transfoimatiooy 
unless a"— 3 is a perfect square. 

EXAMPLES 

158. Take the numerical expression 94+42 ^5, which reduces 

to 94+ '/8820. We have 

a=94, 3=8820, 



whence c= Va'^b= V8836-- 8820=4, 

a rational quantity ; therefore the formula (6) is applicable to this 
case. 

It becomes 

V5i+«;76i±(V^+V^), 

or, reducing, =±( V49+ V45) ; 

therefore, ^94+42^^= ±(7+3 y/6). 

In fact, (7+8 v'5)«=49+45+42 x/5=94+42 y/b. 

Again, take the expression 

\/ np+2»i"— 2ot Vnp+n?; 
we have a=np+2m', 3=4i»*(np+»i'), 

c or Vc^—h^^np ; 
15 
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therefore the formula (7) is applicable. It gives for the required 
root 



2 2 

or, reducing, db( V np'\'m^—m). 

In fact, ( Vnp+»r»— OT)»=np+2OT*--2m Vrtp+m", 
For another example, take the expression 

V 16+30 V^^+\/ie^^o V— 1, 
and reduce it to its simplest terms. By applying the preceding 
formulas, we find 



Vie-f-ao v~i=5+3 V^ vi6-3oV-i=5— s.V^ 

Hence, \/l6+30 V^+ V 16-30 V^^=10. 

This last example shows, better than any of the others, the utili- 
ty of the general problem ; because it proves that imaginary eX' 
sessions combined together, may produce rcaZ, and even rational 
results. 



V 29+10 •/T=5+ VT; \/l+4 V^^=2+ V"— 3, 

\/bc+2h V bc-tr" +\/ hC'-2b Vbc-W=:zt2h; 

\/ah-\Ac''^d!'+2 V4abc''--ab(P= V^+ V^-cP. 

Exampks of Equations of the Second Degree, which either 
involve Radicals^ or two unknown qtiantities. 

20? 



1, Given a;+ V^+r* = — to find ir. 

Va^+r* 

X Vfl^f^.a'*+.'c«=2a« 

X VV+^==a^— 2 by transposing. 
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aV+a;*=a^— 2aV+a?*, by squaring, 
bcsnce 3aV=«*. 

.=±\/|. 
2. Given \/^+^-V J- ^=^ to find x. 

V— 4.^=V^-^+&, by transposmg. 



or 



bence ^ 



2 rfi X n? 



or J=2\/5-^, 

hence ^^"^^ * 

4a? 



hence «=± 



2a 



a V a^—ar^ x ^ - , 
3. Given —\ —t' to find « 



xy "v 

4. Given 7=:=48 



V 2/ 
and — ~==24 



i 

to find a; and y. 



Dividing the first equation by the second, we have 



ITS 
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VT 



y 



= VT=2, or y=4. 



4d; 



Whence from the second equation 
hence -/ITsse and a;=36 

5. Given " ^'''+'* 



=4 VT=24, 




6. Given « + Vw+y = 19 ) ^ , /^ 

and x^+ 02^+^=133 1 to find a: ani j,. 



bat 

hence 
or 

^and 



Dividing the second equation by the first, we have 
«+ V^+y=19 



and 



3a?+!^=26 by addition, 
x+ y=13 

V^+13=:19 by substituting in the 1st eq. 

Vxy— 6 
a:y=36 

From 2d equation, iB*+ay+y*=183 
^nd from the last 3a:y = 108 

Subtracting . . «*— 2a:y+/= 25 

Hence a?-.y=± 5 

But a:+y= 13 

Hence • . a?=9 or 4; and y=4 or 9. 



7. Given 



a+ -/ a*— ic* 



:=:=^, to find ar. 



- ^2a\/i 

Ans. ^^^-Y+r- 
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S. Given —== 71==—-; to find a:. 

a{l±nY 
Ans. ar=-^ ^ 



l±2tt 



9. Given — ;^+ — 7=r-=V x ^^ ^^^ «• 



10. Given j J^"^"^^;^ | to find x and 3^. 

'y=l' or 2 

( a:=ll 

( y=5 or !!• 



( a?=2 or 1 
Ans. } - , 



, a;=ll or 5 
Ans. 



a4-aj+ V2aa;+ar» _ , ^ , 

' 12. Given ; =h to find x. 

a+a; 

Ans. x= r== 

13. Given \'''^'''^^ZT'^ \ to find . and , 

C a?=3 or 2 or — 3db VT 
^^- |y=2 or 3 or -3:p VT. 

14. Given the siun of two numbers equal to a, and the sum of 
their cubes equal to c, to find the numbers 

(x+y=a 
By the conditions | x'+f^c. 

Putting x=s+%, and y^s-^z, we have fl=2*, 
( a?=«=*+35««+3«2j"+2' 
«^^ • • • • I y'^^'»_3^g+3g2a_g3 

Hence, by addition, s^+f=^2s^ +6*«*=c 

16* 
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Whence jr= — and a;=d='v — -^ f 



Or by putting for s its value. 



a» 



^=I=^n/(-i^)=I^\/^' 



c — 






QUESTIONS. 

1. There are two numbers whose difference is 15, and half their 
product is equal to the cube of the lesser number. What are those 
numbers? . Ans. 3 and 18. 

2. What two numbers are those whose suim, multiplied by the 
greater, is equal to 77 ; and whose difference, multiplied by the 
lesser, is equal to 12 ? 

Ans. 4 and 7, or f -v/2 and y x/2. 
8. To divide 100 into two such parts, that the sum of their square 
roots may be 14. Ans. 64 and 36. 

4. It is required to divide the number 24 into two such parts, that 
their product may be equal to 35 times their difference. 

Ans.. 10 and 14. 

5. The sum of two numbers is 8, and the sum of their cubes is 
152. What are the numbers ? , Ans. 3 and 5. 

6. The sum of two numbers is 7, and the sum of their 4th powers 
is 641. What are the numbers ? Ans. 2 and«5. 

7. The sum of two numbers is 6, and the sum of their 5th pow- 
ers is 1056. What are the numbers? Ans. 2 and 4. 

8. Two merchants each sold the same kind of stuff; the second 
sold 3 yards more of it than the first, and together, they rcoeive 35 
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crowns. The first said to the second, I would have received 24 

crowns for your stuff; the other replied, and I would havef received 

12 J crowns for yours. How many yards did each of them sell ? 

( 1st merchant a;=:15 a?=5 } 

Ans. < , or J 

(2d . . . y=18 y=8. ) 

9. A widow possessed 13,000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner, that the 
incomes from them were equal. If she had put out the first por- 
tion at the same rate as the second, she would have drawn for this 
part 360 dollars interest ; and if she had placed the second out at 
the same rate as the first, she would have drawn for it 490 dollars 
interest. What were the two rates of interest ? 

Ans. 7 and 6 per cent. . 



CHAPTER IV. 

Of Proportions and Progressions. 

159. Two quantities of the same kind may be compared together 
in two ways : — 

1st. By considering how much one is greater or less than the 
other, which is shown by their difference ; and 

2ndly. By considering how many times one is greater or less than 
the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with respect 
to their difference, we find that 12 exceeds 3 by 9 ; and in com- 
paring them together with respect to their quotient, we find that 
12 contains 3 four times, or that 12 is 4 times as great as 3. 

The first of these methods of comparison is called Arithmetical 
Proportion^ and the second. Geometrical Proportion. Hence, 
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Arithmetical Proportion considers the relation of qtumtities with 
respect to their difference, and Geometrical Proportion the relation of 
quantities with respect to their quotient. 



Of Arithmetical Proportion and Progression. 

160. If we have four numbers, 2, 4, 8, and 10, of which the 
difierence between the first and second is equal to the difiTerence 
between the third and fourth, these numbers are said to be in 
arithmetical proportion. The first term 2 is called an antecedent , 
and the second term 4, with which it is compared, a consequent. 
The number 8 is also called an antecedent, and the number 10, 
with which it is compared, a consequent. 

161. When the difference between the first antecedent and con- 
sequent is the same as between any two adjacent terms of the 
proportion, the proportion is called an arithmetical progression. 
Hence, a progression by differences, or an arithmetical progressiony 
is a series in which the successive terms continually increase or 
decrease by a constant quantity, which is called the common differ- 
ence of the progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 

the first is called an increasing progression, of which the common 
difference is 3, and the second a decreasing progression, of which 
the common difference is 4. 

In general, let a, h, c, d,e,f, . . . designate the terms of a pro* 
gression by differences ; it has been agreed to write them thus : 

a .b . c . d . e .f*g .h,i,.k . . . 

Tliis series is read, a is to &, as 5 is to c, as c is to (Z, as (^ is to 
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e, &c. This is a series of continued equi-differences, in which 
each term is at the same time a consequent and antecedent, with 
the exception of the first term, which is only an antecedent , and the 
last, which is only a consequent. 

162. Let r represent the common difference of the progression 

a , b , c , d , e ,f . g . h, &c, 

which we will consider increasing. 

From the definition of the progression, it evidently follows that 

b=a+r, c=&+r=a+2r, d=:c+r=a+3r; 

and in general, any term of the series, is equal to the first term 
plus as many times the common difference as there are preceding 
terms. 

Thus, let I be any term, and n the number. which marks the 
place of it, the expression for this general term, is\ 

Z=a+(/i-l)r. 

That is, the last term is equal to the first term, plus the product 
of the common difference hy the number of terms less one. 

If we make n=l, we have /=«; that is, the series will have 
but one term. 

If we make n=:2, wehave Z=o+r; that is, the series will 
have two terms, and the second term is equal to the first plus the 
common difference. 

EXAMPLES. 

1. If a=3 and r=2, what is the 3rd term? Ar^, 7. 

2. If a=5 and r=4, what is the 6th term? Ans, 25. ^ 

3. If a=7 and r=:5, what is the 9th term? Ans, 47. 

The formula Z=o+(n— l)r, serves to find any term whatever, 
without our being obliged to determine all those which precede it. 



178 ALGEBRA. 

Thus, by making n=50, we find the 50tb term of the progression, 
1 . 4 . 7 . 10 . 13 . 16 . 19 . . . . in which Z=l +49x3 = 148. 
The 60th terra of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . . . gives 2=1+59x4=237. 

163. If the progression were a decreasing one, we should have 

Z=o— (n-l)r. 

That is, tn a decreasing arithmetical progression, the hist term is 
equal to the first term minus the product of the common difference by 
the number of terms less one, 

EXAMPLES. 

1. The first term of a decreasing progression is 60, the number 
of terms 20, and the common difference 3 : what is the last term ? 

l=.a-{n-\)r gives Z=60— (20— 1)3 = 60— 57=3. 

2. The first term is 90, the common difierence 4, and the num- 
ber of terms 15 ; what is the last term 1 Ans. 34. 

3. The first term is 100, the number of terras 40, and the com- 
mon difference 2 : what is the last term ? Ans. 22. 

164. A progression by differences being given, it is proposed to 
prove that, the sum of any two terms, taken at equal distances from 
the two extremes, is equal to the sum of the two extremes, t 

Let a ,h . c , d , e .f . . . . t.A.Zbe the proposed progres- 
sion, and n the number of terms. 

We will first observe that, if x denotes a term which hasp terms 
before it, and y a terra which has p terras after it, we have, from 
what has been said, ar=a+jjxr, 

and y=:l—pxr\ 

whence, by addition, ar+y=o+Z, 

which demonstrates the proposition. 
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This. being proved, write the progression below itself, but in 
an inverse order, viz., 

a .h . c . d . e .f .. , . , % , k .1. 
I , k . i c , b . a. 

Calling S the sum of the terms of the first progression, 2S will 
be the sum of the terms in both progressions, and we shall have 

2S={a+l)+(b+h)+(c+t) . . . +{i+c)+{k+h) + {l+a). 

Now, since all the parts a+l, b+k, c+i . . . . are equal to 
each other, and their number equal to n, 

2S={a+l)n, or S=(^y. 

That is, the sum of the terms of an arithmetical progression is 
equal to half tJie sum of the two extremes multiplied by the number 
of terms. 

1. The extremes are 2 and 16, and the number of terms 8: 
what is the sum of the series ? 



5^ 



/«+^\ o 2+16 ^ ^^ 

= {-L^'^Xn, gives 5=-3_x8=72. 

2. The extremes are 3 and 27, and the number of terms 12 : 
what is the sum of the series ? Ans. 180. 

. 3. The extremes are 4 and 20, and the number of terms 10: 
what is the sum of the series ? Ans, 120. 

165. The formulas 

Z=a-(.(n-l)r and Sz=(^^\xn 

contain five quantities, a, r, n, Z, and S, and consequently give rise 
to the following general problem, viz. : Ant/ three of these five 
quantities being given, to determine the other two. 
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We already know the value of S in terms of a, n, and r. 
From the formula /=a+(n— l)r, we find 

a=:/-(n— l)r. 

That is, the first term of an increasing arithmetical progression is 
equal to the last term, minus the product of the common difference by 
the number of terms less one. 

From the same, formula, we also find 

/-a 

That is, in any arithmetical progression, the common difference is 
equal to the difference between the two extremes divided by the num^ 
ber of terms less one, 

1. The last term is 16, the first term 4, and the number of terms 
5 : what is the common difference ? The formula 

Z— o 16—4 ^ 

r= gives r=— -— = 3. 

n— 1 4 

2. The last term is 22, the fiirst term 4, and the number of terms 
10 : what is the common difference ? Ans. 2. 

166. The last principle affords a solution to the following 
question : 

To find a number m of arithmetical means between two given 
numbers a and b. 

To resolve this question, it is first necessary to find the common 
difference. Now we may regard a as the first term of an arith- 
metical progression, b as the last term, and the required means as 
intermediate terms. The number of terms of this progression will 
be expressed by »i+2. 

Now, by substitutins: in the above formida, b for /, and m+2 
for n, it becomes 



_J 
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b—a h — a • 

or r=- 



m+2-] m+1 ' 

that is, the common difference of the required progression is obtained 
by dividing the difference between the given numbers a and ft, by 
one more than the required number of mekns. 

Having obtained the common difference, form the second term 
of the progression, or the first arithmetical mean, by adding r, or 

— ---» to the first term a. The second mean is obtained by aug- 
m-f-1 

menting the first by r, &c. 

1. Find 3 arithmetical means between the extremes 2 and 18. 
The formula 

b-a 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find 12 arithmetical means between 12 and 77. The 
formula 



Hence the progression is 

12 . 17 . 22 . 27 72 . 77. 

167. Remark. If the same number of arithmetical means are 
inserted between all of the terms, taken two and two, these terms, 
and the arithmetical means united, will form but one and the same 
progression. 

For, let a ,b , c . d . e .f , . . . be the proposed progression, 
and m the number of means to be inserted between a and ft, ft and c, 
e and d . . . . 

16 
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From what has just been said, the common difference of each 
partial progression will be expressed by 



fn+l ' m+l ' tn+l ' 

which are equal to each other, since a, b, c . . . are in progres- 
sion : therefore, the common difference is the same in each of the 
partial progressions ; and since the last term of the first, forms the 
first term of the second, &c, we may conclude that all of these 
partial progressions form a single progression. 

EXAMPLES. 

l.'Fihd the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th term we have Z=s2 + 49 X 7=345. 

50 
Hence, iS=(2+345) x— =347x25=8675. 

2 

'2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.3.5.7.9... 

Ans, 10000. 

4. The greatest term is 70, the common difference 3, and the 
number of terms 21 : what is the least term and the sum of the 
series? Ans. Least term 10; sum of series 840. 

5. The first term of a decreasing arithmetical progression is 10, 

-Ihe common difference —*, and the number of terms 21 : required 
t> 

the sum of the series. Ans. 140. 

6. In a progression by differences, having given the common 
difference 6, the last term 185, and the sum of the terms 2945: 
find the first term, and the number of terms. 

Ans. First term =5 ; number of terms 31. 



— -H 
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7. Find 9 arithmetical means between each antecedent and 
consequent of the progression 2. 5. 8. 11. 14... 

A71S, Ratio, or r=0,3. 

8. Find the number of men contained in a triangular battalion, 
the first rank containing 1 man, the second 2, the third 3, and so 
on to the n*, which contains n. In other words, find the expres- 
sion for the sum of the natinral numbers 1, 2, 3 . . ., from 1 to f>, 

inclusively. Ans. iS=-^-- — L 

9. Find the sum of the n first terms of the progression of imeven 
numbers 1, 3, 5, 7, 9 . . . Ans, S=n\ 

10. One hundred stones being placed on the ground, in a straight 
line, at the distance of 2 yards from each other, how far will a 
person travel, who shall bring them one by one to a basket, placed 
at 2 yards from the first stone ? Ans. 1 1 miles, 840 yards. 



Geometrical Proportion and Progression. 

168. Ratio is the quotient arising from dividing one quantity by 
another quantity of the same kind. Thus, if A and B represent 
quantities of the same kind, the ratio of A to JS is expressed by 

B 

T 

169. If there be four magnitudes, A^ B, C, and J?, having such 
values that 

B_D 
A-'C' 

then A is said to have the same ratio to B, that C has to D ; or, 
the ratio of A to B is equal to the ratio of C to D. When four 
quantities have this relation to each other, they are said to be in 
proportion. Qence, proportion is an equality of ratios. 



184 ALGEBRA. 

To express that the ratio of ^ to B is equal to the ratio of C 
to 2), we write the quantities thus, 

A : B :: C : D. 

and read, A is to B, as C to D. 

The quantities which are compared together are called the terms 
of the proportion. The first and last terms are called the two ex" 
tremes, and the second and third terms the two means, 

170. Of four proportional quantities, the first and third are called 
the antecedents^ and the second and fourth the consequents ; and the 
last is said to be a fourth proportional to the other three taken in 
order. 

171. Three quantities are in proportion when the first has the 
same ratio to the second that the second has to the third ; and then 
the middle term is said to be a mean proportional between the other 
two. 

172. Quantities are said to be in proportion by inversion, or m- 
versely, when the consequents are made the antecedents and the 
antecedents the consequents. 

173. Quantities are said to be in proportion by alternation, or 
dtemately, when antecedent is compared with antecedent and 
consequent with consequent. 

174. Quantities are said to be in proportion by compositioHj 
when the sum of the antecedent and consequent is compared either 
with antecedent or consequent. 

175. Quantities are said to be in proportion by division, when 
the difference of the antecedent and consequent is compared either 
with antecedent or consequent. 

176. Equi-multiples of two or more quantities are the products 
which arise from multiplying the quantities by the same number. 
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Thus, mxA and mxB are equi-multiples of A and B, the <;;om- 
mon multiplier being m. 

177. Two quantities, A and B, are said to be reciprocally pro- 
portional, or inversely proportional, when one increases in the same 
ratio as the other diminishes. When this relation exists, either 
of them is equal to a constant quantity divided by the other. 

178. If we have the proportion 

A : B :: C : D, 

B D 

we have -r=T7» (^- ^^^) » 

and by clearing the equation of fractions, we have 

that is, of four proportional quantities, the product of the two ex* 
tremes is equal to the product of the two means, 

179. If four quantities. A, B, C, and D, are so related to each 
other that 

we shall also have — =— , 

and hence, A : B : : C : D; 

that is, if the product of two qtjumtities is equal to the product of two 
other quantities, two of them may be made the extremes, and the otA#r 
two the means of a proportion. 

180. If we have three proportional quantities 

A : B :: B : C, 

16* 
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we hare T'^fi"' 

hencei B^=AC; 

that is, the square of the middle term is equal to the product of the 
two extremes. 

]81. If we have 

A : B : C : D and consequently, "r~7^» 

Q 

multiply both numbers of the last equation by -^, we obtain 

and hence, A ; C : : B : D; 

that is, if four quantities are proportional, they toill be in proportion 
hy aUemation. 



E : F, 



182. 


If we have 
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That is, if there are two sets of proportions having an antecedent 
and consequent in the one equal to an antecedent and consequent of 
the other, the remaining terms wiU be j^oportional, 

183. If we have 

B D 

A I B : : C x D and consequently — =z^, 
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we have, by dividing 1 hj each member of the equation, 

A C 

-=-=—-, aad consequently B : A : : D : C. 

That is, Four proportional quantities will he in proportion^ when taken 
inversely (Art. 172). 

184. The proportion 

A \ B :: C : B gives AxDz=:Bx C, 

To each member of the last equation add BxD. We shall then 
have 

{A+B)xD={C+D)xB; 

and by separating the factors, we obtain 

A+B : B :: C+D : D. 

If, instead of adding, we subtract BxD from both members, we 

have 

{A^B)xD={C^D)xB; 

which gives A-^B : B : : C—D : Z). 

That is. If four quantities are proportional, they wiU be in propor* 
tion by composition or division. 



185. If we have 






B D 




A-'C' 



and multiply the numerator and denominator of the first member 
by any number m, we obtain 

— T-=-7r and mA : mB : : C : D; 
mA C 

that is, Equal muUtples of two quantities have the same ratio as the 
quantities themselves. 
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186. The proportions 

A I B i: C : D and A : B ii E i F^ 
give AxDzzzBxC and AxF=:BxE; 

adding and subtracting these equations, we obtain 

A(D±F)=B{C±:E), or A : B : C^E : DdzR 

That is, If C and D, the antecedent and consequent be (mgmented or 
diminished hy quantities E and F, which have the same ratio as C 
to D, the resulting quantities will also have the same ratio. 

187. If we have several proportions 

A I B i: C : D, which gives AxD=zBxC, 
A : B :: E : F, „ „ AxF=BxE, 
A : B :: G: H, „ „ AxH^BxG, 

we shall have by addition ^ 

A{D+F+H)=B(C+E+G)i 
and by separating the factors 

A : B : C+E+G : D+F+H 

That is, In any number of proportions having the same ratio^ atiy 
antecedent tpill be to its consequent, as the sum of the antecedents to 
the sum of the consequents, 

188. If we have four proportional quantities 

B D 

A : B : : C : Df we have — =— ; 

and raising both members to any power, as n, we have 

B^ _D^ 

and consequently JL" : JB" : : C" : fl". 
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That is, If four quantities are proportional, any like powers yr roots 
will be proportional, 

189. Let there be two sets of proportions, 

S D 
A : B : : C : D, which gives -- =-77, 

A O 

F H 
E : F : : G : H, „ „ '£='q' 

Multiply them together member by member, we have 

4^=-^, which gives AE : BF : : CG : DH. 
AE CG' ^ 

That is. In two sets of proportional quantities, the products of the 
^corresponding terms will he proportional, 

190. In the proportions which have been considered, it has only 
been required that the ratio of the first term to the second should 
be the same as that of the third to the fourth. If we impose the 
farther condition, that the ratio of the second to the third shall also 
be the same as that of the first to the second, or of the third to the 
fourth, we shall have a series of numbers, each one of which, 
divided by the preceding one, will give the same ratio. Hence, if 
any term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called a 
geometrical progression. Hence, 

A Geometrical progression, or progression hy quotients, is a series 
of terms, each of which is equal to the product of that which pre- 
cedes it, by a constant number, which number is called the ratio 
of the progression. Thus, in the two series, 

3, 6, 12, 24, 48, 96, . . . 

64, 16, 4, 1» "4'> Ye' • ' • 

each term of the first contains that which precedes it twice, or is ' 
equal to double that which precedes it ; and each term of the second 
is contained in that which precedes it four times, or is ^fourth of 
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that which precedes it. These are geometrical progressions. In 
the first, the ratio is 2 ; in the second, it is ^. The first is called 
an increasing progression, the second a detreasing progression. 

Let a, b, c, d, e,ft , , . he numbers in a progression by quo- 
tients : they are written thus : 

a : b : c : d : e : f : g . , . 

and it is enunciated in the same manner as a progression by dif- 
ferences. It is necessary, however, to make the distinction, that 
one is a series of equal differences, and the other a series of equal 
quotients or ratios. It should be remarked that each term is at the 
same time an antecedent and a consequent, except the first, which 
is only an antecedent, and the last, which is only a consequent. 

191. Let q denote the ratio of the progression 

a : b : e : d . , ,; 

q being >1 when the progression is increasing^ and q^l when 
it is decreasing. We deduce from the definition the following 
equations : 

bz=:aqj c=zbq=:aq^, d=cq=a^, e=dq=aq^ . • -; 

and in general, any term n, that is, one which has n — 1 terms 
before it, is expressed by aq^"'^. 

Let I be this term ; we have the formula Z=:a^""i, by means of 
which we can obtain any terra without being obliged to find all the 
terms which precede it. That is, the last term of a geometrical 
progression is equal to the first term multiplied by the ratio raised to 
a power whose exponent is one less than the number of terms, 

1. Find the 5th term of the progression 2:4:8:16, &c, 
in which the first term is 2 and the common ratio 2. 

5th term =:2x2*=2xl6=:32. 

2. Find the 8th term of the progression 2 : 6 : 18 : 54 . . % 

8th term =2x37=2x2187=4374. 
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3. Find the 12th term of the progression 

64 : 16 : 4 : 1 : 4" • • • 
4 

/ 1 V 11 43 1 1 

12th term =64{ — ) =-^=z^= — t — . 
\4/ 411 48 65536 

192. We will now proceed to determine the sum of n terms of 
the progression 

a : b : c : d : e : f : . . . : i : k : If 

I denoting the nth term. 

We have the equations (Art. 191), 

b=zaq, c^zhq^ d=cq, e=:dq, . . . k=ziq, l=^kq; 

and by adding them all together, member to member, we deduce 

b+c+d+e+ . . . +k+l={a+b+e+d+ . . . +i+k)q; 

or, representing the required sum by S, 

S-fl=(S— %=Sy— Zj, or Sq^Sz=:lq^a; 

Iq-^a 



whence S=- 



y-1 



That is, to obtain the sum of the terms of a progression by quo« 
tients, multiply ike last term by the ratio, subtract the first term 
jrom this product, and divide the remainder by the ratio diminished 
by unity. 

1. Find the sum of eight terms of the pi^ogression 

2 : 6 : 18 : 54 : 162 . . . : 2x3'534374, 

o Iq-a 13122-2 ^^^^ 
^—1 2 
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2. Find the sum of the progression 

2 :-4 : 8 : 16 : 32. 

S=.^=.^=62. 
q^l 1 

3. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2x3»=39366. 

Ans. 59048. 

4. What debt may be discharged in a year, or twelve months, 
by paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the last ; 
and what will be the last payment ? 

Ans, Debt, $4095 ; last payment, $2048. 

5. A gentleman married his daughter on New Year's day, and 
gave her husband Is. towards her portion, and was to double it on 
the first day of every month during the year: what was her 
portion? Ans. je204 15*. 

6. A man bought 10 bushels of wheat on the condition that he 
should pay 1 cent for the 1st bushel, 3 for the second, 9 for the 
3rd, and so on to the last : what did he pay for the last bushel and 
for the ten bushels ? 

Ans. Last bushel $196,83 ; total c6ki $295,24. 

193. When the progression is decreasing, we have q<^l and 
Z<a ; the above formula for the sum is then written under the form 

S= —, in order that the two terms of the fraction may be 

l-q 

positive. 

By substituting af^ for I in the expression for S, it becomes 

Srr-i— -, or 8=-——^. 
y-1 l-y 
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1. Find the sum of the terms of the progressioa 
32 : 16 : 8 : 4 : 2. 

32—2x4- o, 

=—=62. 



2 2 



2. Find the sum of the first twelve terms of the progression 

1 
65536 ' 

65535 



64 


: 16 : 


: 4 ": 


1:1: 
4 


; . . . 


/ 1 \i* 


or 




a^lq 


64- 


1 
65536 


1 


^'' 65536 






\-q 




3 

4 




~ .. 3 





85 



196608 



We perceive that the principal difficulty consists in obtaining 
the numerical value of the last term, a tedious operation, even 
when the number of terms is not very great. 

194. Remark. If, in the formula S= , we suppose 

y=l, it becomes S=— . 

This result, which is sometimes a symbol of indetermination, 
is also often a consequence of the existence of a common factor 
(Art. 113), which becomes nothing by making a particular hypo^ 
thesis respecting the given question. This, in fact, is the case in 
the present question; for the expression ^—1 is divisible by 
5— 1, (Art. 59), and gives the quotient 

^-1+^-2+^-3+ . . , +q+l\ 
hence the value of S takes the form 

S=agr»-i+fl^-2+fl5^-3+ . . . +aqJ^a. 
HoWf making ^'=1, we have 

S=a+a+a+ . . . +ass:na. 
17 
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We can obtain the same result by going back to the proposed 
progression a : b : c : , . . : l^ which, in the particular case 
of ^=1, reduces to a : a : a : . . . : a, the sum of which 
series is equal to na. 

The result — , given by the formula, may be regarded as in- 
dicating that the series is characterized by some particular pro- 
perty. In fact, the progression, being entirely composed of equal 
terms, is no more a progression by quotients than it is a progres- 
sion by differences. Therefore, in seeking for the sum of a cer- 
tain number of the terms, there is no reason for using the formula 

8=- , » in preference to the formula S=^ — ^ , which 

gives the sum in the progression by differences. 

Of Progressions having an infinite number of terms. 
195. Let there be the decreasing progression 
o : 6 : c : J : c : y : . . ., 
containing an indefinite number of terms. The formula 

wnich represents the sum of n of its terms, can be put under the 
form 

Now, since the progression is decreasing, §' is a proper fraction ; 
and ^" is also a fraction, which diminishes as n increases. There- 
fore the greater the number of terms we take,* the more will 

X y" diminish, and consequently the more will the partial 

sum of these terms approximate to an equality with the first part 

of S, that is, to . Finally, when n is taken greater than 
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any given number, or n = oo, then x y" will be less than 

any given number, or will become equal to ; and the expression 

— - — will represent the true value of the sum of all the terms of 

tlie series. 

Whence we may conclude, that the expression for the sum of 
lite terms of a decrecising progression, in which the number of terms 
is infinite, is 

This is, properly speaking, the limit to which the partial sums 
approach, by taking a greater number of terms in the progression. 

The difference between these sums and •; can become as 

small as we please, and will only become nothing when the number 
of terms taken is infinite. 

EXAMPLES. 

1. Find the sum of 

1 : — - : -~ : — - : —- to infinity. 

3 9 27 81 ^ 

We have for the expression of the sum of the terms 
o_ g _ 1 £ 

3 

The error committed by taking this expression for the value of 
ihe sum of the n first terms, is expressed by 



First take n=:5 ; it becomes 



becomes 

3/1^^ 1 _ 1 
2 \ 3 / 2 . 3* 162* 
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When n=6, we find 

2V3/ 162 3 486 

3 
Whence we see that the error commuted, when — is taken for 

the sum of a certain number of terms, is less in proportion as tlds 
number is greater. 

Again take the progression 

,11111- 

^ ' T ' T ' 8 ' 16 ' ^ '*''••• • 

We have S=--^= ^ , =2. 

'-' '4 

196. The consideration of the five quantities a, q, n, I, and S, 

which enter into the formulas l^tuf"'^ and 8= ^~ , 

(Arts. 191 and 192), give rise to several curious problems. 

Of these cases, we shall consider here only the most important 
We will first find the values of S and q in terms of a, /, and ». 

The first formula gives . . ^~i= — , whence q=i \/ — . 

d \ a 

Substituting this value in the second formula, the value of S will 

be obtained. 

The expression y= \/ — furnishes the means for resolving 
the following question, viz. : 

To find m mean proportionals between two given numbers a and b ; 
that is, to find ^ a number m of means ^ which will form with a and b, 
considered as extremes, a progression by quotients. 

For this purpose, it is only necessary to know the ratio. Now, 
the required number of means being m, the total number of tehns 
is equal to wi+2. Moreover, we have Z=:5, therefore the value 
of q becomes qz=: xj — ; that is, we must divide one of the 
given numbers (b) by the other (a), then extract that root of the 
quotient whose index is one more than the required number of means. 
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Hence, the progression is 

»a+»/6 «+i/i2 «.+i/i3 

«••« Vt '" v:^ = " V -? = ••• *• 

Thus, to insert six mean proportionals between the numbers 3 
and 384, we make ntzn^^ whence 

whence we deduce the progression 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 384. 
Remark. When the same number of mean proportionals are i«- 
serted between all the terms of a progression hy quotients^ taken two 
€md two, all the progressions thus formed will constitute a single 
progression. 



CHAPTER V. 



Formation of Powers, and Eoctraction of Roots of any 
decree whatever. 



^tD' 



197. The resolution of equations of the second degree supposes 
the process for extracting the square root to be known ; in like 
manner the resolution of equations of the third, fourth, &c. degree, 
requires that we should know how to extract the third, fourth, &c. 
root of any numerical or algebraic quantity. 

It will be the principal object of this chapter to explain the rais* 
ing of powers, the extraction of roots, and the calculus of radicals. 

Although any power of a number can be obtained from the rules 
of multiplication, yet this power is subjected to a certain law of com- 
position which it is absolutely necessary to know, in order to deduce 
the root from the power. Now, the law of composition of the square ' 
of a numerical or algebraic quantity, is deduced from the expression 

for the square of a binomial (Art. 117); so likewise, the law 

17* 
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of a power of any degree, is deduced from the same powci of 
a binomial. We will therefore determine the development cf and 
power of a binomial. 

198. By multiplying the binomial x+a into itself several times, 
the following results are obtained ; 

(x+a)=aj+a, 

{x+af=aP+2ax'+S(^x+c^, 
(a?+a)*=«*+4ax»+6aV+4a'a!+a*, 

By inspecting these developments it is easy to discover a Icao ac- 
cording to which the exponents of x and a decrease and increase in 
the successive terms; it is not, however, so easy to discover 
a law for the co-efficients. Newton discovered one, by nneans of 
which, any power of a binomial can be formed, without first obtain- 
ing all of the inferior powers. He did not however explain the 
course of reasonii^ which led him to the discovery of it ; but the 
existence of this law has since been demonstrated in a rigorous 
manner. Of all the known demonstrations of it, the most elemen- 
tary is that which is founded upon the theory of combinations. How- 
ever, as it is rather complicated, we will, in order to simplify the ex- 
position of it, begin by resolving some problems relative to combi- 
nations, from which it will be easy to deduce the formula for the bi- 
nomial, or the development of any power of a binomial, 

• 
Theory of Permutations and Combinations. 

199. Let it be proposed to determine the whole number of ways 
in which several letters, a, J, c, d, &;c. can be written one after the 
other. The results corresponding to each change in the position of 
any one of these letters, are called permutations. 

Thus, the two letters a and b furnish the two permutaHons ah 
and ba. 
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In like manner, the thr^e letters a, h, c, furnish 
six permutations. 



199 

ahc 
ad> 
cah 
hoc 
hca 

Permutations, are the resuUs obtained by writing a certain number 
of letters one after the other, in every possible /order, in such a man- 
ner that all the letters shall enter into each resuU, and each letter 
enter but once. 

Problem 1. To determine the number of permutations of which 
n letters are susceptible. 

In the first place, two letters a and b evidently ( ab 

give two permutations. ( ba 

Therefore, the number of permutations of two letters is 1 X 2. 

Take the three letters a, h, and c. Reserve 
either of the letters, as c, and permute the other two, 
giving 

Now, the third letter c may be placed before aJb, 
between a and b, and at the right of ab ; and the 
same for ba : that is, in one of the first permutations 
the reserved letter c may have three different places, 
giving three permutations. Now, as the same may 
be shown for each of the first permutations, it fol- 
lows that the whole number of permutations of three 
letters will be expressed by Ix2x3. 

If now, a fourth letter d be introduced, it can have four places in 
each of the six permutations of three letters : hence all the per- 
mutations of four letters will be expressed by 1x2x8x4. 

In general, let there be n letters a, b, c, &c. and suppose the 
total number of permutations of n — 1 letters to be known ; and let 
Q denote that number. Now, in each of the Q permutations the 
reserved letter may have n places, giving n permutations : hence, 






I ab 
( ba 

cab 

acb 

abc 

cba 

bca 

bac 



I 
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when it is so placed in all of them, the number of permutations will 
be expressed by Qx«- 

Let n=2. Q will then denote the niynber of permutations that 
can be made with a single letter; hence Q=l, and in this particu. 
lar case we have Qxn=lX2. 

Let n=8. Q will then express the number of permutations of 
3—1 or 2 letters, and is equal to 1x2. Therefore Qx^ ^ equal 
to 1X2X3, 

Let n=4. Q in this case denotes the number of pemnutations 
of 8 letters, and is equal to 1x2x3. Hence, Qx« becomes 
lX2x3X'l, and similarly when there are more letters. 

200. Suppose we have a numbqp: m, of letters a, b, c, d, &c., if *i 

th'ey are written one ader the other, 2 and 2, 3 and 3, 4 and 4 . . . 
in every possible order, in such a manner, however, that the num- 
ber of letters in each result may be less than the number of given 3 
letters, we may demand the wliole number of results thus obtamed. ^ 
These results are called arrangements. 

Thus abf ac, ad^ . , . ba, be, bd^ , . , ca^ cb, cd, . . , are arrange- 
ments oi m letters taken 2 and 2, or in sets of 2 each. 

In like manner, abc, abd, . . . bac, bad, . . . acb^ acdy . . . are ar- 
rangements taken in sets of 3. 

Arrangements, are the results obtained by toriting a number m of 
letters one after the other in every possible order, in sets of 2 and 
2, 3 and 3, 4 and 4 . . . n and n ; m being >n: that is, the num- 
ber of letters in each set being less than the whole number of letters 
considered. However, if we suppose n=OT, the arrangements taken 
n and n, will become simple permtUations, 

Problem 2. Having given a number m of letters a, b, c, d . . .» 
to determine the total number of arrangements that may be formed of 
them by taking them n at a time ; m being supposed greater than n. 

Let it be proposed, in the first place, to arrange the three letters 
a, bf and c in sets of two each. 
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a 

h 
c 

(ah 
ac 
ha 
he 
ca 

, ch 



First, arrange the letters in sets of one each, in which 
case we say there are two letters reserved : the reserved 
letters for either arrangement, being those which do not 
enter it. 

Now, to any one of the letters, as a, annex, in sue 
cession, the reserved letters h and c : to the second ar- 
rangement hy annex the reserved letters a and c; and 
to the third arrangement c, annex the reserved letters a 
and h: this gi^es 

Hence, we see, that the arrangements of three letters taken two in 
a set, wHl he equal to the arrangements of tlie same number of letters 
taken one in a set, multiplied hy the number of reserved letters. 

Let it be required to fonu the arrangement of four letters, 
a, hy c, and dy taken 3 in a set. 

First, arrange the four letters two in a set : there will 
then be two reserved letters. Take one of the sets and 
write after it, in succession, each of the reserved letters : 
we shall thus form as many sets of three letters each as 
there are reserved letters ; these sets differing from each 
other by at least the last letter. Take. another of the 
first arrangements, and anfo^x in succession the reserved 
letters ; we shall agaiii foi^ as many different arrange- 
ments, as there are reseijyed letters. Do the same for 
all of the first arrangements, and it is plain, that the whole 
ilumber of arrangements which will be formed, of four 
letters, taken 3 and 3, wHl he equal to the arrangements of 
the same letters, taken two in a set, multiplied hy the num- 
her of reserved letters. 

In order to resolve this question in a general manner, suppose the 
total number of arrangements of the m letters taken n— 1 in a set 
to be known, and denote this number by P. 

Take any one of these arrangements, and annex to it each of 
the reserved letters, of which the number is m— (n— 1), or 



ah 
ha 
ac 
ca 
ad 
da 
he 
ch 
hd 
dh 
cd 
dc 
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m—n+1 ; it is evident, that we shall thus form a number tn — it+l 
of arrangements of n letters, difiering from each other by the last let* 
ter. Now take another of the ariiicgements of n — 1 letters, and an- 
nex to it each of the m—n+1 letters which do not make a part of 
it; we again obtain a number m—n+1 of arrangements of n let- 
ters, differing from each other, and from those obtained as above, at 
least in the disposition of one of the n— 1 first letters. Now, as 
we may in the same manner take all the P arrangements of 
the m letters, taken n— 1 in a set, and annex to them successively 
the m—n+1 other letters, it follows that the total number of ar- 
rangements of m letters taken n in a set, is expressed by 

P(,n-n+l). 

To apply this to the particular cases of the number of arrange- 
ments of m letters taken 2 and 2, 3 and 3, 4 and 4, make n=2, 
whence m— n+l=m— 1 ; P will in this case express the total num- 
ber of arrangements, taken 2—1 and 2—1, or 1 and 1, and is con- 
sequently equal to m ; therefore the formula becomes m(m — 1). 

Let n= 3, whence m— n+l=m— 2; P will then express th^ 
number of arrangements taken .2 and 2, and is equal to m(m — 1) ; 
therefore the formula becomes m(m— 1) (m— 2). 

Again, take n=4, whence m— n+l=m— 3 ; P will express the 
number of arrangements taken, 3 and 3, or is equal to 

m(m— l)(m— 2); 

therefore the formula becomes 

m(m— 1) (m— 2) (m— 3). 

Remark. From the manner in which the particular cases have 
been deduced from the general formula, we may conclude that it 
reduces to 

m(m— I) (m— 2) (m— 3) .... (m—n+1) ; 

that is, it is composed of the product of the n consecutive numbers 
comprised between m and m—n+1, inclusively* 
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From this formula, that of the preceding Art. can easily be de- 
duced, viz. the development of the value of Qx«« 

For, we see that the arrangements become permutations when the 
number of letters composing each arrangement is supposed equal 
to the total number of letters considered. 

Therefore, to pass from the total number of arrangements of in. 

letters, taken n and », to the number of permutations of n letters, 

it is only necessary to make m=n in the above development, which 

gives 

n(n— 1) (n— 2) (»— 3) 1. 

By reversing the order of the factors, observing that the last is 
1, the next to the last 2, which is preceded by 3 . . ., it becomes 

1,2,3,4 (n-2)(n-.l)n, 

for the development of Qxw. 

This is nothing more than the series of natural numbers compiis- 
ed between 1 and n, inclusively. 

201. When the letters are disposed, as in the arrangements, 2 
and 2, 3 and 3, 4 and 4, &c., it may be required that no two of the 
results, thus formed, shall be composed of the same letters, in which 
case the products of the letters will be different; and we may then 
demand the whole number of results thus obtained. In this case, 
the results are called combinations. 

Thus, ah, ac, be, . . . ad, hd, . , , are combinations of the letters 
taken 2 and 2. 

In like manner, aba, abd, . . . acd, bed . . . are combinations of 
the letters taken 3 and 3. 

Combinations, are arrangements in which any itoo toiU differ from 
each other by at least one of the letters which enter them. 

Hence, there is an essential difference in the signification of the 
words, 'permutations, arrangements, and combinations. 

Problem 3. To determine the total number of different combtna^ 
tions thai can be formed of m letters, taken nin a set. 

Let X denote the total number of arrangements that can bo 
formed of m letters, taken n and n : F the number of permutatiooQ 
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of n letters , and Z the total number of different combinations taken 
n and n. 

It is evident, that all the possible arrangements of m letters, taken 
n at a time, can be obtained, by subjecting the n letters of each of 
the Z combinations, to all the permutations of which these letters 
are susceptible. Now a single combination of n letters gives, by 
hypothesis Y permutations; therefore Z combinations will give 
FX Z . • . arrangements, taken n and n ; and as X denotes the 
total number of arrangements, it follows that the three quantities 

X, F, and Z, give the relations X=Fx^; whence Z=— . 
But we have (Art. 200), X=P(m— n+1) 
and (Art. 199), Y^Qxn. 

Therefore, Z= ^ ^ =7tX -^. 

Since P expresses the total number of arrangements, taken n — 1 
and »— 1, and Q the number of permutations of n— 1 letters, it 

P 

follows that — expresses the number of different combinations 

of m. letters taken n— 1 and n— 1. 

To apply this to the particular case of combinations of m letters 
taken 2 and 2, 3 and 8, 4 and 4 . . . 

P 

Make n=2, in which case — expresses the number of com- 

binations of the letters taken 2—1 and 2—1 or 1 and 1, and is 
equal to m ; the ab'feve formula becomes 



«i— 1 m(m— 1) 



p 



Let n=8, — will express the number of combinations taken 

. m(ffi— 1) 

2 and 2, and is equal to — i-^^ — ; and the formula becomes 

m(m— 1) (m— 2) 
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In like manner, we would find the number of combinations of m 

, , , w(m— 1) (m—S) (m— 3) 
letters taken 4 and 4, to be ^ ; and in ge- 

neral, the number of combinations of m letters taken n and n, is ex. 
pressed by 

»i(m— 1) (m— 2) (7n— 3) . . . (m— n+1) 
1.2.3.4 . . . (n-l).n ' 

which is the development of the expression 
P(m-'n+l) 
QXn • 



Demonstration of the Binomial Theorem. 

202. In order to discover more easily the law for the develop 
ment of the mth power of the binomial x-^a, we will observe the 
law of the product of several binomial factors x+a, a?+5, x+e, 
x-^-d ... of which the first term is the same in each, and the se- 
cond terms different. 



1st. product 



2d. 



8d. 



a? + a 

X + b 

a^ + a 

+ i 

X -}• c 



+ ah 



ic'-h a 

+ h 

+ c 

X + d 



a? + ab 
+ ac 
+ be 



X + alfc 



a 

+ i 

+ c 

+ d 



aj5+ ab 


x^-^ abc 


+ ac 


+ oM 


+ ad 


+ acd 


+ he 


+ bed 


+ bd 




+ cd 





X + ahcd 



18 
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From these products, obtained by the common rule for algebraic 
multiplication^ we discover the following laws : 

1st. With respect to the exponents ; the exponent of x, in the first 
term, is equal to the number of binomial factors employed. In the 
following terms, this exponent diminishes by unity to the last term, 
where it is 0. 

2d. With respect 'to the co-efficients of the different powers of ar: 
that of the first term is unity ; the co-efficient of the second term is 
equal to the sum of the second terms of the binomials ; the co-effi- 
cient of the third term is equal to the sum of the products of the 
different second terms taken two and two ; the co-efficient of the 
fourth term is equal to the sum of their different products taken 
three and three. Reasoning from analogy^ we may conclude that 
the co-efficient of the term which has n terms before it, is equal to 
the sum of the different products of the m second terms of the bi- 
nomials taken n and w. The last term is^ equal to the continued pro- 
duct of the second terms of the binomials. 

In order to be certain that this law of composition is general, sup- 
pose that it has been proved to be true for a number m of binomials ; 
let us see if it be true when a new factor is introduced into the pro- 
duct. 

For this purpose, suppose 
aj^+AiB^*+Baf"-^+Caf*-3 ^ ^ ^ -}-Ma;"»-"+^-fNir'«-"-f . , . +U, 

to be the product of m binomial factors, Na:"*"^ representing the 
term which has n terms before it, and Mir"-"+* that which immedi- 
diately precedes. 

Let a?+jK" be the new factor, the product when arranged according 
to the powers of a?, will be 

. +kI +AKr +BRI ■ +MK +UK. 

From which we perceive that the law of the exponents is evident- 
ly tiie same. 
With respect to the co-efficients, 1st. That of the first term is 
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unity. 2d. A+K, or the co-efHcient of x'^, is also the sum of the 
second terms of tJie m+1 binomials. 

3d. B is by hypothesis the sum of the different products of the 
second ternis of the m binomials, and A.K expresses the sum of the 
products of each of the second terms of the m first binomials, by 
the new second term K; therefore B+AK is the sum of the dif 
ferent products of the second terms of the m+\ binomials, taken two 
end two. 

In general, since N expresses the sum of the products of the se 
cond terms of the m first binomials, taken n and n ; and as MK re- 
presents the sum of the products of these second terms, taken n— 1 
and n— 1, multiplied by the new second term JST, it follows that 
iV+ilf If, or the co-efficient of the term which has n terms before 
it, is equal to the sum of the different products of the second terms 
of the m+1 binomials, taken n and n. The last term is equal to 
the continued product of the m+1 second terms. 

Therefore, the law of composition, supposed true for a number 
m of binomial factors, is also true for a number denoted by m+1. 
It is therefore general. 

Let us suppose, that in the product resulting from the multiplica- 
tion of them binomial factors, x+a, x+h, x+c, x+d ... we make 
«=5=c=<? . . ., the indicated expression of this product, {x+a) 
{x+h) (x+c), wiil be changed into {x+af. With respect to its de- 
velopment, the co-efficients being a+h+c+d . , ., ab+ac+ad+. . ,, 
abc+ald+acd . . ., the co-efficient of a:"*-^ or a+b+c+d . . •, 
becomes a+a+a+a+ . . ., that is, a taken as many times as there 
are letters «, ^, c . . ., and is therefore equal to ma. The co-effi- 
cient of «'*^"^, or ab+ac+ad+ . • ., reduces to a^+a*+«* . . ., or 
to a' taken as many times as we can form different combinations with 

m letters, taken two and two, or to m . — - — a*. (Art. 201). 
The oo-efficient of «"-' reduces to the product of ir*, multiplied 
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by the number of different combinations of m letters, taken 3 and 

i»— 1 m--2 , , 
8, or to m . — ^— . — ^tr, &c. 

In general, if tbe term, which has n terms before it, is denoted by 
Nsf^f the co-efficient, which in the hypothesis of the second terms 
being different, is equal to the sum of their products, taken n and 
», reduces, when all of the terms are supposed equal, to a" multi- 
plied by the number of different combinations that can be made 
with m letters, taken n and n. Therefore 

,, P(m— n+1) 

^= QXn ^ "' (Art. 201). 

From which we have the formula 

fn — 1 

m-l «i-2 , , . P(TO-n+l) 

2 3 Q . n 

203. By inspecting the different terms of this development, a 
Hmple law will be perceived, by means of which the co-efficient of 
any term is formed from the co-efficient of the preceding term* 

The cO'^ient of any term is formed by multiplying the co-effU 
derU of the preceding term hy the exponent of x in that term^ and di- 
viding the product hy the number of terms which precede the required 
term* 

, ■ , P(m— n+1) 
For, take the general term — ^~ -a^sT-^, This is called 

the general term, because by making n=2, 3, 4 • . ,, all of the 
others can be deduced from it. The term which immediately pre- 

P P 

cedes it, is evidently —a'"^ar'"*\ since ^ expresses the num. 

ber of combinations of m letters taken n— 1 and n— 1. Here we 
see that tlie co-efficient — ^ — is equal to the co-efficient 
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P 

— which precedes it, multiplied by wi— n+l» the exponent of a; in 

that term, and divided by n, the number of terms preceding the re- 
quired ternv This law serves to develop a particular power, with- 
out our being obliged to have recourse to the general formula. 

For example, let it be required to develop {x+df^ From this 
law we have, 

(a?+a)«=ar«+6aa:5+15fl^a;*+20aV+15aV+6a»a?+a». 

After having formed the first two terms from the terms of the 
general formula sf +maaf^~^ '\- . . ., multiply 6, the co-efficient of 
the second term, by 5, the exponent of x in this term, then divide 
the product by 2, which gives 15 for the co-efficient of the third 
term. To obtain that of the fourth, multiply 15 by 4, the exp<ment 
of X in the third term, and divide the product by 8, the number of 
terms which precede the fourth, this gives 20 ; and the co-efficients 
of the other terms are found in the same way. 

In like manner we find 

(a?+a)"=a;^'»+10aa:^+45aV-l-120a^a;*'+210aV, 
-f252«V-f210aV+120aV+45a»a:*-l-10a«a?+a". 

204. It frequently occurs that the terms of the binomial are af- 
fected with co-efficients and exponents, as in the following example. 

Let it be required to raise the binomial S€^c—2bd to the 4th 
power. 

Placing 3a*c=a; and — 2J<?=y, we have 

Substituting for x and y their values, we have 

(3a3c-2W)*=(3a»c)*+4(3a«c)=»(-2id)+6(3a«c)2(-2W)H 
4(3a*c) (-2*d)3+(-23d)S 

or, by performing the operations indicated 

(3a=»c-2M)*=81a»c*-216aVW+216fl*c»5»d*-96o«ci^<P 
+ 16^d*. 
The terms of the development are alternately plus and minus, as 
hey should be, since the second term is — . 

18* 
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205. The powers of any polynomial may easily be found by the 
binomial theorem. 

For example, raise a+b+c to the third power. 
First, put ... . b+c=d. 
Then {a+b+cyz={a+dy=a^+Sa!'d+Bad^+eF. 
Or, by substituting for the value of (2, 

(a+b+cy=zf^+S(^b+3ai^+P 

+ c*. 

This expression is composed of tJie cubes of the three termSj plus 
three times the square of each term by the first powers of the two 
others, plus six times the product of all three terms. It is easily 
proved that this law is true for any polynomial. 

To apply the preceding formula to the development of the cube 
of a trinomial, in which the terms are affected with co-efficients and 
exponents, designate each term by a single letter, then replace the let~ 
ters introduced, by their vahes, and perform the operations indicated. 

From this rule, we will find that 

(2a»-4a5+35»)==8a»-48a*3-fl32a*Z^-208a^Zi' 
+198a^i*-108a*»+27^«. 

The fourth, fifth, &c. powers of any polynomial can be develop- 
ed in a similar manner. 

Consequences of the Binomial Formula. 

206. First. The expression (a? -fa)* being such, that x may 
be substituted for a, and a for x, without altering its value, it fol- 
lows that the same thing can be done in the development of it ; 
^erefore, if this development contains a term of the form Ka"*"*"", 
^t miist have another equal to KxTa"*-" or Ka'^-^sxT. These two 
terms of the development are evidently at equal distances from the 
two extremes ; for the number of terms which precede any term, 
being indicated by the exponent of a in that term, it follows that 
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the term Ka''a?"^" has n terms before it ; and that the term Ka*~''af 
has m—n terms before it, and consequently n terms after it, since 
the whole number of terms is denoted by m+l. 

Therefore, in the development of any power of a binomial, the co- 
efficients at equal distances from the two extremes are equal to each 
oilier. 

Remakk. In the terms Ka"af^"y Ka"*~"ic", the first co-efficient ex- 
presses the number of different combinations that can be formed with 
m letters taken n and n ; and the second, the number which can be 
formed when taken wi— » and m—n; we may therefore conclude 
that, the number of different combinations of m letters taken n and n, 
is equal to tJie number of combinations of m letters taken m—n and 
m—n. 

For example, twelve letters combined 5 and 5, gl\e the same 
number of combinations as these twelve lettera taken 12—5 and 
12— 5, or 7 and 7. Five letters combined 2 and 2, give the same 
number of combinations as five letters combined 5—2 and 5— 2, or 
3 and 3. 

207. Second. If in the general formula, 

(a;+a)'"=a;'"-fmflaj'"-*+m— j;~a*a;"-*+, &c. 

we suppose x=l, a=l, it becomes 

,^ ^^ TO— 1 m—1 »i— 2 

(1 + 1)- or 2-=l+m+m— y— +TO— ^ ^— +, &c. 

That is, the sum of the co-ejlcients of the different terms of tJui 
formula for the binomial, is equal to the mth power of 2. 
Thus, in the particular case 

(a;4.a)*=ar^+5aaj*4-10aV+10aV+5a*a:+a«, 
the sum of the co-efficienls 1-f S+lO + lO+S+l is equal to 2* or 
32. In the 10th power developed, the sum of the co-efficients is 
equal to 2*« or 1024. 

208. Third. In a series of numbers decreasing by unity, ol which. 
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the first term is m and the last m— j>9 m and p being entire numbers, 
tlie continued product of ail these numbers is divisible by the con- 
tinued product of all the natural numbers from 1 to p+1 inclu- 
sively. , 

That is, , ^ ^^ ^ ^^ , ^ ) . ,, isawholenum- 

l • 2 . o . 4 . . . . (p-f-l) 

ber. For, from what has been said in (Art. 201), this expression 
represents the number of different combinations that can be formed 
of m letters taken p+1 and p+1. Now this number of combina- 
tions is, from its nature, an entire number ; therefore the above ex- 
pression is necessarily a whole number. 

Of the Extraction of the Roots of particular numbers. 

209. The third power or cube of a number, is the product arising 
from multiplying this number by itself twice ; and the third or cube 
root^ is a number which, being raised to the third power, will produce 
the proposed number. 

The ten first numbers being 

1,2, 3, 4, 5, 6, 7, 8, 9, 10. 
their cubes are 1, 8, 27, 64, ^25, 216, 343, 512, 729, 1000. 

Reciprocally, the numbers of the first line are the cube roots of 
the numbers of the second. 

By inspecting these lines, we perceive that there are but nine 
perfect cubes among numbers expressed by one, two, or three figures ; 
each of the other numbers has for its cube root a whole number, plus 
a fraction which cannot be expressed exactly by means of unity^ as 
may be shown, by a course of reasoning entirely similar to that 
pursued in the latter part of (Art. 118). 

210. The difference between the cubes of two consecutive num 
hers increases, when the numbers are increased. 

Let a and a+1, be two consecutive whole numbers ; we have 
(a+l)3=:a'+3a*+3a+l; 
whence (a+l)'-a»=3a»+3a+l. 
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Tliat is, Hie difference between the cubes of two consecutive whole 
numbers, is equal to three times the square of the least number, plus 
three times this number, plus 1. 

Thus, the difference between the cube of 90 and the cube of 89, 
is equal to 3(89)2+3x89+1=24031. 

211. In order to extract the cube root of an entire number, we 
will observe, that when the figures expressing the number do not 
exceed three, its root is obtained by merely inspecting ilie cubes of the 
first nine numbers. Thus, the cube root of 125 is 5 ; the cube root 
of 72 is 4 plus a fraction, or is within one of 4 $ the cube root of 
841 is within one of 9, since 841 falls between 729, or the cube of 
9, and 1000, or the cube of 10. 

When the number is expressed by more than three figures, the 
process will be as follows. Let the proposed number be 103823. 



103.823 


47 




64 


8 




1 398.23 






48 
48 

384 
192 


47 

47 

329 

188 




2304 

48 


2209 

47 




18432 
9216 


15463 
8836 



110592 103823 

This number being comprised between 1,000, which is the cube 
of 10, and 1,000,000, which is the cube of lOO, its root will be ex- 
pressed by two figures, or by tens and units. Denoting the tens by 
a, and the units by b, we have (A.rt. 198), 

' (a+by=d'+So^b+2aIP'\-P. 

Whence it follows, that the cube of a number composed of tens 
and units, w equal to the cube of the tens, plus three times the product 
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of tlie square of the tens hy the units, plus three times the product cf 
Uie tens hy the square of the unUs, phis the cube of the units. 

This being the case, the cube of the tens, giving at least, thou- 
sands, the last three figures to the right cannot form a part of it : the 
cube of the tens must therefore be found in the part 103 which is 
separated from the last three figures by a point. Now the root of 
the greatest cube contained in 103 being 4, this is the number of 
tens in the required root ; for 103623 is evidently comprised be- 
tween (40)' or 64,000, and (50)' or 125,000 ; hence the required 
root is composed of 4 tens, plus a certain number of units less than 
ten. 

Having found the number of tens, subtract its cube 64 from 103 , 
there remains 39, and bringing down the part 823, we have 39823, 
which contains three times the square of the tens by the unitSy plus 
the two parts before mentioned. Now, as the square of a number 
of tens gives at least hundreds, it follows that three times the square 
of the tens by the units, must be found in the part 398, to the left of 
23, which is separated from it by a point. Therefore, dividing 398 
by three times the square of the tens, which is 48, the quotient 8 
will be the unit of the root, or somethibg greater, since 398 htm- 
dreds is composed of three times the squaix) of the tens by the units, 
together with the two other parts. We may ascertain whether the 
figure 8 is too great, by forming the three parts which enter into 
39823, by means of the figure 8 and the" number of tens 4 ; but it 
is much easier to cube 48, as has been done in the above table. Now 
the cube of 48 is 110592, which is greater than 103823 ; therefore 
8 is too great. By cubing 47 we obtain 103823 ; hence the pro. 
posed number is a perfect cube, and 47 is the cube root of it. 

Remark. The units figures could not be first obtained ; becstusc 
the cube of the units might give tens, and even hundreds, and the 
tens and hundreds would be confounded with those which arise from 
othci parts of the cube. 
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Again, extract the cube root of 47954 





47,954 36 








27 




36 
36 




3^X3=27 


i 209 




37 
37 


♦• 


47954 
46656 


216 
108 


259 
111 




1298 




1296 
36 

7776 

3888 


1369 
37 

9583 
4107 



46656 



50653 



The number 47954 being below 1,000,000, its root contains onl)'' 
two figures, viz. tens and units. The cube of the tens is found in 
47 ihousandsy and we can prove, as in the preceding example, that 
3, the root of the greatest cube contained in 47, expresses the tens. 
Subtracting the cube of 3 or 27, from 47, there remains 20 ; bring- 
ing down to the right of this remainder the figure 9 from the part 
954, the number 209 hundreds, is composed of three times the 
square of the tens by the units, plus the number arising from the 
other two parts. Therefore, by forming three times the square of 
the tens, 3, which is 27, and dividing 209 by it, the quotient 7 will 
be the units of the root, or something greater. Cubing 37, we have 
50653, which is greater than 47954 ; then cubing 36, we obtain 
46656, which subtracted from 47954, gives 1298 for a remainder. 
Hence the proposed nuniber is not a perfect cube ; but 36 is its 
root to vntMn unity. In fact, the difference between the proposed 
number and the cube of 36, is, as wo have just seen, 1298, which 
is less than 3(36)'+3x36+l, for m verifying the result we have 
obtained 3888 for three times the square of 36. 

212. Again, take for another example, the number, 43725658 
containing more than 6 figures. 
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43.725.658 


352 






27 






3«X3=27 
3{>*X 3=3675 


167 

43 725 

42 875 




35 
35 

175 
105 




8506 


1225 








35 




43725658 




6125 




43614208 




3675 



Rem. 



111450 



42875 



352 
352 

"704 
1760 

1056 

123904 

352 

247808 

619520 
371712 

43614208 



Now the required root contains more than one figure, and may 
be considered as composed of units and tens only, the tens being 
expressed by one or more figures. 

Since the cube of the tens gives at least thousands, it must be 
found in the part which is to the left of the last three figuivs, 658. 
I say now, that if we extract the root of the greatest cube contained 
in the part 43725, considered with reference to its absolute value, 
we shall obtain the whole number of tens of the root ; for, let a be 
the root of 43725, to within unity ; then, the number of which 
a+1 is the root must be at least equal to 43726. Now, since 
a' X 1000 cannot be greater than 43725, nor (a+ 1)^x1000 less 
than 43726000, it follows that the proposed number itself, 43725658, 
is comprised between a^XlOOO and (a+ 1)^x1000; therefore 
the required root is comprised between that of a^XlOOO, and 
(a+l)^Xl000, that is, between aXlO and (a+1) X 10. It is 
therefore composed of a tens, plus a certain number of units less 
than ten. 

The question is then reduced to extracting the cube root of 43725 ; 
but this number having more than three figures, its root will con- 
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tain more than one, that is, it will contain tens and units. To ob- 
tain the tens, point off the last three figures, 725, and extract the 
root of the greatest cube contained in 43. 

The greatest cube contained in 43 is 27, the root of which is 3 ; 
this figure will then express the tens of the root of 43725, or the 
figure in the place of hundreds in the total root. Subtracting the 
cube of 3, or 27, from 43, we obtain 16 for a remainder, to the right 
of which bring down the first figure 7, of the second period 725, 
which gives 1G7. 

Taking three times the square of the tens, 3, which is 27, and 
dividing 167 by it, the quotient 6 is the unit figure of the root of 
43725, or something greater. It is easily seen that this number is 
in fact too great ; we must therefore try 5. The cube of 35 is 
42875, which, subtracted from 43725, gives 850 for a remainder, 
which is evidently less than 3x (35)^+3x35+1. Therefore, 35 
is the root of the greatest cube contained in 43725 ; hence it is the 
number of tens in the required root. 

To obtain the units, bring down to the right of the remainder 850, 
the first figure, 6, of the last period, 658, which gives 8506 ; then 
take 3 times the square of the tens, 35, which is 3675, and divide 
8506 by it ; the quotient is 2, which we try by cubing 352 : this 
gives 43614208, which is less than the proposed number, and sub- 
tracting it from this number, we obtain 111450 for a remainder. 
Therefore 352 is the cube root of 43725658, to within unity. 
Hence, for the extraction of the cube root we have the following 

RULE. 

I. Separate the given number into pericids of three figures eachy be* 
ginning at the right hand : the left hand period wiU often contain less 
than three places of figures, 

II. Seek the greatest cube in the first period^ at the left, and set its 
root on the right, after the manner of a quotient in division. Subtract 
the cube of this figure of the root from the first period, and to the re* 

19 
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tnainder bring down the first figure of the next period, and caU this 
nu?nher the dividend. 

III. Take three times the square of the root just found for a divi- 
sor, and see how often it is contained in the dividend, and place the 
quotient for a second figure of the root. Then cube the figures of the 
root thus found, and if their cube be greater than the first two periods 
of the given number, diminish the last figure ; but if it be less, subtract 
it from the first two periods, and to the remainder bring down the first 
figure of the next period, for a new dividend. 

IV. Take three times the square of the whole root for a new dtvi- 
sor, and seek how often it is contained in the new dividend : the quo^ 
tient will be the third figure of the root. Cube the whole root and 
subtract the result from the three first periods of the given number, 
and proceed in a similar way for all the periods, 

Remabk. If any of the remainders are equal to, or exceed, 
three times the square of the root obtained plus three times this rtfot, 
plus one, the last figure of the root is too small and must be aug- 
mented by at least unity (Art. 210). 

EXAMPLES. 



1. V 48228544= 364. 

2. V27054036008=3002. 

8. V483249=78, with a remainder 8697; 

4. V916325$8641 =4508, with a remainder 20644129 • 



• 5. V32977340218432=32068. 

To extract the n^^ root of a whole number, 

213. In order to generalize the process for the extraction qfroats^ 
we will denote the proposed number by N, and the degree of the 
root to be extracted by n. If the number of figures in N, does not 
exceed n, the root will be expressed by a single figure, and is ob- 
tained immediately by forming the n^ power of each of the whole 
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numbers comprised between 1 and 10 ; for the n'* power of 9 is tho 
largest perfect power which can be 'expressed by n figures. 

When iV contains more than. n figures, there will be more than 
one figure in the root, which may then be considered as composed 
of tens and units. Designating the tens by a, and the units by ^, 
we have (Art. 204), 

N={a+by=ar+na''-^b+n'—-ar-^ii^+, &c. ; 

that is, the proposed number contains the n*** poioer of the tens, plus 
n times the product of the n— I power of the tens by the units, plus a 
series of other parts which it is not necessary to consider. 

Now, as the n'* power of the tens cannot give units of an order 
inferior to unity followed by n ciphers,.the last n figures on the right, 
cannot make a part of it. They must then be pointed oflT, and the 
root of the greatest n'* power contained in the figures on the left 
should be extracted ; this root will be the tens of the required root. 

If this part on the left should contain more than n figures, the n 
figures on the right of it, must be separated from the rest, and the 
root of the greatest n'* power, contained in the part on the left ex- 
tracted, and so on. Hence the following 

RULE. 

I. Divide the- number N into periods of n figures each, beginning 
at the right hand ; extract the root of the greatest n**" power contained 
in the left hand period, and subtract the d!^ power of this figure from 
the left hand period. 

II. Bring down to the right of the remainder corresponding to th^ 
^r St period, the first figure of the second period, and call this numher 
the dividend. 

III. Form /fte n— 1 power of the first figure of the root, multiply ii 
by n, and see how often the product is contained in the dividend j the 
quotient unU be the second figure of the root, or something greater. 

IV. Raise the number thus formed to the n^ power, then subtract 
this result from the two first periods, and to the new remainder bring 
down the first figure of the third period : then divide the number thus 
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fanned 2y n timei the n— 1 power of the ttoo figures of the toiA 
already founds and continue Ms operation until all the periods are 
brought down* 

BXAKFLBS. 

Extract the 4th root of 531441. 

53.1441 I 27 
2*= 26_ 
4X2'=32 I 371 
(27y= 531441. 

We first divide off, from the right hand, the period of four figures^ 
and then find the greatest fourth root contained in 53, the first 
period to the left, which is 2. We next subtract the 4th power of 
2, which is 16, from 53, and to the remainder 37 we bring down 
the first figure of the next period. We then divide 371 by 4 times 
the cube of 2, which gives 1) for a quotient : but this we know is 
too large. By trying the numbers 9 and 8, we find them also 
too large : then trying 7, we find the exact root to be 27. 

214. Remark. When the degree of the root to be extracted is a 
multiple of two or more numbers, as 4, 6, . • . ., ^^ root can be ob- 
lained by extracting the roeis of more simple degrees^ suceessroefy. 
To explain this, we will remark that, 

(a5)*==:a3xa'Xa^X a'==a3+»+^»==a3 »< *===a". 

and that in general (a*)"=flrxa'"X«"'X<«" • • • =0*"^" (Art. 13). 
Hence, the n* power of the m^ power of a number, is equal to the 
mn* power of this number, 

» Reciprocally, the mn^ root of a number is equal to the n*** root of 
the m*"* root of this number^ or algebraically 

For, let . . . \^a=:a\ raising both members to the n** power 
there will result . . . "V^^^a^" ; for from the definition of a root, we 
hiive(VKV=K 
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Again, by raising both members to the m* power, we obtain 
«=(a'")'"=a''^. Extracting the mn^ root of both members, "^a^c^ ; 

but we already have Vva=a' ; hence "V^= V\/^' 

In a similar manner we might find "Va== \/ Va. 
By this method we find that 

V256=\/ V256 = '/16=4 ; 



' V 2985984 = V V 2985984 = Vl728=12 ; 

V 1771561 =V V 1771561 =11 ; 

V 1679616 = Vl296=V Vi296=6, 

Remark. Although the successive roots may be extracted ia 
any order whatever, it is better to extract the roots of the lowest 
degree first, for then the extraction of the roots of the higher de- 
grees, which is a more complicated operation, is effected upon num- 
bers containing fewer figures than the proposed number. 

Extraction of Roots by approximation. 

215. When it is required to extract' the n** root of a number 
which is not a, perfect power, the method of (Art. 213), will give 
only the entire part of the root, or the root to within unity. As to 
the fraction which is to be added, in order to complete the root, it 
cannot be obtained exactly, but we can approximate as near as we 
please to the required root. 

Let it be required to extract the n'* root of the whole number a, 

to within a fraction — ; that is, so near it, that the error shall be 
p 

^ , 1 

less than — • 
P 

We will observe that a can be put under the form . If 

19* 






we denote the root of ap" to within unity, by r, the number 



r 



or a, will be comprehended between — and ^^ — : there- 



fore the Va will be comprised between the two numbers, 

r r+1 r 

— and . Hence — is the required root, to within the 

f p JP 

fraction — . 
P 
Hence, to extract ike n^ root of a whole number to within afractum 

— , multiply the number by p"; extract the n^ root of the product to 

within unity, and divide the result by p. 

216. Again, suppose it is required to extract the n** root of the 

fraction -7-. 
o 

Multiply each term of the fraction by 

V a ab'*^^ 
J"~* ; It becomes -r-=— r — , 
br 

Let r denote the n** root of ai""^, to within unity ; 

— ; — or -T-, will be comprised between -7- and — r— ^- 
tf^ h 0^ It 

Therefore, after hating made the denominator of the fraction a per- 
feet power of the v^ degree, extract the n^^ root of the numerator^ to 
within unity, and divide the result by the root of the new denominator. 
When a greater degree of exactness is required than that indi- 
cated by -r-, extract the root of a3"~* to within any fraction — ; 

tf V 

and designate this root by — . Now, since — is the root of the 
p p 

numerator to within — , it follows, that -=- is the true root of 
p bp 

1 

the fraction to within -r:* 
bp 
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217. Suppose it is required to extract the cube root of 15, to 

within — . We have 15x12^= 15 X 1728=25920. Now the 

cube root of 25920, to within unity, is 29 ; hence the required root 

29 5 

^12^^ 'l2- 

Again, extract the cube root of 47, to withb — -. 

We have 47x20'*=47x 8000=376000. Now the cube root 

72 12 
of 376000, to within unity, is 72; hence %/i7=—=S—, to 

1 

within -. 

Find the value of V25 to within 0,001. 
To do this, multiply 25 by the cube of 1000, or by 1000000000, 
which gives 25000000000. Now, the cube root of this number, is 

2920 ; hence V25=2,920 to within 0,001. 

In general, in order to extract the cube root of a whole number to 
wUhin a given decimal fraction, annex three times as many ciphers to 
Hie numher, as there are decimal places in the required root ; extract 
the cube root of tJie numher thus formed to within unity, and point of 
from the right of this root the required number of decimals, 

218. We will now explain the method of extracting the cube root 
qf a decimal fraction. Suppose it is required to extract the cube 
root of 3,1415. 

As the denominator 10000, of this fraction, is not a perfect cube, 
it is necessary to make it one, by multiplying it by 100, which 
amounts to annexing two ciphers to tlie proposed decimal, and we have 
3,141500. Extract the cube root of 3,141.500, that is, of the num. 
ber considered independent of the comma, to within unity; this 

gives 146. Then divide by 100, or VlOOOOOO, and we find 

V3,1415=l,46 to within 0,01. 



Hence, to extract the cube root of a decimal number, we have 
the following 

RULE 

Annex ciphers io the dedmdl party if necessary, until it can be 
divided into exact periods of three figures each, observing thai the 
number of periods must be made equal to the number of decimal 
places required in the root. Then, extract the root as in entire num- 
berSy and point off as many places for decimals as there are periods 
in the decimal part of the number. 

To extract the cube root of a vulgar fraction to within a given 
decimal fraction, the most simple method is to reduce the proposed 
fraction to a decimal fraction, continuing the operation until the nitm- 
ber of decimal places is equal to three times the number required 
in the root. The question is then reduced to extracting the cube 
root of a decimal fraction. 

219. Suppose it is required to find the sixth root of 23, to 
within 0,01. 

Applying the rule of Art. 215 to this example, we multiply 28 
by 100", or annex twelve ciphers to 23, extract the sixth root of the 
number thus formed to within unity, and divide this root by 100, or 
point off two decimals on the right. 

In this way we will find that V23=l,68, to within 0,01. 

EXAMPLES. 

1. Find the V473 to within ^^. Ans. 7}. 

2. Find the V79 to within ,0001. Ans. 4,2908. 

3. Find the Vl3 to within ,01. Ans. 1,53. 

4. Find the V3,00415 to within ,0001. Ans. 1,4429. 

5. Find the Vo,00101 to within ,01. Ans. 0,io. 

6. Find the Vii to within ,001. Ans. 0,824. 
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Pomtation of Powers and Extraction of Roots of Algebraic 
Quantities* Calculus of Radicals, 

We will first consider monomials. 

220. Let it be required to form the fifth power of 2c^lr^, We 
have 

(^aWy=:2a^Iy' X ^(^l^" X ^a"!^ x Sa^^ x Sa^i^, 
from which it follows, 1st. That the co-efficient 2 must be multi* 
plied by itself four times, or raised to the fifth power. 2d. Thai 
each of the exponents of the letters must be added to itself four 
times, or multiplied by 5* 

Hence, {2a^I^y=2\(i' ^ 'I^^^=S2a^'b^^ 

In like manner, (Sa'i^cf =8^a^x ^^x V=512a«iV. 

Therefore, in order to raise a monomial to a given power, raise 
the co-efficient to this power, and mtdtiply the exponent of each of the 
letters hy the exponent of the power. 

Hence, reciprocally, to extract any root of a monomial, 1st. 
Extract the root of the co-efficient, 2d. Divide the exponent of each 
letter hy the index of the root, 

V6i^Pj=^bc^ ; Vl6a^'^c*=2a'Pc. 

From this rule, we perceive, that in order that a monomial may 
be a perfect power of the degree of the root to be extracted, 1st. 
its co-eflicient must be a perfect power ; and 2d. the exponent of 
each letter must be divisible by the index of the root to be extracted. 
It will be shown hereafter, how the expression for the root of a 
quantity which is not a perfect power is reduced to its simplest 
terms. 

221. Hitherto, we have paid no attention to the sign with 
which the monomial may be affected ; but if we observe, that what* 
ever may be the sign of a monomial, its square is always positive, 
and that every power of an even degree, 2n, can be considered as 
the n'* power of the square, that is, a^^rr-ia^y^ it will follow that, 



226 ALGBBIUL. 

every power of a quantiiyf of an even degree^ whether positive or 
negative^ is essentiaUy positive. 

Thus,, (db2a»63c)*= + l6aWc\ 

Again, as a power of an uneven degree, 2n+l, is the product 
of a power of an even degree, 2n, by the first power, it follows 
that, every power of an uneven degree of a monomial, is affected with 
the same sign as the monomial. 

Hence, (+4a«3)='= +64a«Z»* ; (-40^*)^= — 64a»^'. 

From this it is evident, 1st. That when the degree of the root of 
a monomial is uneven, the root will be afiected with the same sign 
as the quantity. 

Therefore, 

V+8l'=+2a; V--8a^=-2a'; V-32a*«6*=— 2€i»J. 

2d. When the degree of the root is even, and the monomial a 
positive quantity, the root is affected either with + or — . 

Thug, VdU^= ±daIP ; V64?^= ±:2a'. 

3d, When the degree of the root is even, and the monomial n€g€t^ 

itive, the root is impossible ; for, there is no quantity which, raised to 

a power of an even degree, can give a negative result. Therefore, 

V— a, V— *, V—c, are symbols of operations which it is 

impossible to execute. They are) like V —a, V—b, imagina* 
ry expressions (Art. 126). 

222. In order to develop (a+y-^zY^ we will place y+zz=u, and 
we have 

(a+M)3=a'+3a^M+3att^+w^ 

or by replacing u by its value, y+z 

{a+y-^zy^a^+Sa\y+z)+2a{y+zY+{y+zy, 
or performing the operations indicated 

{a+y-{'Zy=d^+2a^-{-3ah-[-Saf+6ayz-{'Sa:^+f+2y'z-t- 

When the polynomial is composed of more than three terms, as 



EXTBACTION OF BOOTS. 227 

a-^y-^-z-^-x , , , , p, let, as before, «= the sum of all the terms aflei 
the first. Then, a+u will be equal to the given polynomial, and 
{a+uy=zaP+Sd'u+Savr+u\ 

From which we see, that by cubing a polynomial, we obtain the 
cube of the first term, plus three times the square of the first term 
multiplied by each of the remaining terms, plus other terms. 

It often happens that u contains a root of the leading letter, as in 
the polynomial a^+ax+b, where u=ax+Ir, But since we suppose 
the polynomial arranged with reference to a, it follows that a will 
have a less exponent in u than in the first term. 

In this case also, the co-efficient of m, multiplied by the first term 
of M, will be irreducible with the remaining terms of the develop- 
ment, because that product will involve a to a higher power than 
the other terms : and when a does not enter m, the product of that 
co-efficient by all the terms of m, will be irreducible with all the 
other terms of the development. 

223. As to the extraction of roots of polynomials, we will first 
explain the method for the cube root ; it will afterwards be easy to 
generalize. ^ 

Let N be the polynomial, and R its cube root; Conceive the two 
polynomials to be arranged with reference to some letter, a, for ex- 
ample. It results from the law of composition of the cube of a po- 
lynomial (Art. 222), that the cube of R contains two parts, which 
cannot be reduced with the others ; these are, the cube of the first 
term, and three times the square of the first term by the second. 

Hence, the cube root of that term of N which contains a, afTect- 
• ed with the highest exponent, will be the first term of R : and the 
second term of R will be found by dividing the second^erm of N 
by three times the square of the first term of R. 

If then, we form the cube of the two terms of the root already 
found, and subtract it from iV, and divide the first term of the re- 
mainder by 3 times the square of the first term of R, the quotient 
will be the third term of the root. Therefore, having arranged 
the terms of N^ we have the following 
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RULE. 

I. Extract the cube root of the first term* 

II. Divide the second term of N by three times tlie square of the 
first term of R : the quotient wiU be the second term of R. 

III. Having found the two first terms of R,form the cube of Hit 
binomial and subtract it from N ; after which, divide the first term of 
the remainder by three times the square of tlie first term of K : the 
quotient tvUI be the third term of R. 

IV. Cube the three terms of the root found, and subtract the cube 
from N : then divide the first term of the remainder by the divisor 
already used : the quotient will be the fourth term of the root, and the 
remaining terms, if there are any, may be found in a similar manner. 

EXAMPLES. 

1. Extract the cube root of a3«— 6x*+15a;*— 20a;'4-15ar*— 6a;+l, 

1st Rem. , ". '. \ 3a?*— 12a;3-f > &c. 
(x3_2a?+l)^=a;*'-6a^+15a*-20x3+15a^— 6a;+l. 

In this example, we first extract the cube root of x®, which gives 
x^, for the first term of the root. Squaring a?, arid multiplying by 
3, we obtain the divisor 3x* : this is contained in the second term 
— 6j?^, — 2ir times. Then cubing the root, and subtracting, we find 
that the first term of the remainder 3a?*, contains the divisor once. 
Cubing the whole root, we find the cube equal to the given polyno- 
mial. 

Remark. The rule for the extraction of the cube root is easily 
extended to a root with a higher index. For, 
Let a+^+c+ • • •/> be any polynomial. 
Let 5= the sum of all the terms after the first. 
Then a+5= the given polynomial : and 

(a+5)"=a"+wa'*'*5+ other terms- 
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That is, the n^ power of a polynomial^ is equal tdlhen^ pouter if 
the first term, plus n times the first term raised io the power n^l, 
multiplied hy each of the remaining terms; + other terms of the de^ 
velopment. 

Hence, we see, that the rule for the cube root will become the 
rule for the n^ root, by first extracting the n'* root of the first term, 
taking for a divisor n times this root raised to the n— 1 power, and 
raising the partial roots to the n'* power, instead ot to- the cube. 

2. Extract the 4th root of 

16a*-96a3a:+216aV-216aar»+81a*. 
16a*-96a=a;+216a»«*-216aa!^+81a* Sa-ar 
(2a-3a;)*=16a*-96a'a:+216aV-216<M:'+81fl* 32a'=4x(2tff . 

We first extract the 4th root of 16a*, which is 2a. We then 
raise 2a to the third power, and multiply by 4, the index of the root : 
this gives the divisor 32a?« This divisor is contained in the second 
term — 96a^a^ —Sx times, which is the second term of the r6ot. 
Raising the whole root to the 4th power, we find the power equal to 
the given polynomial. 

3. Find the cube root of 

gfi +6a^— 40ar'+96«— 64. 

4. Find the cube root of 

15a^-6a?+«»-6jB5-20ai'+15!B*+L 

6. Find the 5th root of 

32«»-.80a:*+80«»-40««+16«~ 1. 

Calctdus of Radicals. 

224. When it is required to extract a certain rotyt of a ttKmonlitf 
or polynomial which is not a perfect power, it can onl J* h& indicated 

by writmg the proposed quantity after the sign VTancI placing over 
this sign the number which denotes the degree of the root to be ex- 
tracted. This number is called the index of the root^ or of the radical. 

A radical expression may be reduced to its simplest terms» by 

20 

4 
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obeervwg that, the n^ root of a product is equal to the product of the 
n^ roots of its different factors. 

Or, in algebraic terms : 

Vabcd== yax V^X V^x V^. 
For, raising both members to the n^ power, we have for the first, 
( V abcdj=abcd . . ., and for the second, 

( VflX V^X Vex yd. . .)"=(Va)"- (\/*)"-(\/c)\( "/(?)« . . . =ahcd^ 
Therefore, since the n'^ powers of these quantities are equal, the 
quantities themselves must be equal. 

Let us take the expression V54a*^*c*, which cannot be replaced 
by a rational monomial, since 54 is not a perfect cube, and the ex- 
ponents of a and c are not divisible by 3 : but we can put it under 
the form 

V64^W= V27^ V2^=dab V2^. 

' In like manner, 

V8^=2Vfl?"; V48aW=2ai»cV3^; 

Vl92a''Ac"= V64a«c"x V3^=2ac> VSabT 

In the expressions, dab V^w^, 2 V^ 2aJ"c V3ac*, the quanti- 
ties placed before the radical, are called co-efficients of the radical. 

225. The rule of (Art. 214) gives rise to another kind of simpli- 
fication. 

Take, for example, the radical expression, Vi^ ; from this rule 

we have, V4?=\/ V4a*, and as the quantity affected with the 
radical of the second degree \/, is a perfect square, its root can he 
extracted, hence 

.V4?c= V2a. 
In like manner, 

V"36a^^ = V V 36a»6« = VOoft. 
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In general, "Va"=Vv^a"= Va ; that is, when the index of a 
radical is a multiple of any number n, and the quantity under the! 
the radical sign is an exact 7i'* power, we can, without changing the 
value of the radical, divide its index by n, and extract the n^ root of 
the quantity under the sign., 

This proposition is the inverse of another, not less important, viz. 
we can multiply the index of a radical by any number, provided w6 
raise the quantity under the sign to a power of which this number 
denotes the degree. 

Thus, *Va="V^ For, a is the same thing as Vtf*"; hence, 

Va= V ya"= Va\ 

This last principle serves to reduce two or more radicals to the 
same index. • 

For example, let it be required to reduce the two radicals V^ 

and . V{a+b) to the same index. 

By multiplying the index of the first by 4, the index of the se- 
cond, and raising the quantity 2a to the fourth power ; then multi- 
plying the index of the second by 3, the index of the first, and 
cubing a+b, the values of the radicals will not be changed, and 
the expressions will become 

226. Hence to reduce radicals to a common index, we have the 
following 

RULE. 

Multiply the index of each radical by the product of the indices of 
all the other radicals, and raise the quantity under each radical sign 
to a power denoted by this product. 

This rule, which is analogous to that given for the reduction of 
fractions to a common denominator, is susceptible of some modifi- 
cations. 
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For example, reduce the radicals Wa^ V5^, Va^+^'j to tiie 
fame index. 

As the numbers 4, 6, 8, have common factors, and 24 is the most 
simple multiple of the three numbers, it is only necessary to multi- 
ply the first by 6, the second by 4, and the third by 3, and to raise 
the quantities under each radical sign to the 6th, 4th, and 3d pow- 
ers respectively, which gives 

In applying the above rules to numerical examples, begkmers 
yery often make mistakes similar to the following, viz. : In reduc- 
ing the radicals ^2 and y^3 to a common index, afler having mul- 
tiplied the index of the first (3), by that of the second (2), and the 
index of the second by that of the first, then, instead of multiplying 
the eaq^onenl of the quantity under the first sign by 2, and the expo- 
iMfil of that under the second by 3, they oflen multiply the quanUty 
imder the first sign by 2, and the quantity under the second by 3. 
Thus, they would have 

VT=V2x2=V4; and V3=V3x3=Vd; 

Whereas, they should have, by the foregoing rule, 

V2'=V(2)^==VT, and V^ :^'VJsf=:''V27. 

Reduce V2, ^4, Vj, to the same index. 

Addition and Subtraction of Radicals. 

221. Two radicals are simlary when they have the same index, 
and the same quantity, under the sign. Thus, 3 Vo^ and 7 Va^ 
are similar rfidicals, as also 3a? V^> and 9(? V^- 

Therefore, to add or subtract similar radicals, add or subtract 
Aeir co-efficients^ and prefix the sum or difference to the coftimon 
radical. 

Thus, 3Vi-F2Vi=5V^ 3VJ-2Vi=V^ 
8aVidb2cV*=(3adb2c)V*. 
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Sometimes when two radicals are dissimilar, they can be reduced 
to similar radicals by Arts. 234 and 235. For example, 

VASa&'+h V76a=U VOa+bh VSa=9b VSa. 

V8a'*+16a*-V**+2a^=2aV^+2a-5 Vb+2a 

=(2a-fc)VH^5 
3 V4?+2 V2a=3 V2a+2 V2a=6 V2a. 

When the radicals are dissimilar, and irreducible, they can only 
be added or subtracted by means of the signs + or — • 

Multiplication and Division. 

228. We will first suppose that the radicals have a commftti 
index. 

Let it be required to multiply or divide Va by Vb, We have 
VaX Vb=: Vabf and Va-i- V3=^/ -r-. 

For by raising Va • 'Vb and "Vab to the n** power, we obtain 

the same result ab ; hence the two. expressions are equal. 

y/a " /a .a 

In like manner, -;p-r and ^/ - raised to the n* power give -^. 

hence these two expressions are equal. Therefore we have the 
following 

RULE. 

Multiply or dimde the quantities under the sign by each other, and 
gioe to the product, or quotient, the common radical sign. If they 
have co-eficients,Jirst multiply or divide them separately. 

Thus, 

c . a ca 

or, reducing to its simplest terms, 

20* 



8« VS?X8» V^e^aoJ V8aa'e=12a«»V2& 



Va' y+y ^' / 8i(a'y+y) .. ' /g'+y 

When the radicals have not a common index, they should be re- 
duced to c»e. 

For Mample, 8«V>xMV2i=16aJx*V8JV. 



VUMTVB^ 




8. Multiply a -/ift by 8 Vio 

Ant. 6V337500. 

3. Multiply 4V |- by 8\/-^. 

Am. 






2 V^xV'^ 
4. Reduce ■ ^_ , ,_: to its lowest tenns. 

i*VTxVT 



Am. 4'V^r 



v^ 



/ 6. Reduce </ — to its lowest tenns. 



VTx VT 



ilV^ 



A^. g . 3 



8. Multiply VT. VT, and VT together. 



Afw. 'V648000. 
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7. Multiply V -^, V T ^^ 'VT together. 



Ans. V g;^. 



8. Multiply (4\/I+5\/^) by (vl+2v|.). 



43 13 ,— 

JL«w. y +y V42. 



9. Divide y^T ^y (^^^+^^1")- 



An^. -. 



10. Divide 1 by VT+ VT. 

•V?*-. *V^+ Vi?- VT 

iifW. r 

a— i 

11. Divide VT+VT by *VT-*VT. 
a+6+2 V^+2V^+2*Va^ 



iln«* 



a-3 



Formation of Powers^ and Extraction of Roots. 
229* By raising ^a to the n*'^ power, we have 

(!ya)''=VaXV«X V« • • • =Va% 
by the rule just given for the multiplication of radicals. Hence^ 
fer raising a radical to any power, we have the following 

RULE. 

Raise the quantity under the sign to the given power^ and affect 
ihe reauU wUh the radical eign^ having the primitive index. If U 
has a co-efficient, first raise it to the given power. 

Thus, (S/4?)»= V(4?)»= *Vl6?=2a*V?'; 

(3V2;i)»==3^V^*=243'y'3$5»==486a'V45^ 



ALOBBRA. 



When the index of the radical is a multiple of the power^ the re- 
sult can be reduced. 

For, V2a=\/ V2a (Art. 214) : hence, to square V^ we 
have only to omit the first radical, which gives (S/2a) = V'^a. 

Again, to square ^3^, we have ^3^=^^ ^Vsb* hence 

Consequently, when the index of the radical is divisible by tJie ex* 
patient of the powers perform this dtmsion^ leaving the quantity under 
'Ike radical unchanged^ 

To extract the root of a radical, multiply the index of tJie radical 
by the index of the root to he extracted^ leaving the quantity under the 
Sign unchanged. 

Thus, Vv^==''v^; \/v^=='v^. 

This rule is nothing more than the principle of Art. 176, enun. 
ciated in an inverse order. 

When the quantity under the radical is a perfect power, of the 
degree of either of the roots to be extracted, the result can be re- 
duced. 

Thus, \/ VS^ being equal to V VSo^ it reduces to V2a. 

In like manner, V V9?=\/ V9^='VSa. 
It is evident that Vva='Vv^a ; because both expressions are 
equal to '"ValArt. 214). 

230. The rules just demonstrated for the calculus of radicals, 
principally depend upon the fact that the «'* root of the product of 
several factors is equal to the product of the n'* roots of these fac- 
tors ; and the demonstration of this principle depends upon this : 
When the potoerSf of ilie same d^gree^ (f two expressions are equal, 
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Ae txpressions are dUo equal. Now this last proposition, which is 
true for absolute numbers, is not always true for algebraic expres- 



To prove this, we will show that the same number can have 
more than one square rooty cube root^ fourth root, ^c. 

For, denote the general expression of the. square root of a by x, 
and the arithmetical value of it by j? ; we have the equation a^^Of 
or «'=p', whence x=zdzp. Hence we see that the square of j?, 
which is the root of a, will give a, whether its sign be + or — . 

In the second place, let x be the general expression of the cube 
root of 0, and p the numerical value of this root ; we have the 
equation 

apssa, or x^szip^. 

This equation is satisfied by making x=:p. 

Observing that the equation r^=p' can be put under the form 
«^— ^^=0, and that the expression ar*— |j^ is divisible by «— p, (Art. 
59), which gives the exact quotient, a^+px+p^, the above equation 
can be transformed into 

(x—p) (ar*+jpa;+p«)=0. 

Now, every value of x which will satisfy this equation will satis- 
fy the first equation. But this equation can be verified by suppose 
ing «~p=0, whence a?=p ; or by supposing 

ai^+px+p^=Oy 
from which last we have 

*=-t =ty V^a; or x=p( ). 

Hence, the cube root of a, admits of three different algebraic va- 
hieSfViz, 



P» P[ 



/_1+ V^HSx ^ /-I- 'V^^-^^ 



), and p{ y 



Again, resolve the equation a^=zp*y in which p denotes the arith- 
roetical value of \/a. This equation can be put under the form 
*•— |i*=0. Now this expression reduces to (a^— jp*) (aj'+p*)* 
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Heiice the equation reduces to («*— p*) (a:*+l^)=0, andean 
be satisfied by supposing «*— ii'ssO, whence x=:±zp ; or by suppos- 
ing ar'-f p*=0, whence x=± V — |i'=dzjp V— 17 

We therefore obtain four different algehraic expressions for the 
fourth root of a. 

For another example, resolve the equation .... a^=p^ 
which can be put under the form a^ — ^=0. 

Nowai'—j?" reduces to (a?'— P^) (ar'+l^). 

therefore the equation becomes .... {sP^p^) (ar^+p^)=0. 

But ar*— jr*=0, gives 

And if m the equation ar^+p'rrO, we makep=— p', it becomes 
4^— p'^ssO from which we deduce a?=p', and - 

2 )' 

or, substituting for j/ its value, — p, 

«=— j? and «=— p( ^ j. 

Therefore the value of x, in the equation x*— j)®=0, and conse- 
quently the 6th root of a, admits of six values, p, op, a'p, — p, 
— ap, —a'pf by making _ 

-l+V-S , -1- V-3 
a= -—, a= ^ . 

We may then conclude from analogy, that x in every equation of 
the form x*"— a=0, or af"— p^rnO, is susceptible of m different va- 
lues, that is, the «»'* root of a number admits of m different alge* 
hraic values. 

231 . If in the preceding equations and the results corresponding 
to them, we suppose as a particular case a=l, whence p=l, we 
shall obtain the second, third, fourth, &c. roots of unity. Thus 
-J-1 and •— 1 are the two square roots of unity , because the equation 
jc*— 1=0, gives a?==bl, ^ 



r=p'(: 
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, ,., -l+V-3 -1--/^ 

In like manner +1, , , are the three 

Z 2 

cube roots of unity, or the roots of ar*--l=0. And 

+1,-1, + V— 1, — V— 1, are the four fourth roots of unity, 
or the roots of a:*— 1=0. 

232. It results from the preceding analysis, that the rules for the 
calculus of radicals, which are exact when applied to absolute num. 
bers, are susceptible of some modifications, when applied to expres- 
sions or symbols which are purely algebraic ; these modifications are 
more particularly necessary when applied to imaginary expressions^ 
and are a consequence of what has been said in (Art. 230). 

For, example, the product of V —a by V —a, by the rule of 
(Art. 228), would be 

V — ax V — a= V+o*. 
Now, V^ is equal to zha (Art. 230) ; there is, then, apparent, 
ly, an uncertainty as to the sign with which a should be aiTected. 
Nevertheless, the true answer is — a ;' for, in order to square -v^m, 

it is only necessary to suppress the radical ; but the V —a X V — a 

reduces to ( V—a) , and is therefore equal to —a. 

Again, let it be required to form the product V —a X V —3, 
by the rule of (Art. 228), we shall have 

V — a X V —b = V+ab. 
Now, Vab^dzp (Art. 230), p being the arithmetical value of 
the square root of ab ; but I say that the true result should be — p 

or — Vaby so long as both the radicals V—a and V— i are con. 
sidered to be affected with the sign +. 

For, V^— y/a. V^ and V— A= y/b. V^\ 
hence 

V^^X -/"^= -/a. V^^X V~5x V^= V^( -Z^)' 
= Vo^x — 1=— Vo^i 
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Upon this principle we find the different powers of V* — 1 to be, 
as follows : 

and ( V^)*=( V^y.{ -/^)^==-lX~l= + l- 
Again, let it be proposed to determine the product of "V^ — a by 

the V—b which, from the rule, will be V+ai, and consequently 
will give the four values (Art. 230). 

+ Vo^ -*Vaft, + V^. V-1, — Vo^ V^. 
To determine the true product, observe that 

But *vi:n<*V^=l^(V=T)»=(\/-/^^= -/=TT 

hence *V^.*V^= *Vab. V^^. 

We will apply the preceding calculus to the verification of the 

—1+ V^ 
expression , considered as a root of the equation 

a;9— 1=0, that is, as the cube root of 1 (Art. 230). 
From the formula {a+hy=d'+^ct'h+SaIy'+P, 

we have f 2 ) 

(,i)34.3(-^i)^ vc:3+3(-i).( vz:%y+{ vir3)» 
■^ 8 

--1+3 vC:3~3x -"3->3 V^ _ 8 
- 8 "Y"^' 

-1- V-3 

The second value, 5 , triay be verified in the 

manner. 

Theory of Exponents, 

233. In extracting the n* root of a quantity a*", we have 
that when m is a multiple of Uj we sbould divide the exponent m by 



THEORY OF EXPONENTS. 841 

n the index of the root ; but when m is not divisible by n, in which 
case the root cannot be extracted algebraically, it has been agreed 
to indicate this operation by indicating the division of the two ex- 
ponents. 

Hence, Va^=a~, from a convention founded upon the rtdefor 
the exponents^ in the extraction of the roots of numonuals. In such 
expressions^ the numerator indicates the power to which the quantity 
is to be raised^ and the denominator^ the root to he extracted. 

Therefore, %/a^=:a^ \ V«''=«*- 

In like manner, suppose it is required to divide a"* by tf*. We 
know that the exponent of the divisor should be subtracted from the 

a"* 

exponent of thd dividend, when m>n, which gives — rse**"-". 

But when m<n, in which case the division cannot be effected alge* 
braically, it has been agreed to subtract the exponent of the divisor 
from that of the dividend. Let p be the absolute difference between 

n and m ; then will n=m+py whence — ^^^=0-' ; but ^-^^ 

reduces to -- ; hence a-^='—. 
aP a^ 

Therefore, the expression ar^ is the symbol of a division which il 
has been impossible to perform ; and its true value is the quotient 
represented by unity divided by the letter a, affected with the ex-, 
ponent p, taken positively. Thus, 

The notation of fractional exponents has the advanti^ of giving 
an entire, form to fractional expressions. 

From the combination of the extraction of a root, and an impos- 
sible division, there results another notation, viz. negative fractional 
exponents. 

21 
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1 1 , 

In extracting the n** root of -~, we have first -—=0""*, hence 

a/ — = Va"*=a ", by substituting a fractional exponent for 
▼ a"* 

the radical sign. 

m m 

Hence, a", a"', a *, are conventional expressionsyjbunded up- 

« r— 1 " / 1 
071 preceding rvles^ and equivalent to v a™, — , ^/ -;^. 

We may therefore substitute the second for the first, or recipro- 
cally. 

As o^ IS called a to the p power, when p is a positive whole num- 

~ _— m 

ber, so by analogy, a " , a~', a " , are called a to the — power, a to 

m 
the — p power, a to the power, which has induced algebra- 

isls to generalize the word •power ; but it would, perhaps, be more 

m m 

accurate to say, a, exponent — , exponent — -p, exponent — — 

using the word power only when we wish to designate the product 
of a number multiplied by itself two or more times. 

Since a"* and — are equivalent expressions, also a^ and — rr» 
Or a ^ 

we conclude that any factor may he transferred from the numerator 

to tlie denominator^ or from the denominator to the numerator, ly 

dianging the sign of its exponents 

Multiplication of Quantities affected with any Exponents. 

234. In order to multiply a* by a^, it is only necessary to aM 
iie two exponents^ and we have 



For, by (Art, 233^, a* = V^' ; «*= V^* 
hence, a* x a® = V«^ X V«' » 
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or, perfonning the multiplication by the rule of (Art. 228), i 

Again, multiplying a * by a® , we have 

for, a~^=^^, J=V^; 

hence 

In general, multiplying a " by a « ; we have 

tn p ^ mP "P — "'^ 

Therefore, in order to multiply two monomials affected with any 
exponents whatever, add together the exponents of the same letter ^ 
this rule is the same as that given in (Art. 41), for quantities affect* 
ed with entire exponents. 

From this rule we will find that 

a -JL SL a. ij 1 -a 

and 8a-^i» X 2a"*5 V=6a''^* h^<^. 

Dwision. 

235. To divide one monomial by another when both are affected 
with any exponent whatever, follow the rule given in Art. 50 for 
quantities affected with entire and positive exponents ; that is, sv^ 
tract the exponents of the letters in the divisor from the exponents of 
ihe same letters in the dividend. 

For, the exponent of each letter in the quotient must be such, 
that, added to that of the same letter in the divisor, the sum shall 
be equal to the exponent of the letter in the dividend ; hence the 
exponent in the quotient is equal to the difference between the ex- 
ponent in the dividend and that in the divisor. 
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Formation of Powers. 
236* To form the n'^ power of a monomial^ affected with any 
expcment whatever^ observe the rule given in Art. 220, viz. mulii' 
ply the exponent of each letter by the exponent m of the power ; for, 
to rioise a quantity to the m^ power, is the same thing as to multi- 
ply it by itself m— 1 times; therefore, by the rule for multiplica- 
tion, the exponent of each letter must be added to itself m — 1 times, 
or multiplied by m. 

Thus, (aV*=a^; («V^==«^=<»^ ; 

Extraction of Roots. 

237. To extract the n'* root of a monomial, follow the rule given 
in Art. 220, viz. divide the exponent of each letter hy the index of 
the root. 

For, the exponent of each letter in the result should be such, 
that multiplied by n, the index of the root to be extracted, there 
will be produced the exponent with which the letter is afiected in 
the proposed monomial ; therefore, the exponents in the result must 
be respectively equal to the quotients arising from the division of 
* the exponents in the proposed monomial, by w, the index of the 
root. 

Thm, \/5=»*i N/?la*, \/7*l„-» 



v. 



ah ' =ah ^ 
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The last three rules have been easily deduced from the rule for 
multiplication ; but we might give a direct demonstration for theip, 
by going back to the origin of quantities affected with fractional 
and negative exponents. 

We will terminate this subject by an operation which contains 

implicitly the demonstration of the twp preceding rules, 

~ r 
Let it be required to raise a" to the power; 

We say that, 

r 

For, by going back to the origin of these notations, we find that 

/ T,Y^_ ' / L-___ V— 1— V— 1— 

The advantage derived from the use of exponents consists prin- 
cipally in this : The operations performed upon expressions of this 
kind require no other rules than those established for the calculus 
of quantities affected with entire exponents. Besides, this calculus 
is reduced to simple operations upon fractions, with which we are 
already familiar. 

23S. Remark. In the resolution of certain questions, we shall 
be led to consider quantities affected with incommensurable expo* 
nents. Now, it would seem that the rules just established for com- 
mensurable exponents, ought to be demonstrated for the case in 
which the exponents are incommensurable ; but we will observe, 

that an incommensurable, such as VT^, VTT, is by its nature com- 
posed of an entire part, and a fraction which cannot be expressed 
exactly, but to which it is possible to approximate as near as tee 
please, so that we may always conceive the incommensurable to be 
replaced by an exact fraction, which only differs from it by a quan* 

21* 
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tity less than any given quantity ; and in applying the rules to th© 
symbol which designates the incommensurable, it is necessary to un- 
derstand that we apply it to the exact fraction which represents it 
approximatively* 

EXAMPLES. 



Reduce - — , .. to its simplest terms. 



Ans. 4V3 



Reduce 5 iLJ-__. f to its simplest terms. 
( 2 V2(3)* > 



^^' W'^^- 



Reduce 



\/\ ^i^l_?I- ( to its simplest 
( 2v/2.(3)* ) 



terms. 



Am. v4'(¥'^^+'^^ 



Demonstration of the Binomial Theorem in the ca^^of any 
Exponent whatever. 

239. Since the rules for the calculus of entire and positive expo- 
nents may be extended to the case of any exponent whatever, it is 
natural to suppose that the binomial fonnula, "which serves to deve- 
lop the m}'' power of a binomial when m is entire and positive, will 
also effect this when m is any exponent whatever. In fact, analysts 
have discovered that this is the case, and they have deduced im- 
portant consequences from it, both for the extraction of roots by ap^ 
proximation, and the development of algebraic expressions into series. 

The following is a modification of Euler's demonstration. 

"We will remark, in the first place, that the binomial x+a can 

be put under the form x\\-\ — j ; whence there results 
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1+— j =af"(l +«)"*, by making — =«. 

Therefore, if the formula 

m— 1 m— 1 m—2 , . 

(l+z)'»=l+m2+m — ^— 2^+m. — ^ — • — 3~«H,&c. (A) 

is proved to be correct for any value of m, we may consider the 
formula 

m—\ m—2 , , , ,„. 
+m . —^— . — ^— a'*-^+, &c. (B) 

a 
exact for any value of m. For, by substituting — for 2 in the 

•27 

formula (A), and multiplying by x^j we obtain 

.-c"""'''"^ a m— 1 a^ \ 

(a?+a)'"=a?'"(l+m \-m, — .-r+> &c.J, 

from which, by performing the operations indicated, we obtain the 

formula (B). . ♦ 

Now, when wi is a whole number, we have 

m— 1 ^ m— 1 «i— 2 

(l+2r=l+7?i2;+m. — r — 7^+m. — - — . — - — r*+, &;c. 

P 

But, if OT is a fraction — , we do not know from what algebraic 

expression the development 

OT— 1 m—l m—2 

1+TO2+W* — ^; — z +ni, — - — . — - — z'-t-, &c. ... is derived. 

Denoting this unknown expression by y, we have the equation 

m— 1 ^ m— 1 m-^2 , 
y=l+mz4-»i. — 2 — x'+m. — -—. — - — 2^+, &c (1). 

and it is now required to prove that y=(l+z)". 

If m' is another fractional exponent, we shall have in like manner, 

, m!—! „ , m'— 1 m'— 2 , 
y'rr^l+w'ai+m' . — - — z^-\-m' . — ^— . — - — tP+Mc. .. (2. 
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Multiplying the equations (1) and (2), member by member, we 
shall have for the first member of the result y^ . As to the second, 
it would be very difRcuIt to obtain its true form, by the common 
rule for the multiplication of polynomials ; but by observing that 
the form cf a product does not depend upon ike particular values of 
the letters which enter into Us two factors (Art. 47)« we see that the 
above product will be of the same form as in the case where m and 
m' are positive whole numbers. Now in this case we hav3 

1+mz+m . — r — z*+ . . . =(1+2)"*, 



l+m'z+m!. — r — «*+ . . . =(l+z)"'. 



m'-l 
l+f»'2+m'. 

whence 

(m—l „ \/ m'— 1 \ 

l+mz+m. — 2 — »«+ . . . j^l+m'z+m'. — - — z^+ \ 

tn'4-7n' — 1 
=(l+*r+""=l+(w+m')a;+(m+m') z=+ ; 

Therefore this form is true in the case in which m and m' are any 

quantities whatever, and we have 

m+m'— 1 
yy'=l+(m+m>+(7«+m') . 2«+ (3); 

Let m" be a third positive fractional exponent, we shall have 

m"-l 

y'=l+m"2+m" 2—2;'*+ • • • 

Multiplying the two last equations member by member, we have 

P 
Suppose the fractional exponent m= — . Take as many exponents 

m, m', m", m'", &c. as there are units in ^ ; we shall have, by mak* 
fag r equal to the sum of the exponents m+m'+m"-f m"'+ . . . 

yyyy. . . ^l+rz+r.^^z'+r . ~ . ^2?+ . . . (4V 



'\ 
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And by supposiog m=:im'=^m''=m'" ... in which case 

r=m+»i+m+m-f . . . ^^mq^ 

the equation (4) becomes 

ma— 1 ^ WW— 1 ma— 2 , 

jfz^l+mq.z+mq. — ■^—^+mq. — - — . — ^—^+ • • • 

p 
Now we have by hypothesis, m= — , or mq=p ; 

p — 1 p — 1 p — 2 

hence 3/'^l+;?.«+i).-2-r»+p.-^-.--g-2r*+ . . . 

but p is a whole number, therefore the second member of this equa- 
tion is the development of (1 +«)'', which gives ^=(1+2)'*, whence 

y =(1 +z) ' = ( 1 +zy ; consequ ently 

. m— 1 „ m— 1 m— 2 , 

• (1 +z)'^=^l+mz+m — - — z'+m — - — . — - — z^+ . . . 

m being any positive fraction. 

To demonstrate this formula, for the case in which m is a negative 

fraction or whole number, it is only necessary to suppose, m'z^^m^ 

in the equation (3) obtained from the equations (1) and (2), for 

when m+m'=0, the equation (3) reduces to ^'=1; whence 

1 

But since m is negative by hypothesis, m' or — m, must be poei. 
live, and we have 

y=(l+zr, hence y=-^q^=(l+^)^=(l+^n 

and consequently 

(1 +«)'»= l+m2+m — -r — .2*+ ... or 

-ot'-I (-m'-l)(-7»'-2) , 
(l+«)-'=l-m'2-m'— ^— 2«-m'^ ^^ "^^+, &o. 
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Applications of the Binomial Theorem. 

24a. If in the formula (a:+a)*r= 

/ a m— 1 a' m— 1 m— 2 a^ \ 

V+^-T+'"-~2~V+"*-~2~-~"3~-^"^-* V 



1 . ' 



we make ffi= — , it oecomes {x+ay or Vx+a= 



1 11 
1 , , 1 2 



J-/laln a* In n , \ 

«"(1H — . — I — . — - — .-j-H — . — - — . — z — •«'+...] 

\na?n2arn2 3 / 

or, reducing, V^i+a= 

±/ 1 a 1 n— 1 a' 1 n— 1 2n— 1 a^ \ 

'"r''"T*T~ir*"'2irv +';r-~2r-~3;r""^"' / 

3n— 1 

The fifth term can be found by multiplying the fourth by 



4n 



a 

and by — , then •changing the sign of the result, and so on. 



241. Remahk. When the terms of a series go on decreasing in 
value, the series is called a decreasing or converging series ; and 
when they go on increasing in value, it is called a diverging series. 

In a converging series the greater number of terms we take in 
the series, the nearer will we approximate to the true value of the 
proposed series. When the terms of the series are alternately 
positive and negative, we can, by taking a given number of terms, 
determine the degree of approximation. 

For, let a— J+c— cZ+e— /+ • • •> &c. be a decreasing series ; 
hf Cfd . . . being positive quantities, and let x denote the number 
represented by this series. 

The numerical value of x is contained between any two consecu- 
live sums of the terms of the series. For take any two consecutive 
sums, 

a— ^+c— (i+5— /, and a— 5+c— d+c— /+g. 
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In the first, the terms which follow — /, are g—1h + A:— Z+ . . . 
but since the series is decreasing, the partial differences g— A, 
^— Z, .... are positive numbers ; therefore, in order to obtain the 
complete value of or, a certain positive number must be added to the 
sum a— i+c— <Z+e— /. Hence we have 

a— i+c— d+e— /<a;. 

In the second series, the terms which follow -{-g are — A+A:, 



— /+m .... Now, the partial differences — A+A:, —l+m . . ., 
are negative ; therefore, in order to obtain the sum of the series, a 
negative quantity must be added to 

a—h+c—d+e—f+gj 

or, in other words, it is necessary to diminish it. Consequently 

a—l+c^d+e—f+gyx. 

Therefore, x is comprehended between these two sums. 
The difference between these two sums is equal to g. But since 
X is comprised between them, their difference g must be greater than 
the difference between x and either of them ; hence, the error com- 
milled by taking a certain number of terms, a— b+c— d+e—f, for 
the value of x, is numerically less than tlie following term. 

242. The binomial formula also serves to develop algebraic ex- 
pressious into series. 

Take for example, the expression , we have 

-l-=(l-z)-«. 

In the binomial formula, make m=— 1, a;=l, and a=— 2, it bo- 
oomes 

^1 Zizi Zlzl f_,x._ 

— 1. . .\ X)—... 
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or» performing the operations, and observing that each term is coro- 
posed of an even number of factors aflfected with the sign — , 

The same result will be obtained by applying the rule for divi- 
sion (Art. 55). 

1 \l^ 

1st. remainder . +z I l+z+^+z^+z^+ . . . 
2d. .... +2* 

3d +x? 

4th +«* 

■f" • • • 

2 

Again, take the expression j- rj, or 2(1— z)""^ 

(1—2) 

We have 2(l~2)-»= 

211-3. (-*)-3.^=^.(-2)»-8.:::^ 

or 2(l-2)-'=2(l+3«+62«+10r»+15z*+ ) 



To develop the expression V22— 2* which reduces to 
V2^(l - y) % we first find 

('-i)*='4K)4-*ii-K)'+- 



115 
T^ 36^ 648 



hlnce V2;=^=^V2^(l---^-^-^-,&c.) 



EXAMPLES. 



1. To find the value of , » ^\a » ®' ^^ ^^^ («+*)"^ in an in- 
finite seriei. 
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2. To find the value of — - — 9 in an infinite senea. 

Ans. r— a;H ir+ir* °^<^* 

3. Required the square root of ^^ o m an infinite series. 

g» gA gM 

Ans. i+^+-^+.^,&c. 

4. Required the cube root of / ■ « , ya\a ^ *"^ infinite senes. 






Method of Indeterminate Co-efficients. Recurring Senes 

243. Algebraists have invented another method of developing 
algebraic expressions into series, which is in general, more simple 
than those we have just considered, and more extensive in its appli* 
cations, as it can be applied to algebraic expressions of any nature 
whatever. 

Before considering this method, it will be necessary to explun 
what is meant by the ierw function. 

Let a=b+c. In this equation, a, b and c, mutually depend on 
•ach other for their values. For, 

a=h'\'C9 b=:a^Cf and c=a— i. 

The quantity a is said to be a. function of b and c, b u function of 
a and c, and c a function of a and b. And generally, when one 
quantity depends on others for its vaiue^ U is said to be a function €f 
ihose quantities on which it depends 

In order to give some idea of this method of development, we i^iU 

a 
suppose h is required to develop the expression , ^ into a sc- 
ries arranged according to the ascending powers of as. It is plaift 

22 
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a 
that the expressioA can be developed; for , ,, reduces to 

o(a'+ya?)"* ; and by applying the binomial formula to it, we should 
evidently obtain a series of terms arranged according to the ascend- 
ing powers of x. We may therefore assume 

'-r^-^^A+Bx+Cx'+D3^+E!x^+Fa^'\- (1) 

the co-efficients A^ B, C, Z>, • /• being functions of a, a\ h\ but in- 
dependent of Xf it is required to determine these co-efficients, which 
are called indeterminate co^effidents. 

For this purpose, multiply both members of the equation (1) by 
a'+yx; arranging the result with reference to the powers of 
Xy and trsmsposing a, it becomes 

__ ( Aa'+Ba' x+Ca' I x'-^Da' I aP+Ea' I a;*+ . . . (2). 
^"" I ^a+Ab' +BV I +Ch'\ +Dh' I 

Now if the values of A, Bj C, D, . , . were determined, the 
equation (1) would be satisfied by any value given to x ; this must 
therefore be the case also in the equation (2). 

But by supposing x=0, this equation becomes, 
0=ila'— a; 

^ "^ 

Whence A=—r; 

a' 

a 
A being equal to -7, when jr=:0, this must be the value of it when 

X is any quantity whatever, since A is independent of x by hypothe- 
sis ; therefore whatever may be the value of a?, the equation (2) 
reduces to 



Ba' j x+Ca' I ntf'+Da' I siP+ ; or, dividing by as, 

Ba' I +C<^ I a; -{-Da' I a^+ (3). 



This equation being also satisfied by any value for x, by making 
«=0, it becomes Ba'+Ab'=0. 



+Ab' 1 +By I +Cb' 



•=! 
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Whence B= ^, or B=-—X-^=—^. 

As this must be the value of B whatever may be that of x, we 
will suppress the first term Ba'+AV of the equation (3), which 
this value of B makes equal to zero, and divide by x ; it thus be- 
comes 

Ca'+Da! I x+Ea* I a:*+ . . . 
+Bb'-\-CI/ I +Db' I 

Making a;=0, there results 

Ca'+Bb'z=0. 

BV / ab\ V abf* 

Whence C== p-, or C=-( — ra)x-r=— tj-. 

a , \ a'v a or 

In the same way we should find 

J9a'+C6'=0, 

Whence Z>= p-, or Z>= — ;r-x — -r= ir 5 *"*<J so om 

It is easily perceived that any co-efficient is formed from that 

V 
which precedes it, by multiplymg by — p; therefore we have, 

a a db' ab'^ ah"" db'^ 



244. By reflecting upon the preceding reasoning, we perceive, 
that the fundamental principle of the method of indeterminate co- 
efficients, depends upon this, viz., token an equation of the form 
0=Jtf+iVar+Par»+Qar»+ . . . (ilf, iV, P, Q, . . . being independent 
of jc), is verified by any value of x whatever, each of the co-efficientB 
must necessarily be equal to 0. 

For since these co-efficients are independent of x, when they are 
determined by any particular hypothesis made with respect to a?, 
the values must answer for any value of x whatever. Now, mak- 
ing ar=0, we find ilf=0, and dividing the equation by a?, it reduces 
to 

O^iN+Px+Qx'^ ... 
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I 

making v=0 in this equation, it becomes N=0, and dividing the 
equati<xi hyXfii reduces to 0=P+Qa:+ . . • and so on. Hence we 
have 

jr=o, i>r=o, p=o, Q=o . . . ,- 

in this manner we obtain as many equations as there are co-effi* 
cients to be determined. 

This principle may be enunciated in another manner, viz. 

When an equation of the form 

a+hx+cx^+dx^+ . . . =a'+yj?+cV+d'j:*+ . . . 

is satisfied by any value given to a;, the terms involving the same 
powers in the two members are respectively equal ; for, by trans- 
posing all the terms into the second member, the equation will take 
the form 0=Jlf+Pa?4-Qar*+ . . . , whence 

nf— a=0, y— 5=0, c'— c=0 • . . . , 

and consequently, 

a'=a, y= J, c^=Lf d'=zd . . . •, • 

Every equation in which the terms are arranged with reference 
to a certain letter, and which is satisfied by any value which can be 
given to this letter, is called an identical equation, in order to distin- 
guiah it from a common equation, that is, an equation which can only 
be satisfied by giving particular values to this letter. 

245. The method of indeterminate co-efficients requires that we 
ahould know the form of the development, with reference to the ex- 
ponents of X, The development is generally supposed to be ar- 
ranged according to the ascending powers of x, commencing with 
the power a^ ; sometimes, however, this form is not exact ; in this 
case, the calculus detects the error in the supposition. 

For example, develop the expression ^^ . 

Suppose that -^^-^zzzA+Bx+Cx^+DsP^- . . . ., 
whence, by clearing the fraction, and arranging the terms. 
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whence (Art. 208), 

-1=0, 3^=0, 8S-il=0 

Now the first equation, —1=0, is absurd, and indicates that thd 

1 

above ibrm is not a suitable one for the expressicxi -r — -j ; bul 

if we put this expression under the form — X^ — t and supposo 
that 

— X^ =—(A+Bx+Cx'+Dx^+ . . . X 

X O — X X * 

it will become, after the reductions are made, 

which gives the equations 

3JL-1=0, 3J?-Ji=0, 3C-jB=0 . . ., 
• 1111 

whence ^=y> ^"^T' ^"^27' ^~81 * * * 

Therefore, 

1 1/11 1,1, V 

^=^=tIt+¥^+27^+81^ + • • -A 



3aj- 



1 111 



= T^^+T^*+27^+81^+ • • - 
that is, the development contams a term affected with a negative 
exponent. 

Recurring Series. 

246. The development of algebraic fractions by the method of 
indeterminate co-efficients, gives rise to certain series, called reeur- 
ring series. 

A recurring series is the development of a roHondl fraction invotpm 
ing X, made according to a fixed law, and containing the ascending 
powers of X in its different terms. 

31* 



«5a 
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It has been shown in Art. 2439 that the development of the ex. 

a . , a db' akl^ . aJP 

presston , , . , is the series -7 — j^a?-! 



-«»+. 



10 



a- a:' 

which each term is formed by multiplying that which precedes it 

This property is not peculiar to the proposed fraction ; it belongs 
to all rational algebraic fractions, and it consists in this, viz. : Every 
rational fracUan involving x, may he developed into a series of terms, 
each of which is equal to the algebraic sum of tlie products which 
arise from mtdtiplying certain terms of a particular expression^ by 
certain of the preceding terms of the series. 

The particular expression, from which any term of the series 
may be found, when the preceding terms are known, is called the 
scale of the series ; and that from which the co-efficient may be 
formed, the scale of the co-efficients. 

In the preceding series, the scale is j-Xy and the series is call- 

ed a recurring series of the first order, and ^ is the scale of the 

co-efficients. 

Let it be required to develop 
a-^-hx 



a+hx 



fl'+^'a;4-cV 



into a series. 



Assume / . ,. . .0 ^A+Bx+Ca^+Dx'+Ea^+ . . . 
a -f-c' X'\'Car 

Clearing the fraction and transposing, we have. 



SAa'+Ba' 
which gives the equations 



x+Ca! 


*»+Z>o' 


a?+Ea' 


+BV 


+CV 


+Db' 


+Ac: 


+Bc' 


•{■c<; 



«*+... 



Ati—a—df or A=- 



Ba'+AV- h 



-.0, or B=-^A+-^ 
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Caf+Bb'+Ac'=:0, or 0= tB — r-^ 

V e 
2>a'+Ci'+l?c'=0, or Dr=z^-^C^—B 

V d 
JSa'+Z>y+Cc'=0, or B^^-^—B jC. 



Whence we perceive that the two first co-efficients are not ob- 
tained by any law ; but commencing at the third, each co-efficient 
is formed by multiplying the two which precede it respectively by 

V d 
J and r, viz. that which immediately precedes the requir- 

V & 
ed co-efficient by - — 7-, that which precedes it two terms by ^, 

and taking the algebraic sum of the products. Hence, 

*'' d 



\ a! a!) 



is the scale of the co-efficients. 

From this law of the formation of the co-efficients, it follows that 
tlie third term of the series, Cs^ is equal to 

V d 
a! a' 
J/ d 

or rX,B X r«*.A. 

a! a 

In like manner, we have for Do^ 

V d 

h' c' 

or rX . C3?——r3^ . J5r. 

a a 

Hence, each term of the required series, commencing at the 
third, is obtained by multiplying the two terms which precede, re- 
spectively by 
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and taking the sum of the products : hence, this last cxpressicm is 
the scaU of the series. 

247. Recurring series are divided into orders, and the order is 
estimated by the number of terms contained in the scale. 

a 

Thus, the expressxcxi , ^ gives a recurring series of the first 

y 

order* the scale of which is r*. 

a' 

The expression /Vi/\, f^ ^^^ S^^^ ^ recurring series of tk 
second orders of which the scale will be 

The series obtained m the preceding Art. is of the second order. 
in genera], an expression of the form 

a+bx+ca^+ . . . kxT-^ 
a'+ya;+c'ar*+' . . . ifcV 

gives a recurrmg series of the n^ order, the scale of which is 

a a a f 

Remabk. It is here supposed that the degree of a; in the numeii. 
tor is less than it is in the denominator. If it was not, it would fin* 
be necessary to perform the division, arranging the quantities with 
reference to a;, which would give an entire quotient, plus a fraction 
similar to the above. 

. 1— a?— 8ic"+4a;3+a?» 
Thus, m the expression ^^^^^3^^^ . 

-B*+4aj3-3a;»-.a.4.1 ) — aj3+3ar»-5a?+2 



+7ar»— 8ar»4-a? 



) -a?3^3, 
) -a;-7 



+iaB«— 34a?+15. 
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Performing the division, wo find the quotient to be — «— 7, plua 
the fraction 

13a;2~34ar+15 15=34ar+13ar» 



\y or 



c,^+3x^'^5x+2' 2-5a:+3«2-«3 • 



CHAPTER VI. 

Continued Fractions, Exponential Qtiantities^ and 
Logarithms. 

248. Having given a fraction of the form -— > ^^ which the 

terms are large, and prime with respect to each other, we are una- 
ble to discover its precise value, either by inspection or by any 
mode of reduction yet explained. The manner of approximating 
to the value of such a fraction gives rise to a series of ioumbers, 
which taken together, form what is called a continued fraction. 

65 

249. If we take, for example, the fraction ——, and divide both 

i 4*/ 

its terms by the numerator 65, the value of the fraction will not 
be changed, and we shall have 

65 1 



or effectbg the division, 



149~ 
65 


"149' 
65 . 
1 


149" 


■"2+19 
65* 
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19 

Now, if we neglect the fractional part — of the denominator, 

we shall obtain — for the approximate value of the given fraction. 

But this value would be too large, since the denominator used was 
too small. 

19 

If, on the contrary, instead of neglecting the part — , we were 

to replace it by 1, the approximate value would be — -, which must 

be too small, since the denominator 3 is too large. Hence 

65 1 , 65 1 
-<— and -7Tr->-^, 



149 ^ 2 149 ^ 3 ' 

therefore the value of the fraction is comprised between — and -^. 
If we wish a nearer approximaticm, it is only necessary to ope- 
rate on the fraction -^z as we did on the given fraction , and 

DO ° 149 

we obtam 

19 1 



hence 



65 


3 + 


8 
19' 


65 


1 





149 2+1 



3+8 
19- 



8 
If now, we neglect the part — , the denominator 3 will be less 

1,(7 
1 

than the true denominatoi^ and — will be larger than the number 

which ought to be added to 2; hence, 1 divided by 2+-—- will be 
letfs than the value of the fraction : that is, if we reject the frac- 
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tkmal part after the second reduction, we shall have 

65 8 



149" 7 

If we wish to approximate still nearer to the value of the ffiven 
fraction, we find 

8_J 

8' 
and hy substituting this value, we have 

65 _ 1 

■i49"""2+l 



3+1 

2+3 
T 

3 

Now, if we neglect the fractional part — , after the third reduc* 

o 

tk)n, we see that 2 will be less than the real denominator ; hence 
will be larger than the number to be added to 3 : that is. 



2 



1 7 
8+—=— is too large ; hence 



2 

1 
"7~7 



12. 

=^— IS too small, and 



2 16 

2+—=— is too small; therefore 

1 7 

— =7r is too large, and hence 
Xo Id 

T 

65 1_ 

149 "^le" 

Now, as the same tram of reasoning may be pursued for the re* 
ductions which follow, and as all the results are independent of par- 
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ticular numbers, it follows that, if ve stop ai an odd reducdorif aad 
neglect the fractional part, the result wiU be too great ; but if we stop 
at an even reduction, and neglect the fractional part, the result toQl 
be too small. 

Making two more reductions, in the last example, we have, 

65 1 

149 ""2+1 



8+1 



2+1 



2+1 
1+J^ 
2. 
250. Let us take, as a general case, the continued fraction 
1 
^+1 



h+l 



c+l 



d+l 



/+, &c. 

Hence we see, that a continued fraction has for its numerator the 
unit 1, and for its denominator a whole number, plus a fraction which 
has I for its numerator and for its denominator a whole number phts 
a fraction, and so on, 

251. The fractions 

J^ 1 1 

a' a+1 a+1 



b' b+l^ 

c, &c* 
are called approximating fractions, because each affords, in succes. 
sion, a nearer value of the given fraction. 

Ill 

The fractions — , — , — , &c. are called integral fractions. 

When the continued fraction can be exactly expressed by a vulgar 
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fraction, as in the numerical examples already given, the integral frac- 
tions — , -r, — , &c. will terminate, and we shall obtain an expres- 
a o c 

sion for the exact value of the given fraction by taking them all. 

252. We will now explain the manner in which any approximat. 
ing fraction may be found from those which precede it. 

1 - 1 , .. . 

1. — = — 1st. app. fraction. 

1 h 

2. — - , = —TTT- 2d. app. fraction. 

a+1 ab+1 ^'^ 

T 

8. , = .,..,. . — 3d. app. fraction. ' 

a+1 {ab+l)C'{-a '^'^ 

T+l_ 

c 

By examining the third approximating fraction, we see, that its 
numerator is formed by multiplying the numerator of the preceding 
fraction by the denominator of the third integral fraction, and add, 
ing to the product the numerator of the first approximating frac- 
tion : and that the denominator is formed by multiplying the deno- 
minator of the last fraction by the denominator of the third integral 
fraction, and adding to the product the denominator of the first ap- 
proximating fractiop. 

We should infer, from analogy, that this law of formation is ge- 

P Q R 

neral. But to prove it rigorously, let •=;, ^, ■=;, be the three 

approximating fractions for which the law is already established. 
Since c is the denominator of the last integral fraction, we have 
from what has already been proved 

R Qc+P 

W Q'c+P' • 

Let us now add a new integral fraction -r- to those already re- 

23 
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5f ... 

duccd, and suppose -^ to express the 4th approximating fraction. 

R S 

It is plain that -^ will become -^r ^7 simply substituting for c, 

c4--r: hence, 

Hence we see that the fourth approximating fraction is deduced 
from the two immediately preceding it, in the same way that the 
third was deduced from the first and second ; and as any fraction 
may be deduced from the two immediately preceded in a similar 
manner, we conclude, that, the numerator of the n^ approinmaiing 
fraction is formed by multiplying the numerator of the preceding frac- 
Hon hy the denominator of the n^ integral fradion^ and adding to the 
product the numerator of the n— 2 fraction ; and the denominator w 
formed according to the same law, from the two preceding denondna' 
tors. 

S53. If we take the difference between any two of the consecu- 
tive approximating fractions, we shall find, afler reducing them to a 
common denominator, that the difference of their numerators will be 
equal to ±1; and the denominator of this difference will be the 
product of the denominators of the fractions. 

1 b 

Taking, for example, the consecutive fractions -^, and 

we have, 

1 h ah+l'-ah +1 



ab+l' 



and 



a ab+1 a{ab+l) a{ab+l)* 

b bc+l --1 

ab+l (aft+l)c+a~(a*+l)((ai+l)c+a)' 
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, P Q R 

To prove this property in a general manner, let '^y'^ifjii ^ 
three consecutive approximating fractions. Then 
P Q PQ'-RQ 



But 



Q R R'Q^RQ' 



Q R' Q'R 

But R=Qc+P and R'=zQ;c+P' (Art, 235). 

Substituting these values in the last equation, we have 

Q R ^ {Q'c+P[)Q^(Qc-^P)Q 
Q R' RQ! 



or reducing 



<2 R P'Q^PQ 



Q' R' R'Q: 

From which we see that the numerator of tlio difference 



p' q[ 



Q R! 

ts equal, with a contrary sign, to that of the difference 7^""^* 

That is, the difference between the numerators of any two consecutive 
approximating fractions, when reduced to a common denominator^ is 
the same with a contrary sign, as thai which exists between the last 
numerator and the numerator of the fraction immediately foUowingi 

But we have already seen that the difference of the numeratow 
^f the 1st and 2d fractions is equal to -f 1 ; also that the difference 
between the numerators of the 2d and 3d fractions is equal to — 1 ; 
hence the difference between the numerators of the 3d and 4th is 
equal to +1 ; and so on for the following fractions* 

Since the odd approximating fractions are all greater than the 
true value of the continued fraction, and the even ones all less (Art. 
249), it follows, that when a fraction of an even order is subtracted 
from one of an odd order, the difference should have a plus sign ; 
and on the contrary, it ought to have a minus sign, when one of 
an odd order is subtracted from one of an even» 
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254. It has already been shown (Art. 249), that each of the ap. 
proximating fractions corresponding to the odd numbers, exceeds the 
true value of the continued fraction ; while each of thctse corres- 
ponding to the even numbers is less than it. Hence, the difierence 
between any two consecutive fractions is greater than the difierence 
between either of them and the true value of the continued frac- 
tion. Therefore, stepping at the n'* fraction, the result will be true 
to within 1 divided by the denominator of the n** fraction, multipli- 
ed by the denominator of the fraction which follows. Thus, if Q! 
and R are the denominators of consecutive fractions, and we stop 
at the fraction whose denominator is Q', the result will be true to 

within 7v^. But since a, h, c, d^ &c. are entire numbers, the ^e- 

nominator B! will be greater than Q', and we shall have 

hence, if the result be true to within -^Tn it will certainly be true 

to within less than the larger quantity 

1 

that is, the approximate result which is obtained^ is true to toiihin 

'unity divided hy the square of the denominator of the last approxi- 

mating fraction that is employed. 

829 
If we take the fraction -^rr^ we have 
i 347 

829 1 

-=2+ 



347 ' 2-fl 



1+1 

-1+1 

3+J_ 
19- 
Here we have in the quotient the whole number 2, which may 
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either be set aside and added to the 'fractional part after its vaYutf 
shall have been found, or we may place 1 under it for a denomina* 
tor and treat it as an approximating fraction. 

Of Exponential Quantities. 

Resolution of the Equation (f=h. 

255. The object of this question is, to find the exponent of the 
power to which it is necessary to raise a given number a, in ordetf 
to produce another given number &. 

Suppose it is required to resolve the equation 2*= 64. By raT«* 
ing 2 to its different powers, we find that 2^=64 ; hence x^^ will 
satisfy the conditions of the equation. 

Again, let there be the equation 3'= 243, The solution is x:=z}^. 
In fact, so long as the second member 3 is a perfect power of the 
given number a, x will be an entire number which may be obtained 
by raising a to its successive powers, commencing at the first* 

Suppose it were required to resolve the equation 2'=6. By 
making x=2, and a:=3, we find 2*= 4 and 2^=8 : from which w0 
perceive that x has a value comprised between 2 and 3. 

Suppose then, that a;=2+— , in which case a?'>l. 

Substituting this value in the proposed equation, it become^ 
» » ±3 



2''*''=6 or 2^X2 "=6; hence 2*^=—, 



3 



or ( — ] =2, by changing the members, and raisuig both to tha 

if power. 

To determine «', make successively a/r=l and 2; we find 

/3v»3 /3\*9 

I — j =— less than 2, and ( — j =-T"f which is greater than 2 ^ 

therefore tf is comprised between 1 and 2. 

Suppose a?'=l-|--^, in which a/'>l. 
23* 
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By 8ulwtituting this value in the equation l—j =2 

(8\i+-L 3 /3»\± 

/ 4 \"' 3 

[y) ="2^ by reducing. 

4 

The two hypotheses af'=l and a/'=2, give — which is less than 

3 /4\* 16 7 3 

— , and I—) =='^=1+~q' which is greater than — ; therefore 

ff' is comprised between 1 and 2. 
Let «"=1+--^, there will result 

/4\,i^-L 3 4 /4\-L 3 

/ 9 x"" 4 
•whence (—1 =-g- by reducing. 

Making successively a;"'=l, 2, 3, we find for the two last hypo- 
/9\« 81 17 ,. , . 1 • 

theses [^j '^eT^^'^ei' ^ ^^+"3"^ ^ 

/ 9 \» 729 217 , . , . 1 , ^ 

\W) ~Ti2'~^"^"612"* ^ '^^+"3'' ^^®'®^^^® *"' ^s ^<^- 

prised between 2 and 3. 

Le| 3^"= 2+-—, the equation involving a;'" becomes 

/9\ ^^ 4 81/9\^^ 4 

(tJ =T''^'64VT) =""3' 

/ 256 \ .^^ 9 
and consequently ^"243"/ ~T' 

Operating upon this exponential equation in the same manner 
as upon the preceding equations, we shall find two entire num- 



EXFONEHTIAL QUANTITIES. 27 1 

bers k and A:+l, between which co^ will be comprised. Making 

afy=zk-{ — , x^ can be determined in the same manner as aP, and 
x^ 

so on. 

Making the necessary substitutions in the equations 

we obtain the value of x under the form of a continued fraction 
1 



a?=2+ 



1 
1+- 



1 

1+- 



1 

2+ 



Hence we find the first three approximating fractions to be, 
113 

T' 2"' T\ 

and the fourth is equal to 

3x2+1 7 , 
-53^2+2 =13 (^^- 2^^)' • 

which is the value of the fractional part to withm 
1 1 

(12/ ""'' "144 (^"^^ ^^'^)- 

7 31 . 1 

Therefore «= 2+—=— to within -Trr-f and if a greater de- 

gree of exactness is required, we must take a greater number of 
integral fractions. 

EXAMPLES. 

8* = 15 a? = 2,46 to within 0,01. 

10« = 3 a? = 0,477 0,001. 

2 
6* = — X =- 0,25 0,01. 
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Theory of Logarithms, 
256. If we suppose a to preserve the same value in the equation 

and y to be replaced by all possible positive numbers, it is plain that 
X will undergo changes corresponding to those made in y. Now, 
by the method explained in the last Article, we can determine fi>r 
each value of y^ the corresponding value of x, either exactly or ap- 
proximatively. 

First suppose a>l. 

Making in succession x =0, 1, 2, 3* 4, 5,... dsc. 

there will result y=a'=l, a, a*, a', a*, a% . . • &c. 

hence, et>€ry value of y greater than uniiy^ is produced hy the pow 
ers of a, the exponents (f tohich are positive numbers^ entire orjirac- 
tional ; and the values of y increase with x. 

Make now a? =0, —1, —2, —3, —4, —5, . . . &c. 

there will result y=a''=l, — , — 5, —r, — r, --7, . . . dz;c. 
^ a a* a" a* a* 

hence, every value of y Ze^ than unity^ is produced hy the powers of 
a, of which the exponents are negative ; and the value of y dtrnin- 
ishes as the value of x increases negatively* 

Suppose a<l or equal to the proper fraction — . 

Making a;=0, 1, 2, 3, 4, . . . &c« 

/1\« 1 1 1 1 

we find . . . y=VW =1' "^t ^» ^' ^» • • • ^®' 

Making a?=0, —1, —2, —3, —4, 

we obtain . . y='\^) =1' ^'» ^'*» ^'^» "'*» • • • ^^* 
That is, in the hypothesis a<l, all numbers are formed with 
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the different powers of a, in the inverse order of that in which they 
are formed when we suppose a>l. 

Hence, every possible positive number can be formed with any con^ 
slant positive number whatever, by raising it to suitable powers. 

Remark. The number a must always be different from unity, 
because all the powers of 1 are equal to 1, 

257. By conceiving that a table has been formed, containing in 
one colunrm, every entire number, and in another, the exponents of 
the powers to which it is necessary to raise an invariable number, to 
form all these numbers, an idea will be had of a table of logarithms. 
Hence, 

The logarithm of a number, is the exponent of the power to which 
it is necessary to raise a certain invariable number, in order to pro- 
duce the first number. 

Any number, except 1, may be taken for the invariable number ; 
but when once chosen, it must remain the same for the formation of 
all numbers, and it is called the base of the system of logarithms. 

Whatever the base of the system may be, its logarithm is unity, 
and the logarithm of 1 is 0, 

For, let a be the base : then 

1st, we have a*=a, whence log a=l. 
2d, a^=l, whence log 1=0. 

The word logarithm is commonly denoted by the first three lettera 
log, or simply by the first letter Z. 

We will now show some of the advantages of tables of logarithms 
in making numerical calculations. 

Multiplication and Division. 

258. Let a be the base of a system of logarithms, and sup^iose 
the table to be calculated. Let it bo required to multiply together 
a series of numbers by means of their logarithms. Denote the num. 
bers by y, i/, y", y . . . &c., and their corresponding logarithms 
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by «, a/, a?", «"', &c. Thai by definition (Art. 257), we have 

Multiplying these equations together, member by member, and 
applying the rule for the exponents, we have 

tf^+'"+^" . . . ^yj/y'Y' or 

a?+x'+x"+ar"' . • . =logy+ logy'+ logy'+ logy"' . . • 

= log. yi/rr\ 

that is, the sum of the logarithms of any number of factors is e^pud 
to the logarithm of the product of those factors. 

259. Suppose it were required to divide one number by another* 
Let j^ and y denote the numbers, and x and ixf their logarithms. 
We have the equations 

a'=y and al''=y^ ; 

y 
hence by division a*~''=-T, 

y 
or a— «'= log y— log 3^= log -^, 

that is, the difference between the logarithm of the dividend and the 
logarithm of the divisor, is equal to the logarithm of the quotient. 

Consequences of these properties. A multiplication can be per- 
formed by taking the logarithms of the two factors from the tables> 
and adding them together ; this will give the logarithm of the pro- 
duct. Then finding this new logarithm in the tables, and taking 
the number which corresponds to it, we shall obtain the required pro- 
duct. Therefore, by a simple addition, we find the result of a mul' 
tipUcatim* 

In like manner, when one number is to be divided by another, 
subtract the logarithm of the divisor from that of the dividend, then 
find the number corresponding to this difference ; this will be the 
required quotient. Therefore, by a simple suUracUon, we obtain tie 
quotient of a division. 
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Formation of Powers and Extraction of Roots. 

260. Let it be required to raise a number y to any power de- 

acted by — . If a denotes the base of the system, and x the loga- 
n 

rithm of y^ we shall have 

a'=^y or y=a', 

m 
whence, raising both members to the power — , 

m m 

Therefore, log y " = — . x=z — . log y, 

that is, if the logarithm of any number he multiplied hy the exponent 
of Hie power to which the number is to he raised, the product wiU he 
equal to the logarithm of that power. 

A-s a particular case, take n=l ; there will result w. Iogy=r 
log f/^ ; an equation which is susceptible of the above enunciaticHi* 

26 !• Suppose, in the first equation, m=l ; there will resjilt 

— log y=z log y» = log Vy , 

that is, the logarithm of any root of a number is obtained hy dimd* 
ing the logarithm of the number by the index ff the root. 

Consequence, To form any power of a number, take the loga. 
rithm of this number from the tables, multiply it by the exponent 
of the power ; then the number corresponding to this product will 
be the required power. 

In like manner, to extract the root of a number, divide the loga. 
rithm of the proposed number by the index of the root, then the 
number corresponding to the quotient will be the required root. 
Therefore, hy a simple multiplication^ we can raise a quantity to a 
power, and extract its root hy a simple division* 
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263* The propertiea just demonstrated are independent of any 
system of logarithms ; but the consequences which have been de- 
duced from them, that is, the use that may be made of them in nu- 
merical calculations, supposes the constniction of a table, contain- 
ing all the numbers in one column, and the logarithms of these num- 
bers in another, calculated from a given base. Now, in calculating 
this table, it is necessary, in considering the equation ii'=y9 to make 
y pass through all possible states of magnitude, and determine the 
value of X corresponding to each of the values of y, by the method 
of Art. 265. 

The tables in common use, are those of which the base is 10 
and their construction is reduced to the resolution of the equation 
10*=y. Making in this equation, y successively equal to the series 
of natural numbers, 1, 2, 3, 4, 5, 6, 7 . . ., we have to resolve the 
equations 

10'=1, 10'=2, 10'=3, 10'=4 . . . 

We will moreover observe, that it is only necessary to calculate 
directly, by the method of Art. 255, the logarithms of the prime 
numbers 1, 2, 3, 5, 7, 11, 13, 17 ... ; for as all the other entire 
numbers result from the multiplication of these factors, their loga- 
rithms may be obtained by the addition of the logarithms of the 
prime numbers (Art. 258). 

Thus, since 6 can be decomposed into 2x3, we have 
log 6= log 2+ log 3 ; 
in like manner, 24=2^x3; hence log 24=3 log 2+ log 3. 
Again, 360=23X3^X5; hence 

log 360=3 log 2+2 log 3+ log 6. 

It is only necessary to place the logarithms of the entire num- 
bars in the tables ; for, by the property of division (Art. 259), we 
obtain the logarithm of a fraction by subtracting the logarithm of 
the divisor from that of the dividend. 
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263. Resuming the equation 10'=j^, if we make 

a?=0, 1, 2, 3, 4, 5, . . .^ n-1, ». 

we have 

y=l, 10, 100,1000, 10000,100000,... 10^, 10". 
And making 

a?=0, — 1, -2,-3, -4, -5, . . . -(n— 1), -». 
we have 



2/=l» t;^' 



10' 100' 1000' 10000' 100000' • • • 10»-»' 10- • 

From which we see that, the logarithm of a whole number toUl he- 
come the logarithm of a corresponding decimal by changing its sign 
from plus to minus. 

264. Resume the equation a'=y, in which we will fiTSt suppose 

a>l. 
Then, if we make y=l we shall have 

a*=l. 

If we make y<l we shall have 

1 
a-'=:y or — =y<l. 

If now, y diminishes x will increase, and when y becomes 0, we 

have a''=— =0 or a'^ qd (Art. 112) ; but no finite power of a 

is infinite, hence a; = oo : and therefore, the logarithm of in a sys- 
tem of which the base is greater than unity ^ is an infinite number and 
negative. 

265. Again take the equation a'^y^ and suppose the base a<l* 
Then making, as before, y=l, we have a"=l. 

If we make y less than 1 we shall have 

a'=y<l. 

Now, if we diminish y^ x will increase ; for since a<l its powers 
will diminish as the exponent x increases, and when y=^^ x must 

34 
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be infinite, for no finite power of a fraction is 0. Hence, the logo- 
rkhm of in a system of which the hose is less than unity ^ is an in- 
finite number^ and positive. 

Logarithmic and Exponential Series. 

266. The method of resolving the equation a'=h, explained in 
Art. 255, is sufficient to give an idea of the construction of loga- 
rithmic tables ; but this method is very laborious when we wish to 
approxunate very near the value of x. Analysts have discovered 
much more expeditious methods for constructing new tables, or for 
verifying those already calculated. These methods consist in the 
development of logarithms into series. 

Taking again the equation a'=y, it is propased to develop the 
logarithm of y into a series involving the powers of y, and co-eflfi- 
cients independent of y. 

It is evident, that the same number y will have a different loga- 
rithm in different systems ; hence the log y, will depend for its 
value, 1st. on the value of y ; and 2dly, on a, the base o^ the sys- 
tem of logarithms. Hence the development must contain yy or some 
quantity dependent on it, and some quantity dependent on the base a. 

To find the form of this development, we will assume 

log y=A+By+Cy'+Df+, &;c., 

in which A, B, C, dec. are independent of y, and dependent on the 
base a. 

Now, if we make y=0, the log y becomes infinite, and is either 
negative or positive according as the base a is greater or less than 
unity (Arts. 264 & 265), But the second member under this sup- 
position, reduces to A, a finite number : hence the development can- 
not be made under that form. 

Again, assume 

logy=Ay+Bf+Cf+D^+, &c. 

r 

If we make y=0, we have 

logy=±oo =0, 
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which is absurd, and hence the development cannot be made under 
the last form. Hence we conclude that, the logarithm of a number 
cannot be developed in the powers of that number. 

Let us now place for y, 1 +y, and we shall have 

log 0-+y)=Ay+Bf+Cf+Dy*+ &c. . . * (1), 
making y=0, the equation is reduced to log 1=0, which does not 
present any absurdity. 

In order to determine the co-efficients A, B, C • . ,^ we will fol- 
low the process of Art. 243. Substituting z for y, the equation 
becomes 

log {l+z)=iAz+B:^+Cz^+Dz*+ . . . (2). 

Subtracting the equation (2) fronf (1), we obtain 

log(l+y)-log(l+z)=A{t,-z)+B{f^2^)+C{f^^+ . • .(3). 

The second member of this equation is divisible by y^-z ; we will 
see, if we can by any artifice, put the first under such a form that it 
shall also be divisible by y^-z. 

We have, log (1+y)- log (!+«)= log^=log(l+g-) ; 

y — ^ 
but since j-— can be regarded as a single number u, we can de- 

(y — ^\ 
l-f J, in the same manner as . • • •". 

log (l+y)> which gives 

Substituting this development for log (l+y)— log(l+«) in the 
equation (3), and dividing both members by y— 2, it becomes 



-•l+z^-^^l+zf^ {1+zf 

=A-yBiy+z)+C(f+yz+!^)+ . . . 

Since this equation, like the preceding, must he verified by ail 
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Ttbai of y and 2, make y^zz, and there will result 

-A^=A+2By+dCy'+U)f+bE^+ . . . 
Whencei clearing the fraction, and transposing 

Putting the co-efficients of the different powers of y equal to 
seiO| we ohtain the series of equations 

-A-.il=0, 25+^4=0, 8C+2B=0, 41>+3C=0 • . • ; 

whence 

^^^A 2B A 2C A 

The law of the series is evident ; the co-efficient of the n^* term 

A 

is equal to zp — , according as n is even or odd ; hence we shall ob- 

tarn for the development of log (1+y), 

AAA 
log (i+y)=^y- yy^+ysr*— ^y ... 

If we substitute —y for y,. we shall have 

\ogil-y)=A(-y-^-^-^+ &c.) (5). 

Hence, although the logarithm of a number cannot be developed 
m the powers of that number, yet it may he developed in the powers 
cf a number differing from it by unity. 

By the above method of development, the co-efficients B^ C, 2>, 
JS, &c. have all been determined in functions of A ; but the rela- 
tion between A and the base of the system is yet undetermined. 

The number A is called the modulus of the system of logarithms 
in which the log (1+y), or log (1— y), is taken. Hence, 
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The modulus of a system of logarithms depends for its value on 
the hose, and if a certain function of any number he muUipUed by ii^ 
the product will he the logarithm^ of that numher augmented hy unity. 

267- If we take the logarithm of 1 +y in a new system, and de- 
note it by l'{l+y), we shall have 

V{l+y)=A'(y-^+^-^+^- &o.) (6) 

in which A' is the modulus of the new system. 

If we suppose y to have the same value as in equation (4), we 
shall have 

V{l+y) : l(l+y) : : A' : ^ 

for, since the series in the second members are the same they may 
be omitted. Therefore, 

The logarithms of the same numher, taken in two different systems^ 
are to each other as the moduli of those systems. 

268. If we make tlie modulus A'=l, the system of logarithms 
which results is called the Naperian System. This was the first 
system known, and was invented by Baron Napier, a Scotch Ma- 
thematician. 

With this modification the proportion above becomes 

V{l+y):\{l+y)::l.:A 

or A.r(i+y)=i(i+y). 

Hence we seq that, the Naperian logarithm of any numher^ mid' 
Uplied by the modulus of another system, mU give for a product the 
logarithm of the same number in that system. 

269. Again, A .l\l+y)=±\{l+y) gives 

That is, the logarithm of any number divided by the modulus of the 

system, is e^ual to the Naperian logarithm of ike same nwnber. 

24* 
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870, If we take the Naperian logarithm and make y=lf equa- 
lion (6) becomes 

1 1 J 1 

a series which does not converge rapidly, and in which it would be 
necessary to take a great number of temis for a near approxima- 
tion. In general* this series will not serve for determining the loga- 
rithms of entire numbers, since for every number greater than 2 
we should obtain a series in which the terms would go on inci-easing 
continually. 

The following are the principal transformations for converting the 
above series into converging series, for the purpose of obtaining the 
logarithms of entire numbers, jwhich are the only logarithms placed 
in the tables. 

First TrarisformaHon. 

Taking the Naperian logarithm in equation (6), making yz=i — , 

X 

and observing that 

V^l+—'^=:V{l+z)~'l% it becomes 

This series becomes more converging as z increases ; besides the 
first member of this equation expresses the difierence between two 
consecutive logarithms. 

Making z=lf 2, 3, 4, 5, &c. we have 
1111 
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r4-^i'3= 



3 18 ' 81 324 



^'® ^'^ 4 32*^192 1024' 

The first series will give the logarithm of 2 ; the second series 
will give the logarithm of 3 by means of the logarithm of 2 ; the 
third, the logarithm of 4, in functions of the logarithm of 3 . . . &c. 
The degree of approximation can be estimated, since the series are 
composed of terms alternately positive and negative (Art. 239). 

Second Transformation. 

A much more converging series is obtained in the following man- 
ner. 

In the series 

a:^ a^ a^ 
\Xl+x)^x--+---+ . . . 

substitute —a; for a; ; and it becomes 

ic^ aP a?* 

Subtracting the second series from the first, observing that 
r(l.|-a7)--r(l~a;)=rY~^, we obtain 
1+a: / aP x^ x^ sxP \ 

This series will not converge very rapidly unle^ x is a very 

1+a? 

small fraction, in which case, will be greater than unity, but 

1 — X 

will differ very little from it. 

Take =1 H — , z being an entire number ; 

1— a; %' P 

we have (l+a?)»=(l— «)(»+!) : whence a?=s '-. 



264 MiOEBRA. ^ 

Hence the preceding series becomes V(l-^ j or 

l'(«+l)-l'«=2(^+3^iy + 5(2iW'^ • ' •) 
This series also gives the difierence between two consecutive 
logarithms, but it converges much more rapidly than the series (7). 
Making successively 2=1, 2, 3, 4, 5 . . ., we find 

/I 1 1 1 \ 

l'3_l'2=2(i-+3L-+^+y^+ • • •). 
I'4-l'3=2(l+3^3+^,+^+ . . .), , 
l'5-l'4=2(i-+3i^+^+^....). 



Let 2;= 100 ; there will result 

noi=l'100+2(^+5^+^+ . . .) ; 

whence we see, that knowing the logarithm of 100, the first term 
of the series is sufficient for obtaining that of 101 to seven places 
of decimals. 

The Naperian logarithm of 10 may be deduced from the first and 
fourth of the above equations, by simply adding the logarithnn of 2 
to that of 5 (Art. 258). This number has been calculated with 
great exactness, and is 2,302585093. 

There are formulas more converging than the above, which serVe 
to obtain logarithms in functions of others already known, but the 
preceding are sufficient to give an idea of the facility with which 
tables may be constructed. We may now suppose the Naperian 
logarithms of all numbers to be known* 
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271. We have already observed that the base of the common 
system of logarithms is 10 (Art. 262). We will now find its 
modulus. 

r(l+y) : \{l+y) ::l:A (Art. 267), 

If we make 5^=9, we shall have 

no : 110 : : 1 : ^. 

But the ri0=2,302585093 • . . and 110=1 (Art. 262); hence 

^= o onoRQRnoQ =0,434294482 the modulus of the common sys- 

tem. 

If now, we multiply the Naperian logarithms before found, by 
this modulus, we shall obtain a table of common logarithms 
(Art. 268). 

272. All that now remains to be done is to find the base of the 
Naperian system. If we designate that base by e, we shall have 
(Art. 267), 

re : l6 : : 1 : 0,434294482. 

But l'6=l (Art. 257) : hence 

1 :l6: : 1 : 0,434294482, 

or le=0,434294482. 

But as we have already explained the method of calculating the 
common tables, we may use them to find the number whose loga- 
rithm is 0,434294482, which we shall find to be 2,718281828 : 
hence 

6=2,718281828. 

We see from the last equation but one that, the modulus of the 
common system is equal to the common logarithm of the Naperian 
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CHAPTER VII. ' 
General Theory of Equations. 

273. The most celebrated analysts have tried to resolve equa- 
tions of any degifee whatever, but hitherto their efibrts have been 
unsuccessful with respect to equations of a higher degree than 
the fourth. However, their investigations on this subject have 
conducted them to some properties common to equations of every 
degree, which they have since used, either to resolve certain 
classes of equations, or to reduce the resolution of a given equa- 
tion to that of one more simple. In this chapter it is proposed to 
make known these properties, and their use in facilitating the 
resolution of equations. 

274. The development of the properties relating to equations of 
every degree, leads to the consideration of polynomials of a par- 
ticular nature, and entirely different from those considered in the 
first chapter. These are, expressions of the form 

Aaj"'+Ba:«-i+Ca^-2+ . . . +Ta?+U, 

in which m is b. positive whole number; but the co-efficients 
A, B, C, . •. . T, U, denote any quantities whatever, that is, entire 
or fractional quantities, commensurable or incommensurable. Now, 
in algebraic division, as explained in Chapter I, the object was 
this, viz : given two polynomials entire, with reference to all the 
letters and particular numbers involved in them, to find a third 
polynomial of the same kind, which, multiplied by the second^ would 
produce the first. 

But when we have two polynomials, 

Aa?*"+Bir'"-i+Ca^~^+ . . . +TaJ+U, 

which are necessarily entire only with respect to a?, and in which 
the co-efficients A, B, C . . ., A', B', C . . ., may be any quantities 
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whatever it may be proposed to find a third polynomial, of the same 
form and nature as the two preceding, which multiplied hy the second, 
will rC'produce the first. 

The process for effecting this division is analogous to that for 
common division ; but there is this difference, viz. : In this last, the 
first term of each partial dividend must he exactly divisible hy tlie 
first term of the divisor ; whereas, in the new kind of division, we 
divide the first term of each partial dividend, that is, the part affect- 
ed with the highest power of the principal letter, by the first term of 
the divisor, whether the co-efficient of the corresponding partial 
quotient is entire or fractional ; and the operation is continued until 
a qtwtient is obtained, which, multiplied by the divisor, vnll cancel the 
last partial dividend, in which case the division is said to be exact ; 
or, until a remainder is obtained, of a degree less than that of tlie- 
divisor, with reference to the principal letter, in which case the di- 
vision is considered impossible, since by continuing the operation, 
quotients would be obtained containing the principal letter affected 
with negative exponents, or this same letter in the denominator of 
them, which would be contrary to the nature of the question, which 
]'equires that the quotient should be of the same form as the pro- 
j>osed polynomials. 

275. To distinguish polynomials which are entire with reference 
to a letter, x for example, but the co-efficients of which are any 
quantities whatever, from ordinary polynomials, that is, from poly, 
nomials which are entire with reference to all the letters and parti- 
cular numbers involved in them, it has been agreed to call the first 
entire functions of x, and the second, rational and entire polyno* 
mials. 

General Properties of Equations. 

276. Every complete equation of the m^ degree, m being a po- 
iitive whole number, may, by the transposition of terms, and by 
ibe division of both members by the co-efficient of sT, be put under 
the form 
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P, Q, R . . • T, U, being co-efficients taken in the most general al- 
gebraic sense. 

Any expression, whatever the nature of it may be, that is, numeri- 
cal or algebraic, real or imaginary, which, siibstituted in place of x 
in the equation, renders its first memher equal to 0, is called a root of 
this equation, 

278. As every equation may be considered as the algebraic trans- 
lation of the relations which exist between the given and unknown 
quantities of a problem, we are naturally led to this principle, viz. 
EVEBT EQUATION has at IcoM onc root Indeed, the conditions of 
the enunciation may be incompatible, but then we must suppose 
that we shall be warned of it by some symbol of absurdity, such as a 
formula, containing as a necessary operation, the extraction of an 
even root of a negative quantity ; yet there will still exist an ex- 
pression which, substituted for x in the equation, will satisfy it. We 
will admit this principle, which we shall have occasion to verify here- 
after for most equations. 

The following proposition may be regardecf as the fundamental 
property of the theory of equations. 

First Property 

278. If di is a root of the equation 

jr+?3r-^-\-Q3^-^+ . . . Ta?+U=0, 

the first member of it is divisible by x—a; and reciprocally, if a 
factor of the form x— a, wUl divide the first member of the proposed 
equation, slis a root of it. 

For, perform the division, and see what takes place when the ope- 
ration is continued until the exponent of a;, in the first term of the 
dividend, becomes 0. 
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This operation is of the nature of that spoken of in Art. 274, 
since a, P, Q, . . • are any quantities whatever. 
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By reflecting a little upon the manner in which the partial quo- 
tients are obtained, we shall first discover from analogy, and after- 
wards by a method employed several times (Arts. 59 & 127), a law 
of formation for the co-efficients of these quotients ; and we may 
conclude, 1st. that there will be m partial quotients, 2d. that the co- 
efficient of the m!^ quotient, that is of a^, must be 

ar-^+?ar-^+Qa^+ . . . +T, 

T being the co-efficient of the last term but one of t)ie proposed 
equation. 

Hence, by multiplying the divisor by this quotient, and reducing 
it with the dividend, we obtain for a remainder 

a*+Pa'»-»+Qflr-«+ . a a +Ta+U. 

Now, by hypothesis^ a is a root of the equation ; hence, this re- 
nuujuter is nothing, since it is nothing more than the result of the sub- 
stitution of a for X in the equation ; iherefore the dvviHon is exact. 

Reciprocally, if a;— a is an exact divisor of a5*+Paj*^*+ • . .,th6 
remainder a»+Pa*-*^+ ... will be nothing ; therefore (Art. 276), 
a is a root of the equation. 

279. From this it results that, in order to discover whether a bi- 
immial of the form x^a 4b an exact divisor of a polynomial involv- 

26 
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iDg Xf it will be anifficirat to see if the result of the substitution of a 
for c, is equal to 0. 

To ascertain whether a is a root of a polynomial involving' Xt 
which is placed equal to 0, it will be sufficient to try the division of 
it by x—a. If it is exact, we may be certain that a is a root of the 
equation. 

280. Rehaxk. By inspecting the quotient of the division in Art. 
378y we perceive the following law for the co-efficients : Each co» 
^eierU is obtained by muUiplying that which precedes it by the root 
a, and adding ta the product that co^efficumt of the proposed equation 
which occupies the same rank as that which we wish to obtain in the 
qwOient. 

Thus, the co-efficient of the 3d term, a'+Pa+Q, is equal to 
(a+P)a+Q, or to the product of the preceding co-efficient a+P, 
by the root a, augmented by the co-efficient Q of the 3d term of the 
proposed equation. 

The co-efficient of the 4th term is 

(a?»+Pa+Q)a+R, or a'+Po^+Qa+R. 

This law should be remembered. 

Second Property. 

281. Every equation involving but one unknown quantity^ has as 
many roots as there are units in the exponent of its degree, and no 
more. 

Let the proposed equation be 

>+P««-*+Qa^»+ . . . +Ta;4-U=:0. 
Since every equation has at least one root (Art. 277), if we de- 
note that root by a, the first member will be divisible by x — a, and 
we shall have the identical equation 

ar+?(xf^^+ . . . =(a;-a) (aj'»-»+P'ar-«+ ...)... (1). 

But by supposing 

a:"»-»+P'a7'»-a+ ... =0, 

we obtam an equation which has at least one root. 
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Denote this root by h^ we have (Art. 278), 

Substituting the 2d member for its value, in equation (1), and we 
have, 
af»+Paj-»+ . . . =:(aj-a) (x-J) (a?^+P"«^+ ...)••• (2). 

Reasoning upon the polynomial af"'*+P"aJ*^+ ... as upon the 
preceding polynomial, we have 

af--»+P"af^5+ . . . ={x-c) (aJ^+P'"**-*+ • • •)» 
and by substitution 
ar+Paj«-»+ . • . =(aj-a) {x^h) (aj-c) {3r^+ ...)... (3). 

Observe that for each indicated factor of the first degree with 
reference to a?, the degree of a; in the polynomial is diminished by 
unity ; therefore, after m— 2 factors of the first degree have been 
divided out, the exponent of x will be reduced to ^— (fli— 2), or 2 ; 
that is, we shall obtain a polynomial of the second degree with refe- 
rence to a?, which can be decomposed into the product of two factors 
of the first degree, (a?— A:) {x—l) (Art. 142). Now, as the m— 2 
factors of the first degree have already been indicated, it follows 
that we have the identical equation, 

aj~+Par-*+ • . . ^[x—a) (a;— 5) {x-^c) . . . (a?— ]k) (a?— Z). 

From which we see, that the first member of the proposed equa- 
Hon is decomposed into m factors of the first degree. • 

As there is a root corresponding to each divisor of the first de- 
gree (Art. 278), it follows that the m factors of the first degree 
a;— a, a;--5, x—c . . ., give the m roots a, ^, c • . . for the proposed 
equation. 

' Hence, the equation can have no other roots than a, ft, c ... it, 2^ 
since if it had a root a, different from a, ft, c ... Z, it would follow 
that it would have a divisor x-^a^ difierent from c— a, a?— ft, 
x—c . . . aj— Z, which is impossible. 

Finally, every equatum of the m^ degree has m ro<as^ and can 
have no more. 
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282. There are some equations in which the number of roots is 
apparently less than the number of units in the exponent of their 
degree. They are those in which the first member is the product 
of equal factors, such as the equation 

(«-a)*(«-i)»(«-c)»(ir-d)=0, 

which has hut four different roots, although it is of the 10th degree. 

It is evident that no quantity a, different from a, by c, d^ can veri- 
fy it ; for if it had this root a, the first member would be divisible 
by «— Oy which is impossible. 

But this is no reason why the proposed equation should not have 
ten roots, /our of which are equal to a, three equal to b\ two equal 
to c, and one equal to d. 

283. Consequence of the second property. 

The first member of every equation of the m** degree, having « 
divisors pf the first degree, of the form 

x—a, x—h, x^c, . . . x—ky a?— Z, 

if we multiply these divisors together, tiDO and two, three and 
three . . ., we shall obtain as many divisors of the second, third, <fec., 
degree with reference to x, as we can form different combinations of 
m quantities, taken two and two, three and three, &c. Now the 
number of these combinations is expressed by 

m— 1 m— 2 
m • — o— > ^ • "-Q— • • • (Art. 201). 

•n 1 

Thus, the proposed equation has m . — - — divisors of the se- 

m— 1 m— 2 J 

cond degree, m . — - — . — - — divisors of the third degree, ana 

soon. 

Composition of Equations. 

284. If in the identical equation 

ar+Paf^»+ . . . ={x^a) (x^h) (ar-c) . . . («—!), 
we perform the multiplication of four factors, we have 
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i*-a 


a?+ai 


a?—dbc 


x+abcd^ 


-h 


+ac 


-ahd 




—c 


+ad 


—acd 




-d 


+bc 


-bed 


( 


+hd 


^ 1 




+cd 




J 



^=0. 



If we perform the multiplication of the m factors of the second 
member, and compare the terms of the two members, we shall find 
the following relations between the co-efficients P, Q, R, • • • T, U, 
and the roots a, 3, c, • • • A:, 4 of the proposed e^uationi viz. 

— a— 5— c . . . — it— Z=P, or a+h+c+ . . . +A:+Z=— P; 
ab+ac+ . . . +ifcZ=Q 

—dbc^abd . . . — iA:Z=R, or obc+aM +tfcZ=— R • 



±:abcd . . . kl=Uf or ahcd • • . H==bU. 

The double sign has been placed in the last relation, because the 
product — ax --^X — c • . . X — ^ will be plus or minus according 
as the degree of the equation is even or odd* 

Hence, 1st. The algebraic sum of the roots, taken with contrary 
signs, is equal to the co-efficient of the second term ; or, the alge- 
braic sum of the roots themselves, is equal to the co-efficient of the 
second term taken with a contrary sign, 

2d. The sum of the products of the roots taken two and two^ 
with their respective signs, is equal to the co-efficient of the third 
term« 

The sum pf the products of the roots taken three and three with 
their signs changed, is equal to the co-efficient of the fourth term ; or 
the coefficient of the fourth term, taken with a contrary sign, is 
equal to the sum of the products of the roots taken three and three; 
and 80 on. 

Finally, the product of all the roots, is equal to the last term ; 

that is, the product of all the roots, taken with their respective mgpa, 

25* 
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18 equal to the last term of the equation, taken with its sign, 
when the equation is of an even degree, and with a contrary sign, 
when the equation is of an odd degree. If one of the roots is equal 
to 0, the absolute term wiU be 0. 

The properties demonstrated (Art. 142), with respect to equa- 
tions of the second degree, are only particular cases of the above. 
The last term, taken with its sign, is equal to the product of the 
roots themselves, because the equation is of an even degree. 



Remarks on the Ghreatest Common Divisor, 

285. It has been observed in (Art. 66.) that the greatest com- 
mon divisor of two polynomials, is the greatest polynomial, with 
reference to the exponents and co-efficients, that will exactly di- 
vide the proposed polynomials. 

If two polynomials be divided by their greatest common divisor, 
the quotients will be prime with respect to each other ; that is, they 
will no longer contain a common fa^ctor. 

For, let A and B be the given polynomials, D their greatest 
common divisor. A' and B' the quotients after division. Then 

^=A' .nd |=B' 
or, A=A'xD and B=B'xD: 

now if A' and B' had a common factor J, it would follow that 
JxD would be a divisor, common to the two pol3aiomial8, and 
greater than D, either with respect to the exponents or the co- 
efficients, which would be contrary to the definition. 

Again, since D exactly divides A and B, every factor of D will 
have a corresponding factor in both A and B. Hence, 

1st. The greatest common divisor of two polynomials contains as 
factors, all the particular divisors common to the two polynomials, 
and does not contain any other factors. 
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286 V We will now show that the greatest common divisor of 
two polynomials will divide their remainder after division. 

Let A and B be two polynomials, D their greatest common di- 
visor, and suppose A to contain the highest exponent of the letter 
with reference to which they are arranged. Then, 

^=A' and 4=B'; 

or, A=:A'xD and B=B'xD. 

Let us now represent the entire part of the quotient by Q and 
the remainder by R, and we shall have 

A A'xD^Q^ R 



B~"B'xD""^ ' B'xD 

or, A'xD = B'xDxQ+R 

R 
hence. A'=B'xQ+g-. 

But A' is an entire quantity, hence the quantity to which it is 

R 
equal is also entire : and since B'Q is entire, it follows, that — is 

entire ; that is, D will exactly divide R. 

We will now show that if D will exactly divide B and R that 
it will also divide A. For, having divided A by B we have 

A=B x Q+R| and by dividing by D, we obtain 

But since we suppose B and R to be divisible by D, and know 
Q to be an entire quantity, the second part of the equality is entire ; 
hence the first part, to which it is equal, is also entire ; that is, A 
is exactly divisible by D. Hence, 

2dly. The greatest common divtsor of two polynomials is the same 
as that which exists between the least polynomial and their remainder 
after division. 
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These principles being established, let us suppose that it is re- 
quired to find the greatest common divisor between the two poly- 
nomials 

-3&3+3ai2— a2^+a^ and 4^2— 5a*+a*. 



First Operation. 



— 1263+12a&2— 4fl2ft+ 4a3 



1st. Rem. — 3ab^—aH + 4a^ 

— 12a^2_4^2^_[.15^3 



| 4&2--5g5+ag 
— 3ft, —3a 



2d. Rem —I9a^bi-I9a^ 

or, 19a2(— ft+a). 

Second Operation, 

452— 5aft+a^||— ft +a 



-^ab +a^ \ — 4ft+a 
0. 

Hence, — ft+fl* or a — ft, is the greatest common divisor. 

In the first operation we meet with a difficulty in dividing the 
two polynomials, because the first term of the dividend is not 
exactly divisible by the first term of the divisor. But if we 
observe that the co-efficient 4 of this last, is not a factor of all the 
terms of the polynomial 

4ft2— 5aft+a2, 

and that therefore, by the first principle, 4 canndt form a part of 
the greatest common divisor, we can, without affecting this com- 
mon divisor, introduce this factor into the dividend. This gives 
— 12ft3+12aft2— 4«2ft+4a3, 

and then the division of the first two terms is possible. 

Efiecting this division, the quotient is —3ft, and the remainder is 
— 3oft2— a2ft+4a3. 

As the exponent of ft in this remainder is still equal to that of 
the divisor, the division may be continued, by multiplying this 
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remainder by 4, in order to render the division of the first term 
possible. 

This done, the remainder becomes — 12a&2— 4a2J+ 16a^ which 
divided by 4b^—5ab+a^y gives the quotient —3a, which should 
be separated from the first by a comma, having no connexion with 
it; and the remainder is — I9a^b+I9a^. 

Placing this last remainder imder the forrai 19o2(— J-f a), and 
suppressing the factor I9a% as forming no part of the common 
divisor, the question is reduced to finding the greatest common 
divisor between 452— SaJ+a^^ and — b+a. 

Dividing the first of these polynomials by the second, we obtain 
an exact quotient, — 4ft+a; hence — b-\-a, or a — ft, is the 
greatest common divisor required. 

287. In the above example, as in all those in which the expo- 
nent bf the principal letter is greater by unity in the dividend than 
in the divisor, we ean abridge the operation by multiplying every 
term of the dividend by the square of the co-efficient of the first 
term of the divisor. We may easily conceive that, by this means, 
the first partial quotient obtained will contain the first power of 
this co-efiicient. Multiplying the divisor by the quotient, and 
making the reductions with the dividend thus prepared, the result 
will still contain the co-efiicient as a factor, and the division can 
be continued until a remainder is obtained of a lower degree than 
the divisor, with reference to the principal letter. 

Take the same example as before, viz., — 3b^+3ab^-^a^b+a^ 
and 4b'^-^5ab-\-a^ ; and multiply the dividend by the square of 
4=16 : and we have 



First Operation. 

-48A3-(-48aft2— I6a2j+I6a3 



-12aft2— 4a^b+16a^ 



\ 4P^5ab+a^ 
-125-3a 



1st. Rem. ^l9aH+l9a^ 

or, I9a%-b+a), 
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Second Operation. 

4&2-.5a5+fl^ |j — b+a 
— ab+ a^\ —'4b+a 
2d. Rem. — 0. 

Remark 1. When the exponent of the principal letter in the 
dividend exceeds that of the same letter in the divisor by two, 
three, &c., units, multiply the dividend by the third, fourth, <fec., 
power of the co-efficient of the first term of the divisor. It is 
easy to see the reason of this. 

2d. It might be ask^d if the suppression of the factors, common 
to all the terms of one of the remainders, is absolutely necessary, 
or whether the object is merely to render the operations more 
simple. Now, it will easily be perceived that the suppression of 
these factors is necessary; for, if the factor 19t?- was not sup- 
pressed in the preceding example, it would be necessary to mul- 
tiply the whole dividend by this factor, in order to render the £rst 
term of the dividend divisible by the first term of the divisor ; but 
then, a factor would be introduced into the dividend which was also 
contained in the divisor ; and consequently the required greatest 
common divisor would be combined with the factor IQa^, which 
should not form a part of it. 

288. For another example, it is proposed to find the greatest 
common divisor between the two polynomials, 

a*+3a3^+4a2ft2-6a&3+25* and Aa'^b+2ah'^-~2b'^, 

« 

or simply, ^a^+ab—b'^^ since the factor 2b can be suppressed, 
being a factor of the second polynomial and not of the first. 

First Operation, 

8a *+24a3&+32a^ft2~48g&3+16&^ || 2ag+Q^--&g 

+20g36+36a^62— 48gj^+16&^ [4g^+10g^+13&^ 
+ 26g252-38aZ>3.[,]6j>4 

let. Rem. — 51a63+295* 

or, -53(51a-29Z»). 
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Second Operation. 

Multiply by 2601, the square of 51. 

5202a2+2601aJ~2601&2||_51a— _295 
5202g2— 2958g^ |l02a+1095 

1st. Rem. +5559a6— 260162 

5559a6— 316162 



2d. Rem. + 560R 

The exponent of the letter a in the dividend, exceeding that of 
the same letter in the divisor by ttoo \m\is, we multiply the whole 
dividend by the cube of 2, or 8. This done, we perform three 
consecutive divisions, and obtain for the first principal remainder, 

Suppressing P in this remainder, it becomes — 51a+296 for a 
new divisor, or, changing the signs, which is permitted, 51a— 296: 
the new dividend is 2a^+ab—b^. 

Multiplying this dividend by the square of 51, or 2601, then 
effecting the division, we obtain for the second principal remain- 
der, +56062, which proves that the two proposed polynomials are 
prime with respect to each other, that is, they have not a common 
factor. In fact it results from the second principle (Art. 286), 
that the greatest common divisor must be a factor of the remain- 
der of each operation ; therefore it should divide the remainder 
56062 ; but this remainder is independent of the principal letter a ; 
hence, if the two pol3momials have a common divisor, it must be 
independent of a, and will consequently be found as a factor in the 
co-efficients of the different powers of this letter, in each of the 
proposed polynomials ; but it is evident that the co-efficients of 
these polynomials have not a common factor. 
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289. — Remark. The rule for the greatest common divisor of 
two polynomials, may readily be extended to three or more poly- 
nomials. For, having the polynomials A, B, C, D, &c., if we 
find the greatest common divisor of A and B, and then the greatest 
common divisor of this result and C, the divisor so obtained will 
evidently be the greatest common divisor of A, B, and C ; and 
the same process may be applied to the remaining pol3nioroials. 

290. We shall now offer a few remarks to serve as further 
guides in determining the greatest common divisor. 

Let A be a rational and entire polynomial, supposed to be 
arranged with reference to one of the letters involved in it, a, for 
example. 

If this polynomial is not absolutely prime, that is, if it can be de- 
composed into rational and entire factors, it may be regarded as 
the product of three principal factors, viz. 

1 St. Of a monomial factor A^, common to all the terms of A 
This factor is composed of the greatest common divisor of all the 
numerical co-efficients, multiplied by the product of the literal 
factors which are common to all the terms. 

2d. Of a poljmomial factor A^, independent of a, which is com- 
mon to all the co-efficients of the different powers of a, in the 
arranged polynomial. 

3d. Of a polynomial factor Ag, depending upon a, and in which 
the co-efficients of the different powers of a are prime with each 
other ; so that we shall have 

A= Aj X Ag X A-. 

Sometimes one or both of the factors A^, A^, reduce to unity, 
but this is the general form of rational and entire pol3n[iomials. It 
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follows from this, that when there is a greatest common divisor of 
two polynomials A and B, we shall have 

D=D,.D,.D3; 

D, denoting the greatest monomial common factor, D^ the greatest 
polynomial factor independent of a, and D, the greatest pplynomial 
factor depending upon this letter. 

In order to obtain D^jjind the monomial factor A^ common to all 
the terms of A. This factor is in general composed of literal fac 
tors, which are found by* inspectmg the terms, and of a numerical 
co-efiicient, obtained by finding the greatest common divisor of the 
numerical co-efficients in A. 

In the same way^ find the monomialB^ common to all the terms of 
B ; then determine the greatestfactor D, common to A , and B , • 

This factor D,, is set aside, as forming the first part of the re- 
quired common divisor. The factors A , and B ^ are also suppressed 
in the proposed polynomialsj and the question is reduced to finding 
the greatest common divisor of two new polynomials A' and B' 
which do not contain a common monomial factor. It is then to be 
understood that the process developed below, is to be applied to 
these two polynomials. 

291. Several circumstances may occur as regards the number 
of letters that may be contained in A' and B'. 

1st. When A' and B> contain hut one letter a. 

When A' and B' are arranged with reference to a, the coeffi- 
cients will necessarily be prime with each other; therefore in this 
case, we shall only have to seek for the greatest common factor de- 
pendmg upon a, viz. D,. 

In order to obtain it, we must first prepare the polynomial of the 

highest degree, so that its first term may be exactly divisible by 

the first term of the divisor. This preparation consists in muUiply^ 

ing the whole dividend hy the co-efficient of the first term of the dtvt- 

soTf or hy a factor of this co-efficient^ or hy a certain power ofit, in 

26 
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order that we may be able to execute several operaticmsy without 
any new preparations (Art. 68). 

The dhoidon is then performed^ continuing ike operation uniU a 
remainder is obtained of a lower degree than the divisor. 

If there is a factor common to all the co-efficients of the remainder, 
it must le suppressedf as it cannot form a part of the required divi- 
sor ; after which, toe operate with the second polynomial^ and this 
remainder^ in the same way we did with the polynomials A' and B^. 

Continue this series of operations until a remainder is obtained 
which unU exactly divide the preceding remainder^ this remainder 
will be the greatest common divisor D3 of A' and B' ; and D^ xl^a 
will express the greatest common divisor of A and B ; or, continue 
the operation until a remainder is obtained independent of a, that is, 
a numerical remainder, in which case, the two polynomials. A' and 
B' will be prime with each other, 

2d. When A' and B' contain two letters a and b. 

After having arranged the polynomials with reference to a, we 
first find the polynomial factor which is independent qfa,i€ there 
is one. 

To do this, we determine the greatest common divisor A^ of all 
the co-efficients of the different powers of a in the polynomial A'. 
This common divisor is obtained by applying the rule for finding 
the greatest common divisor of several polynomials, as well as the 
rule for the last case, since these co-efficients contain only one let- 
ter b. In the same way we determine the greatest common divisor B, 
qfdUthe co*efficients ofB\ Then comparing A^ and B^, we set 
aside their greatest common divisor D^, as forming a pait of the re- ' 

quired greatest conmion divispr ; and we also suppress the factors ' 

A, and B^, in A' and B'; which produces two new polynomials A" I 

and B", the co-efficients of which are prime with each other, and to | 

which we may consequently apply the rule for the first case. 1 

Care must dlway^be taken fo ascertain, in each remainder, whether 
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the co-efficients of the different powers of the letter a, de> nd cohtdiH a 
common factory which must he suppressed^ as not forming a part df 
the common divisor. We have already seen that the suppreiSslbn 
of these factors is absolutely necessary (Art. 68). 

We shall in this way obtain the common divisor Dg, of A" and B", 
and Dj xDfl Xl^3> for the greatest common divisor of thfe polyno- 
mials A and B. 

Remark. In applymg the rule for the first case to A" and B", 
we could ascertain when these two polynomials were prime wUh 
each other J from this circumstance, viz : a remainder would he oh- 
tained which would he either numerical, or a function of b, hut inde» 
pendent of a. The greatest common divisor of A and B would their 
beD.xD,. 

3d. When A' and B^ contain three letter Sy a, b, c. 

After arranging the two polynomials with reference to a, we de 
termine the greatest common divisor independent of a, which is done 
by applying to the co-efficients of the different powers of a, in both 
polynomials, the process for the second case, since these polyno- 
mial co-efficients contain but two letters, h and c. 

The independent polynomial Dj, being thus obtained, and the fac- 
tor A3 and Bj, which have given it, being suppressed in* A' andB', 
there will result two polynomials A" and B", having their co-effi- 
cients prim^ with each other, and to which the rules for the preced- 
ing cases may be applied, and so on. 

EXAMPLES 

i. Let there be the two polynomials 

a^d^--c'd?'^a^(?+d^y and 4er'£Z-2ac*+2(r»-4aca. 

The second contains a monomial factor 2. Suppressing it, a^d 
arranging the pol3momials with reference to d, we have 

(a^-c^)i»~a^c»+cS and (2a*-2ac)<«-(w:*+c*. . . 
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It 18 first necessary to ascertain whether there is h common dbri- 
8or independent of d. 

By considering the co-efficients c^^c^f and —a^c^+c^ of the 
first polynomial^ it will he seen that ^c^c^+c^ can he put under the 
fi>nn ^(^{{^---c^) ; hence c^-^t^ is a common factor of the co-effi- 
cients of the first polynomial. In like manner, the co-efficients of 
the second, SSo*— 2ac, and ---cu^+c', can be reduced to 2a{a — c), 
and ^(^{a^c) ; therefore a— c is a common factor of these co- 
efficients. 

Comparing the two factors a^—c* and a--c, as this last mall di* 
▼ide the first, it follows that a— cis a common factor of the propos- 
ed polynomials, and it is that part of their greatest common divisor 
wMch is independent of d. 

Suppressing c^^i^ in the first polynomial, and a^c in the second, 
we obtain the two polynomials (2*— c* and 2a(2— c^, to which the or- 
dinary process must be applied. 






|2ai-c' 



2ad+(^ 



Esbplanatian. After having multiplied the dividend by 4a', and 
performed two consecutive divisions, we obtain a remainder 
— 4aV+c*, independent of the letter d ; hence the two polynomials 
iP—c*, and 20^—0*, are prime with each other. Therefore the 
greatest common divisor of the proposed polynomials is a— c. 

Again, taking the same example, and arranging with reference 
to 0, it becomes, after suppressing the factor 2 in the second poly- 
nomial, 

((P— c*)a«— c*d»+c% and 2da2— (2cd+c")a-f <r». 

It is easily^perceived, that the co-efficient of the different powers 
of a in the second polynomial are prime with each other. In the 
first polynomial, the co-efficient — c^<P-f-c*, of the second term, or 
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of a% becomes — c'(cP— c") ; whence <P— c* is a common factor of 
the two co-efficients, and since it id not a factor of the second poly- 
nomial, it may be suppressed in the first, as not forming a part of 
the common divisor. 

By suppressing this factor, and taking the second polynomial for 
a dividend and the first for a divisor, (in order to avoid preparation), 
we have 



1st. 2d(t^—^cd\a+(^ 



|a«-c^ 



2(2 



Rem. . . — 2ci|a+2(fc« 
- c»l + c» 
or, . • • • • a-'C, 

by suppressing the common factor (— 2c(i— c*) ; 



2d. a'-^c' 



+aC'-'C^ 



|a— c 



a+c 







Explanation. Afler having performed the first division, a re- 
mainder is obtained which contains — 2cd— c^, as a factor of its 
two co-efficients; for 2dc*+c'=— c(— 2cd— c^). This factor be- 
ing suppressed, the remainder is reduced to a— c, which will exact- 
ly divide c^—c^. 

Hence a— c is the required greatest common divisor. • 

292. There is a remarkable case, in which, the greatest common 
divisor may be obtained more easily than by the general method ; 
it is when one of the two polynomials contains a letter which is not 
contained in the other. 

In this case, as it is evident that the greatest common divisor is 

independent of this letter, it follows that, by arranging the polyno- 

mial which contains it, with reference to this letter, the required 

ammon divisor mU he the same as thai which exists between the eo* 

eficients of the different powers of the principal letter and the second 

polynomial^ whieh^ by hypothesis, is independent of it. ■* 

26* 
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By this method, we are led to determine the greatest conrnicni 
divisor between three or more polynomials ; but they will be more 
simple than the proposed polynomials. It oflen happens/that some 
of the co-efficients of the arranged polynomial are monomials, or» 
that we may discover by simple inspection that they are prime with 
each other ; and, in this case, we are certain that the proposed po^ 
fynomials are prime with each other. 

Thus, in the example of Art. 291, treated by the first method, 
after having suppressed the c(»nmon factor a^c, which gives the 
results, 

d*— c« and 2ad— c*, 

we know immediately that these two polynomials^ are prime with 
each other ; for, since the letter a is contained in the second and 
not in the first, it follows from what has just been said, that the c<»n- 
mon divisor must divide the ca>efiicients 2d and ^c*, which is evi- 
dently impossible f hence, &c. 

2. We will apply this last principle to the two polynomials 
Shcq+SOmp+lSbc+bmffq, 
and 4adg-42^+24ad-7^^. 

Since q is the only letter common to the two polynomials, which, 
moreover, do not contain any common monomial factors, we can ar- 
range them with reference to this letter, and follow the ordinary 
rule. But as 6 is found in the first polynomial and not in the second, 
if we arrange the first with reference to i, which gives 

(9cq+lQc)h+S0mp+bmpq, 
the required greatest common divisor will be the same as that which 
exists between the second polynomial and the two co-efiicients 
Scq+18c and 30mp+5mpg. 

Now the first of these co-efficients can be put under the form 
3c(9+6), and the other becomes 5mp{q+6) ; hence q+6 is a com- 
mon factor of these co-efficients. It will therefore be sufhcient to 
ascertain whether ^^+6, which is a prime divisor, is a factor of the 
second polynomial. 
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Arranging this polynomial with reference to <^, it becomes 

(4ad-7fg)q-^42fg+2iad ; 

as the second part 24ad—42fg is equal to 6{4ad-'7fg), it fol- 
lows that this pol3naomial is divisible by q+S, and gives the quo- 
tient 4ad—7fg, Therefore q+6 is the greatest common divisor 
of the proposed polynomials. 

293. Remark. It may be ascertained that q+6 is an exact di- 
visor of the polynomial (4ad—7fg)q-\-24ad—42fg, by a method 
derived from the property proved in Art. 261. 

Make q-\-6=0 or y=s— 6 in this polynomial ; it becomes 

{4ad^7fg) X ^6+24ad-42fg, 

which reduces to ; hence q+6 is a divisor of this polynomial. 

This method may be advantageously employed in nearly all the 
applications of the process. It consists in this, viz : after obtain- 
ing a remainder of the first degree with reference to a, when a is 
the principal letter, make this remainder equal to 0, and deduce the 
value of ^ from this equation. 

If this value, substituted in the remainder of the 2d degree, de' 
stray s it, then the remainder of the 1st degree, simplified Art. 68, 
is a common divisor. If the remainder of the 2d degree does not 
reduce to by this substitution, we may conclude that there is no 
common divisor depending upon the principal letter. 

Farther, having obtained a remainder of the 2d degree with 
reference to a, it is not necessary to continue the operation any 
farther. For, 

Decompose this polynomial into two factors of the \st degree, 
which is done by placing it equal to 0, and resolving the resulting 
equation of the second degree. 

When each of the values of a thus obtained, substituted in the 
remainder of the 3d degree, destroys it, it is a proof that the remain- 
der of the 2d degree, simplified, is a common divisor ; when only 
one of the values destroys the remainder of the 3d degree, the com- 
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mon divisor is the fiictor of the 1st degree with respect to a, which 
corresponds to this value. 

Finally, when neither of these values destroys the remainder of 
the 3d degree, we may conclude that there is not a common divisor 
depending upon the letter a. 

It is here supposed that the two factors of the 1st degree witL 
reference to a, are rational, otherwise it would be more simple to 
perform the division of the remainder of the 3d degree by that of 
the second, and when this last division cannot be performed exactly, 
we may be certain that there is no rational common divisor,* for if 
there was one, it could only be of the first degree with respect to 
0, and should be ipund in the remainder of the second degree, which 
IS contrary to hypothesis. 

3. Find the greatest common divisor of the two polynomials 

6««-4af*-lli'— 3a*— ac-l 

and 4B*+2ar*— 18ar'+3a? — 5 

Arts. 2ar»— 4a:»+a;— 1. 

4. Find the greatest common divisor of the polynomials 

20a:«~12x«+16x<-15ar'+14r»-15a7+4. 
and 15«*- 9aj'+47a:»~21« +28. 

Ans. 5a^— 3a;+4. 

5. Find the greatest common divisor of the two polynomials 

5a*^+2a'ft'+ca»-3a«M+3cfl 
and a'+bc^d-c^b'+baHd. 

Ans. c^+ab. 

Transformation of Equations. 

The transformation of an equation consists in changing its 
form without affecting the equality of its members. The object of 
a transformation, is to change an equation from one form to another 
that is more easily resolved. 
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First Transformation. 
To make the second term disappear from an eqttation, 

294. The difficulty of resolving an equation generally dimi- 
nishes with the number of terms involving the unknown quan- 
tity; thus, the equation a;^=|?, gives immediately a?=db V^, 
whilst the complete equation s[^+px+q=zO, requires preparation 
before it can be resolved. 

Now, any equation being given, it can always be transformed 
into another, in which the second term is wanting. 

For, let there be the general equation 

a;"»+Pa;"-»+Qx"^»+ . . . +Ta?+U=0. 

Suppose x=u+afyU being unknown, and af an indetemunate qiuin' 
Uty; by substituting u+x' for x, we obtain 

{u+sfy*+?{u+sxf)^^+Ql(u+x^y^+ +T(tt+a?')+U=0 ; 

developing by the binomial formula, and arranging according to the 
decreasing powers of «, we have 



tr+nuf 
+P 



m-1 

u^^+m.-^-^ 

+(m-l)P»' 
+Q 



>==0. 



»+ . . . +a?'"» 

+ . . . 
+Tir' 

Since sf is entirely arbitrary, we may dispose of it in such a way 

P 

that wo shall have an»'+P=0 ; whence a?'= . Si^bstituting this 

value of a:' in the last equation, we shall obtain an equation of the 
form, 

tt'"+Q'tt"»-»+R'w'»-3+ • . . +T'«+U'=0. 
in which the second term is wanting. 
If this equation was resolved, we could obtain the values of x 
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corresponding to those of u, by substituting each of the values ofu 

P 

in the equation x=u+x , or x=iU . 

m 

Whence we may deduce the following general rule : 

In order to make the second term of an equation disappear, sidf" 

sHtutefor the unknown quantity a new unknown quantify^ united with 

ihe co-efficient of the second term^ taken with a contrary sign^ and di- 

vided by the exponent of the degree of the equation. 

Let us apply the preceding rule to the equation a^+px^=q> If 

we take a:=u--— , it becomes [u — —\ +p\u — o"}"^' ^^' ^^ 
performing the operations, and reducing, t** — 7'=S'» ^^^ equation 



«=±\/4+?, 



gives tt=:db\/ "7""'"^* consequently we obtain for the two corres- 
ponding values of a?, 



— ^±V? 



293. Instead of makmg the second term disappear, an equation 
may be required, which shall be deprived of its third, fourth, &c- 
term; this can be obtained by placing the co-eflicient of tt"''^ 
t*"*^ . • . equal to 0. For example, to make the third term disap- 
pear, we make in the above transformed equation 

«i-l 
m — ^ — ^a:'«+(m-l)Pa;'+Q=0 ; 

from which we obtain two values for x\ which substituted in tlie 
transformed equation reduces it to the form 

tt'"+P'M"»-*+R'a'»-=+ . . . T'm+U'=0. 
Beyond the third term it will be necessary to resolve equations 
of a degree superior to the second, to obtain the value of x'l thus to 
cause the last term to disappear, it will be necessary to resolve the 
equation 
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^'m^p^m-i^ . . . Ta/+U=0, 

which is nothipg more than what the proposed equation becomes 
when a/ is substituted for x. 

P 

It may happen that the value »'= which makes the second 

term disappear, causes also the disappearance of the third or some 

other term. For example, in order that the second and third terms 

may disappear at the same time, it is necessary that the equation 

P 
a;'= should agree with 

m-^— a;'2+(m~ l)Pa?' +Q=0. 

P 

Now if in this last equation, we replace x' by it becomes 

m— >1 P* P* 

m — - — .-_-(«i-l)— +Q=0, or (wi-l)P^-2mQ=0; 

therefore, whenever this relation exists between the co-efficients P 
and Q, the disappearance of the second term involves that of the 
third. 

Remarks upon the preceding Transformation, Formation of 
derived Polynomials. 

296. The relation a?=M-f a?', of which we have made use in the 
two preceding articles, indicates that the roots of the transformed 
equations are equal to those of the proposed, diminished or increased 
by a certain quantity. Sometimes this quantity is introduced in 
4 the calculus, as an indeterminate quantity, the value of which is 
afterwards fixed in such a manner as to satisfy a given condition ; 
sometimes it is a particular number of a given value, which expresses 
a constant difference between the roots of a primitive equation and 
those of another equation which we wish to form. 

In short, the transformation which consists in substituting u+af 
for Xf in an equation, is of very frequent use in the theory of equa- 
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tions. Now there is a very simple method of obtaining^ in practice, 
the transformation which results from this substitution. 

To show this we shall invert the order of the terms in u+afj that 
is, for X substitute x +u in the equation 

it becomes, by developing and arranging according to the ascending 
powers of u. 



J/- 


+»«;'—» 


+Pa!^'+(m- 


-l)Pa^» 


+Qa:'"-»+(»»- 


_2)Q«'— 3 


+ ... 


+ •. 


• 


+Tx' 


+T 




+u 







»i— 2 „ " 

+(m-l)— ^— Pa/" 

. m— 3 _ , 
+(m-2)— jj— Qx'- 



u»+ 



u"=0 



If we observe how the co-efficients of the different powers of u 
are composed, we shall see that the co-efficient of u* is nothmg more 
than what the first member of the proposed equation becomes when 
x* is substituted in place of a;; we shall hereafler denote it by X'. 

The co-efficient of «* is formed by means of the preceding, or 
X', by multiplying each of the terms of X' by the exponent of s/ 
in this term, and then diminishing this exponent by unity ; we shall 
call this co-efficient Y'. 

The co-efficient of w* is formed from Y' by multiplying each of 
the terms of Y' by the exponent of x' in this term, dividing the pro- 
duct by 2, and then diminishing the exponent by unity. By calling 

Z' 

this co-efficient — it is evident that Z' is formed from Y' in the 

same manner that Y' is formed from X'. 

In general, the co-efficient of any term in the above transformed 
equation, is formed from the preceding one, by multiplying each of 
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its terras by the exponent of a/ in this term, dividing the product by 
the number of co-efficients preceding the one required, and then di- 
minishing the exponents of oi by unity. 

Z' V 

This law, by which the co-efficients X', Y', — , — -- are deriv- 

« 2 .) 3 

ed from each other, is evidently entirely similar to that which 

regulates the different terms of the formula for the binomial 

(Art. 203). 

The expressions Y', Z', V, W . . . are called derived polyno- 
mials of X', because 71 is deduced or derived from Y', as Y' is de- 
rived from X' : V is derived from Z', as Z' is derived from Y', and 
so on. Y' is called ih,e first derived polynomial^ 71 the second^ ^c» 
Recollect that X' is what the first member of the proposed equa- 
tion becomes, when af is substituted for x. 

The co-efficient of the first term of the proposed equation has 
been supposed equal to unity ; if the equation were not reduced to 
this form, the law of formation for the co-efficients of the trans- 
formed equations would be entirely the same, and the co-efficient 
of tt*" would be equal to that of af. 

297. To show the use of this law in practice, let it berreqnired 
to make the co-efficient of the second term of the following equa- 
tioa disappear. 

aj«-12ai'+17ar'-0aj+7=O. 

12 

According to the rule of Art. 294, take a7=«+— , or «=3-|-«, 

which will give a transformed. equation. of the 4th degree* and of 
the form 

Z' V 

and the operation is reduced to finding the values of 

Z' V 
TC' Y' — 
•' ^' 2* 2.8\ 
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Now h follows from the preceding law, that 

X' = (8)*-.12.(8)»+17,(3)«-9.(3)»+7, or X' =-110; 
Y' =4.(3)»-36.(3)«+84.(3)*-.9, or • . Y' =-123; 

Z' Z' 

— x=6.(3)»-86.(3y+17, or —=-37; 

ra'*-^')'-^^ 8:3=«- 

Therefore the tranaformed equatioo becomes 

f|4^87ii*- 133tf «- 110= 0. 

A^gain, transform the equatkxi 

4a»-5«»+7a:-9=0 

into another, the roots of which exceed the roots f£ the proposed 
equation by unity 

Taketi=a;+1; there will result a?= — l+w, which gives the 
transformed equation 

Z' 

X'+Y'«+Yii»+4ff'=0. 

X' = 4.(-l)»- 5.(-l)>+7.(-iy-9, or X' =-25; 

r =12. (-If- 10. (-1)^7 Y' ^ 29; 

^ Z' 

5-=i2.(-iy-5 T ="•''' 



-= 4 \ rr-rr= 4. 



2.3 2.3 

Therefore the transformed equation becomes 
4i?- 17tta+29tt— OT=0. 

The following examples may serve the student for exercises: 

Make the second term vanish from the following equations. 

1st. «»-10aJ*+7«»+4aj-9=0. 

Ant. V-38ti?-118f^-152tt-73=0. 

2d. 8a*+15««+25a?-8=0. 

o , 162 ^ 
Ann. Sti'— ^— -=0. 




TRANSFORXATHnf W S^QUATIONS. 

Transform the equatioa 8a^— 13a;*+7a:"— 8»— 9=30 mtoai)other» 
the roots of which shall be less than the roots of the proposed by 

the fraction — • 

65 102 

We shall frequently have occasion for the law of formation of 
derived polynomials. 

298, These polynomials have the following remarkable proper- 
ties. ' 

Let X or a"+Pa)^*-f QoJ^^ . . . =0, be the proposed equatioo, 
and 0, by c, I, its m roots, we shall then have (Art. 291), 

ar+?3f^+ . . . =(a?-a) («-5) (u-c) . . • {x-l). 

Substituting a/+u (or to avoid the accents), x+u in the place of 
X ; it becomes, 

(aj+tt)'»+jP(af+tt)— »+ . . . =:(a?+tt— a) (a?+tt-J) . . . j 

or changing the order of the terms in the second member, and re- 
garding x—ttf x—hf • • . each as a single 4uantity, 
(a;+tt)"»+P(x+tt)«^» . . . =(u+x—a) (u+x—h) . . • (u+x—h). 

Now, by performing the operations indicated in the two members, 
we shall^ by the preceding Article, obtain for the first member, 

Z 

X+Y«+yu«+...ti»; 

X being the first member of the proposed equation, and Y, Z • . • 

the derived polynomials of this member. 

. With respect to the second member, it follows from Art. 294, 

1st. That the part involving «*, or the last term, is equal to the 
product («— a) (x—b) . . . {x—l) of the factors of the proposed 
equation ; 

2d. The co-efficient of u is equal to Ihe sum of the products of 
these m factors taken m^l and m^h 



Sd. The oo-efficient of t«^ is equal to the sum of the products of 
these m factors taken m— 2 and m^2 ; and so on. 

MoreoTer, the two members of the last equation are identical ; 
therefore, the co-efficients of the same powers are equal. Hence 
X=(«— a) (a?— ft) (x'-c) . . . («— Z), 

which was already known. Hence also, Y, or the first derived po- 
lynomial, is equal to the sum of the products of the m factors of (he 
first degree in the proposed equatiouy taken m— 1 and m— 1; or 
€fual to the sum of all the quotients that can he obtained by dzvicUng 
X ly each of the m factors of the first degree in the proposed equa- 
tkm; thai is, 

„ X X X X 

Y=— :+— T+r-r+ 



«— tf x—o x—c x—l 

Z 

— or the second derived polynomial, divided by 2, is equal to the 

sum of the products of the m factors of the proposed equaticm taken 
fli— 2 and m^2, or equal to the sum of the quotfents that can be 
obtained by dividing X by each of the factors of the second degree ; 
that is, 

Z X X X 

2 "" (a;-a) (»--3) "*" (a?-a) (a?-c) *•" (r-ik) (a;-/) ' ' 

and so on. 

Second Transformation. 
To make the denominators disappear from an equation. 

299. Having given an equation, we can always transform it into 
another of which the roots will be equal to a given muUipU or suh- 
multiple of those of the proposed equation. 

Take the equation 

aJ*+Pa!^»+Qaf^«+ . , . Ta?+U=:0, 

and denote by y the unknown quantity of a new equation, of which 
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t^e roots are E times greater than those of the proposed eqttalioiik 
If we take y=Kx^ there will result ^=-^ ; whence, substituting 
and multiplying every term by K", we have 

3r+PK3r'»+QK«3r-*+RK33r-*+ . . . +TK'^»3f+UK«=0, 
an equation of which the co-efficients ate equal to those of the pro- 
posed equation multiplied respectively by K^ K*, K*, K^, K*, &€• 

This trajisfbrmation is principally used to make the denominators 
disappear from an equation^ when the co-efficient of the first term is 
unity. 

To fix the ideas, take the equation of the 4*^ degree 

a c e e 

if in this equation we make ^ii=--^t V being a new unknown and K 
an indetermiaate quantity, it becomes 

, aK • cK« eE» *K* 

Now, there may be two cases, 

1st. Where the denominators 3, d^ f\ are priiiie With eaek 
other ; in this hypothesis, as K is altogether arbitrary, take K^rfti^j^ 
€ie product of the denominators^ the equation will then become 

^+adfh . f+cmf^i^ . f+eVd?pw. y+^^<iy*A'=o, ^ 

an equation the co-efficients of which are entire, and that of its first 
term unity. 

y 
We have besides, the equation «=i37r9 to detemmie the valoes 

of X corresponding to those of y. 

2d. When the denominators contain common fiictdfs, we shaft 
evidently render the co-efficients entire by taking for E the small- 
est multiple of all the denominators. But we can simplify this 

ftill aiore, by observing, that it is reducei to deteonioing K il 
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inch a maimer that E>, K*, E?.... flball contain the prime fee- 
ton which compose &, i2,/, A, raised to powers at least equal to those 
which are found in the denominators. 
Thus, let the equation 



y 

Take «=-r» it becomes 
k 

^"""e^"^ 12 ^"" 150^"~9000""^' 

First make iE:=9000, which is a multiple of all the other deno- 
minators, it i» clear that the co-efficients become whole numbers. 

But if we decompose 6, 12, 150 and 9000 into their factors, we 
find 

9=2x8, 12==2*X8, 150=2X3X5*1 9000=2»x3*X5\- 
and by simply making kz=z2 X 3 X 5, the product of the difiereot sim- 
ple &ctors, we obtain 

P=2»X3»X5», ifc'=2'x3»x5^ ifc*=2*x3*X5V 

whence we see that the values of k, Jt*, P, it*, contain the prime 
factors of 2, 8, 5, raised to powers at least equal to those which 
enter in 6, 12, 150 and 9000. 

Hence the hypothesis A;=2x3x5 is sufficient to make the 
denominators disappear. Substituting this value, the equation 
becomes 

5.2.3.5 5.2^3'.y 7.2^3'.5^ 13.2*.8*.5* 
^ 2.3.^ ■*■ 2*.8 ^ 2.3.5* ^ 2\S*.& f^' 
which reduces to 

y*--5.5y»+5,3.5y-7.2».3».5y-13.2.3*.5=0; 
or y*-2V+376/-1260y-ll'70=0. 

Hence, we perceive the necessity of taking k as small a number 
as possible: otl^prwise, we should obtain a transformed equation, 
having its co-efficients very great, as may be seen by reducing 
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Jie transformed equation resulting from the supposition A:=9000 in 
the preceding equation. 
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, 7 , 11 25 y 

1st. a:3«_a^+_^-_=0;*=-g-, 

whence 

3^-14/+lly— 75=0; 

^, . 13 ■ 21 , 32 . 43 1 y 

^- ^~12^+40^--225-^-"600-*--80Cr=^' *=2^3r5' 

"whence 

y»-.65y*+18903f3-30720/-928800y+972000=0. 

300. The preceding transformations are those most frequently 
used ; there are others very useful, of which we shall speak as they 
present themselves ; they are too simple to be treated of separately. 

In general, the problem of the transformation of equations should 
be considered as an application of the problem of elimination be« 
tween two equations of any degree whatever, involving two un- 
known quantities. In fact, an equation being given, suppose that 
we wish to transform it into another, of which the roots have, with 
those of the proposed equation, a determined relation. 

Denote the proposed equation by F(a;)=0, (enunciated function 
of a; equal to zero), and the algebraic expression of the relation 
which should exist between x and the new unknown quantity y, by 
F' (a?,y)=0 ; the question is reduced to finding, by means of these 
two equations, a new equation involving y, which will be the re- 
quired equation. When the unknown quantity x is only of the first 
degree in F'(a;, y)=0, the transformed equation is easily obtained, 
but if it is raised to the second, third . . . power, we must have re- 
course to the metiiods of elimination. 
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301. To eliminate between two equations of any degree what- 
ever, involving two unknown quantities, is to obtain, by a series ol 
operations, performed on these equations, a single equation which 
contains hut one of the unknoum q[uaniitieSf and whiqh gives all the 
values of this unknown quantity that will, taken in connectioa with 
the corresponding values of the other unknown quantity, satisfy at 
the same time both the given equations. 

This new equation, which is a function of one i^ the unknown 
quantities^ is called the final equation^ and the values of the unknown 
quantity found from this equation, are called compatible values. 

Of all the known methods of elimination, the method of the com^ 
mon divisoTf is, in general, the most expeditious ; it is the method 
which we are going to develop. 

Let F(a?, y)=0 and F'(ar» y)=0 be any two equations whatever, 
or, more simply, 

A=0, B=0. 

Suppose the final equation involving y obtained, and let us try to 
discover some property of the roots of this equation, which may 
serve to determine it. 

Let y:=a be one of the compatible values of ^ ; it is clear, that 
since this value satisfies the two equations, at the same time as a 
certain value of a?, it is such, that by substituting it in both of the 
equations, which will then contain only x, the equations vnll admit of 
at least one common value of x ; and to this common value there 
will necessarily be a corresponding common divisor involvings* 
Art. 279. This common divisor will be of the first, or a higher 
degree with respect to a?, according as the particular value of y=^ 
corresponds to one or more values of x. 

Reciprocally, every value of y, which^ substituted in the two equa- 
tions, gives a common divisor involving a?, is necessarily a compaiilfU 
value, because it then evidently satisfies the two equations at the 
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same time with the value or values of a? found from this common du . 
visor when put equal to 0. 

302. We will remark, that, before the suhsiitutiony tiie first mem 
hers of the equations cannot, in general, have a common divisor, which 
is a function of one or both of the unknown quantities. 

In fact, let us suppose for a moment that the equations A=:0, 
B=0, are of the form 

A'xD=0, B'xD=0. 

D being a function of x and y. 

Making separately D=0, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite num- 
her of systems of values. Moreover, every system which renders 
D equal to 0, would at the same time cause A'D, B'D to vanish, and 
would consequently satisfy the equations A=0, B=0. 

Thus, the hypothesis of a common divisor of the two poljmomials 
A and B, containing x and y, would bring with it as a consequence 
that the proposed equations were mdeterminate. Therefore, if there 
exists a common divisor, involving x and y, of the two polynomials 
A and B, the proposed equations will be indeterminate, that is^ they 
may be satisfied by an infinite number of systems of values of x 
and y. Then there are no data to determine a final equation in y,. 
since the number of values of y is infinite. 

If the two polynomials A and B were of the form A'xD> B'xD> 
D being a function of x only, we might conceive the equation D=0 
resolved with reference to x, which would give one or more values 
for this unknown. Each of these values substituted in A'xD=0 
and B' xD=0, at the same time with any arbitrary value of y, would 
verify these two equations, since D must be nothing, in consequence 
of the substitution of the value of x. Therefore, in this case, the 
proposed equations would admit of sl finite number of values for x, 
but of an infinite number of values for y ; then there could not exist 
a final equation iny. 

Hence, when the equations A=0, B=0, are determinate, that is, 
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. vfhea they only admit of a HmUed number of systems of values fiir 
X and Pj their first members cannot have a. Junction of these unknown 
quantities for a common divisor^ unl^ a particular substitution has 
lieen made for one of them. 

303. From this it is easy to deduce a process for obtaining the 
fnal equation javoWmg y. 

Since the characteristic property of every compatible value of 
y is, that being substituted in the first members of the two equations, 
it gives them a common divisor involving a;, which they had not be- 
fore^ (unless the equations are indeterminate, which is contrary to 
the supposition), it follows, that if to the two proposed polynomials, 
arranged with reference to aj, we apply the process for the greatest 
common divisor, we generally shall not find one ; but, by continuing 
the operation properly, we shall arrive at a remainder independent 
of Xf and which is a function of y, which, placed equal to 0, will 
give the required Jinal equation ; for every value of y found from 
this equation, reduces to nothing the last remainder of the operation 
for finding the common divisor ; it is, then, such, that substituted in 
the preceding remainder, it will render this remainder a common di- 
visor of the first members A' and B. Therefore, each of the roots 
of the equation thus formed is a compatible value of y. 

304. Admitting that the final equation may be completely re- 
sol ved> which would give all the compatible values, it would after- 
wards be necessary to obtain the corresponding values of a?. Now 
it is evident that it would be sufiicient for this, to substitute the dif- 
ferent values of y in the remainder preceding the last, put the poly- 
nomial involving x which results from it equal to 0> and find from it 
the values of x ; for these polynomials are nothing more than the 
divisors involving «, which become common to A and B. 

But as the final equation is generally of a degree superior to the 
second^ we cannot here explain the methods of finding the values <^ 
y. Indeed, our design was principally to show that, two equations 
of any degree being given, we can, unikout supposing the resobition 
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of any equaHon, arrwe at another equation, containing only one of 
the unknown quantities which enter into the proposed equations. 

Of Equal Roots. 

305. An equation is said to contain equal roots, when its first 
member contains equal factors. When this is the case, the derived 
polynomial, which is the sum of the products of the m factors talcen 
m— 1 andm—l (Art. 298), contains a factor in its different parts, 
which is two or more times a factor of the proposed equation. 

Hence, there must be a common divisor between the first member of 
the proposed equation and its first derived polynomial. 

It remains to ascertain the manner ii> which this common divisor 
is composed of the equal factors. 

306. Having given an equation, it is required to discover whether 
it has equal roots, and to determine tliese roots if possible. 

, Let X denote the first member of the equation 

a!"»+PaJ™-»+Qaf»-*+ . . . +Ta!+U==0, 

and suppose that it contains n factors equal to x-^a, n' factors equal 
to x— 3, »" factors equal to x-^c . . ., and contains also the simple 
factors x-'p, x-^q, «— r . . . ; so that we may have 

X=(a?-a)"(x-5)»'(a?-c)''" . . . {x-p) {x^q) (a?-r) . . . 

With respect to Y, or the derived polynomial of X, we have 

seen (Art. 298), that it is the sum of tlie quotients obtained by divid- 

ing X by each of tlie m factors of the first degree in the proposed 

equation. Now, since X contains n factors equal to x—a, we shall 

X 
have n partial quotients equal to ; the same reasoning applies 

to each of the general factors, x-^b, jt— c. . . . Moreover we can 
fi)rm but one quotient equal to 



X X X 

Vtk&teBoitef Yis nqcenaorify <^ tke feim 
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^ nX n'X n''X X X X ^ 

Y= + T+ + . . . + + h 

a?— a x^b x—c «— jp x—q a?— r 

From this composition of the polynomial Y, it is plain that 

(a;-a)"-S («-3)-'-S (x-c)-"-» .... 

are factors common to all its terms ; hence the product 

{x--ay''X{x^hy'-'X{^-c)^-' . . . 
is a common divisor of Y ; moreover, it is evident that this product 
will also divide X, it is therefore a common divisor of X and Y ; and 
it is their greatest common divisor. For, the prime factors of X 
are a:— a, a?— 5, x-^c . . . and x^p, x—q^ x—r . . . ; now a:— jp^ 
x—qy jc— r, cannot divide *!£, since some one of them will be want- 
ing in each of the parts of Y, whUe it will be a factor of all the 
other parts. 

Hence, the greatest common divisor of X and Y is 

D=(a?-.a)"-' («-*)"'-» (a-c)'"-* . . .; 

that is, the greatest common divisor is composed rf the product of those 
factors which enter two or more times in the proposed equation^ each 
raised to a power less by unity than in the given eqvMion. 

307. From the above we deduce the following method : 

To discover whether an equation X=0 contains any equal roote, 
form Y or the derived polynomial of X ; Hien seek for the greatest 
common divisor between X and Y ; if one cannot be obtained, the 
equation has no equal roots, or equal factors. 

If we find a common divisor D, and it is of the first degree, or of 
the form a:— A, make a;—/i=0, whence xz=h ; we may then c&nchidCf 
that the equation has two roots equal to h, and has hut one species of 
equal roots J from which it may be freed Ky dividing X by (»—*)«, 

If D is of the second degree with reference to x^ resolve the equa^ 
lion D=0 ; there may be two cases ; the two roots will be equal, 
or they will be unequal. 1st. When we find D=(a;— A)', the equa- 
tion has three reots equal to h, and.has but one^spedes of equal roots^ 
from which it can be freed by dividing X by (a?— A)» ; 2d, when D 
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is of the form (v~A) (x-^h'), the proposed equation has two roots 
equal to h, and two equal to h\ from which it may be freed by divi- 
ding X by {x-'k)\x'-hy, or by D^ 

Suppose now that D is of any degree whatever ; it is necessary^ 
in order to know the species of equal roots, and the number of roots 
of each species, to resolve completely the equation D=0 ; and every 
simple root ofD wiU he twice a root of the proposed equation ; every 
double root ofD will he three times a root of the proposed equation ; 
and so on. 

EXAMPLES. 

1. Determine whether the equation 

2a;*- 12033+ 190:^- 6a?+9=0 

contains equal roots. 

We have (Art. 296), for the derived polynomial 

8aj3--36aj*+38af— 6. 

Now, seekmg fbr the greatest common divisor of these polyno^ 
mials, we find D=af— 3=0, whence a?=3; hence the proposed 
equation has two roots equal to 3. 

Dividing its first member by (a?— 3)', we obtain 



2a!*+l=0 ; whence x=z^-^ V — 2. 
Thus the equation is completely resolved, and its roots are 

3, 3, +~ Viryand -—V^:^. 

2. For a second example take a?*— 2a?* + 3x^—72!*+ 8a?— 8=0; 
the first derived polynomial is 5a!*— Sx^+Oa:*— 14a?+8, 

and the common divisor aj^— 2aj+l, or (oj— 1)*, 

hence the proposed equation has ihree roots equal to 1. 

Dividing its first member by (a?— 1)* or by as*— Sa'+S*— 1, the 

quotient is 

28 
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ar+«+8=0 ; whence «= ; 

thus the equaticm is completely Tesolved. 
3. For a third example, take the equation 

the derived polynomial is 

7««+30r*+80a;*~24i?— 45aj^-6a;+8 ; 
and the common divisor is 

The equation a?*+3a?+ir*— 8«— 2=0 cannot be resolved directly, 
but by applying the* method of equal roots to it^ that is, by seeking 
for a common divisor between its first member and its derived poly- 
nomial, 4ir+9«*+2aj— 3, we find a common divisor, x+1 ; which 
proves that the square of a;+l is a factor of aj*4-3a;^+a^— 3a;— 2, 
and the cuJbe of a:+l> a factor of the first member of the proposed 
equation. 

Dividing a?*+3a:^4-a*— 3aj— 2 by {x+lf or ar»-i-2a;-f 1, we have 
a«^af—2, which placed equal to zero, gives the two roots a?=l, 
a;=-^2, or the two factors re— 1 and x+2. Hence we have 

a^+3r*+aj«-3a?-2=(a;+l)»(a;-l) (ar+2). 

Therefore the first member of the proposed equation is equal to 

or the proposed equation has three roots equal to— 1, two equal 
to +1, and two equal to —2; 
Take the examples, 

1st, ff'-7a;"+10««+22aj*-43ar'-.b5ar'+48a?+86=0, 

(«-2)'(a?-- 3)^+1)3=0. 

2d. aj''-3a*+9aj*-19aj*+27a;3_33aJi^27a;-9=0, 

308. When, in the application of the above method, we obtain 
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an equation D=0, of a degree superior to the second, since this 
equation may itself be subjected to the method, we are often able 
to decompose D into its factors, and in this way to fmd the different 
species of equal roots contained in the equation X=0, and the num- 
ber of roots of each species. As to the simple roots of X=0, we 
begin by freeing this equation from the equal factors contained in 
it, and the resulting equation, X'=0, will make known the simple 
roots. 



CHAPTER VIII. \ 

Resolution of Numerical Equations^ involving one or 
more Unknown Q^antities. 

309. The principles established in the preceding chapter, are ap- 
plicable to all equntions, whether their co-efficients are numerical 
or algebraic, and these principles should be regarded as the ele- 
ments which have been employed in the resolution of equations of 
the higher degrees. 

It has been said already, that analysts have hitherto been able to 
resolve only the general equations of the third and fourth degree. 
The formulas they have obtained for the values of the unknown 
quantities are so complicated and inconvenient, when they can be 
applied, (which is not always possible), that the problem of the re- 
solution of algebraic equations, of any degree whatever, may be 
regarded as more curious than useful. Therefore, analysts have 
principally directed their researches to the resolution of numerical 
equations^ that is, to those which arise from the algebraic translation 
of a problem in which the given quantities are particular numbers ; 
and methods have been found, by means of which we can always 
determine the roots of a numerical equation of any given degree. 

It is proposed to develop these methods in this chapter. 
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To render the reasoning general, we will represent the proposed 
equation by 

a!^+Pjr-i+Qa^->+ . . . srO. 

in which P, Q ... denote particular numbers, real, positLve, or 
negative. 

First Principle. 

310. When two numbers p and q, substituted in the place of 'X.in 
a numerical equation^ give two results j affected with contrary signs^ 
the proposed equation contains a real root, comprehended between these 
two numbers.. 

Let the proposed equation be 

a^+P«*"^+Qa"~2+ . . . Ta;+U=0. 

The first number will, in general, contain both positive and 
negative terms ; denote the sum of the positive terms by A, and 
the sum of the negative terms by B, the equation will then take 
the form 

A~B=C. 

Suppose pK^q, and that p substituted for x gives a negative re- 
sult, and q a positive result. 

Since the first member becomes negative by the substitution of p, 
and positive by the substitution of q, it follows that we have in the 
first case A<B, and in the second A>B. Now it results from the 
nature of the quantities A and B, that they both increase as x in- 
creases, since they contain only positive numbers, and positive and 
entire powers of x ; therefore, by making x augment by insensible 
degrees, from pioq, the quantities A and B will also increase by in- 
sensible degrees. Now since A,by hypothesis, from being less than 
B, afterwards becomes greater than it, A must necessarily have a 
more rapid increment than B, which insensibly destroys the excess 
that B had over A, and finally produces an excess of A over B. 
From this, we conceive that in the passage from A<B to A>B, 
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there must be an intermediate value for which A becomes equal to 
fi, and the value which produces this result is a root of the equa- 
tion, since it verifies A— B=0, or the proposed equation. Hence, 
the proposition is proved. 

In the preceding demonstration, p and q have been supposed to 
bo positive numbers ; but the proposition is not less true, whatever 
may be the signs with which p and q are affected. For we will re- 
mark, in the first place, that the above reasoning applies equally to 
the case in which one of the numbers p and q, p for example, is ; 
that is, it could be proved, in this case, that there was at least one 
real root between and q. 

Let both p and q be negative, and represent them by — |/ and 
-5'. 

If, in the equation 

ir'»+Pj;'»-»+Qaf"*-«+ . . . T«+U=0, 
we change x into — y, which gives the transformation 

(^y)«+P(-y)-i+Q(-.y)«-«+ . . . T(-y)+U=0, 

it is evident that substituting —p' and — ^ in the proposed equation, 
amounts to the same thing as substituting p' and ^ in the transfor- 
mation, for the results of these substitutions are in both cases 

(«;,')•+?( -p')-t+Q(_p')-»+ . . . T(-p')+U, 
and (-^')'-+P(-g')-i+Q(~5')-«+ . . . T(-0+U ; 

Now, since I? and q, or —p^ and —5^, substituted in the proposed equa- 
tion, give results with contrary signs, it follows that the numbers p' 
and q\ substituted in the transformation, also give results with con- 
trary signs; therefore, by the first part of the proposition, there is 
at least one real root of the transformation contained between p' 
and q' ; and in consequence of the relation x= ~y, there is at least 
one value of x comprehended between — p' and — ^, or p and q* 
This demonstration applies to cases in which |>=0 or y=0. 

Lastly, suppose p positive and q negative or equal to — 5^ : by 

making x=:0 in the equation, the first member will reduce to fta 

28* 



330 AUOBBSA* 

last term, which is necessarily affected with a agn contrary to that 
of p, or to that of — ^; whence we may conclude that there is a 
root comprehended between and p, or between and — q', and 
consequently between p and —9. 

Second Principle. 

311. When two numbers, substituted in place of x, in an equa- 
tion, give results affected with contrary signs, we may conclude that 
there is at least one real root comprehended between them, but we 
are not certain that there are no more, and there may be any odd 
number of roots comprised between them. We therefore enunciate 
the second principle thus. 

When an uneven number (2n+l) of the real roots of an equation^ 
are comprehended between two numbers, the results obtained by sub- 
stituting these numbers for x, are affected with contrary signs, and ij 
ihey comprehend an even number 2n, the results obtained by their sub- 
stUutum are necessarily affected with the same sign. 

To make this proposition as. clear as possible, denote those roots 
of the proposed equation, X=:0, which are supposed to be compre- 
hended between p and q, by a, ^, c, • . ., and by Y, the product 
of the factors of the first degree, with reference to a?, correspond- 
ing both to those real roots which are not comprised between them 
and to the imaginary roots ; the signs of p and q being arbitrary. 

The first member, X, can be put under the form 
(x^a) (X'-b) (x— c) . . . X Y. 

Now substitute in X, or the preceding product, p and q in place of 

X ; we shall obtain the two results 

(p-a) (p^b) (p^c) . . . xY', 
(q-a){q-h){q^c)... XY", 

Y' and "Y" representing what Y becomes, when we replace a: by J> 
and q ; these two quantities are necessarily affected with the same 
sign, for if they were not, by the first principle Y=0 would give ot 
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Idast one real root comprised between p and q^ which is contrary to 
the hypothesis. 

To determine the signs of the above results more easily, divide* 
the first by the second, we obtam 

(p-a) ip^b) {P--C) ...xY' 





(«- 


-«)(?- 


-b){q^c) 


. . . XY" 






which can 


be written thus , 
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whence we deduce 
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-a, P- 


•b, p-c, . . 


.>., 






and 


?■ 


-a, q- 


'b, q--c, . . 


•>»• 







hence, since p—a and q—a are affected with contrary signs, as well 
asp— 3 and q—b^p—c and q-^c . . ., the partial quotients 

p—a p^b p—c 



q—d q—b* q—c 



, &c. 



Y' 

are all negative ; moreover ^„ is essentially positive, since Y' 

and Y" are affected with the same sign ; therefore the product 

p—a p—b p—c Y' 

' q—a q—b q—c Y" 

will be negalive, when the number of roots, a, J, c . . ., compre- 
hended between p and q, is uneven, and positive when the number is 
even. 
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Consequently, the two results (p— a) (p—^) (p—c) • . . X ^ 
and (q—a) (q^h) (j— c) • . . X Y", will have contrary or the same 
signs, according as the numher of roots comprised between p and q 
is uneven or even. 

Limits of the real Roots ofEqtuUions. 

312. The different methods for resolving numerical equations, 
consist generally in substituting particular numbers in the proposed 
equation, in order to discover if these numbers verify it, or whether 
there are roots comprised between these numbers. But by reflect- 
ing a little upon the composition of the first member, the first temt 
being positive, and affected with the highest power of x, which is 
greater with respect to that of the inferior degree in proportion to 
the value of x, we are sensible that there are certain numbers, 
above which it would be useless to substitute, because all of these 
numbers would give positive results. 

313. Every number which exceeds the greatest of the positive 
roots of an equation, is called a superior limit of the positive roots. 

From this definition, it follows that the limit is susceptible of an 
infinite number of values ; for when a number i» found to exceed 
the greatest positive root,, every number greater than this, is, for a 
still stronger reason, a superior limit. But it may be proposed to 
determine the simplest possible limit. Now we are sure of having 
one of the limits, when we obtain a numher^ which, substituted in 
place of X renders the first member positive , and which, at the same 
time, is such, that every greater numher vnU also give a positive 
resulU 

We will determine such a number. 

314. Before resolving this question, we will propose a more sim. 
pie one. viz. 

To determine a numher, which, substituted in place of x in an 
equation, wUl render the first term x"^ greater than the arithmetical 
sum of all the others. 
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Suppose that all the tenns of the equation are negative,except the 
l^rst. SO that 

af»-Par-*— QaJ~-»— • • . -Ta?-U=0. 

It is required to find a numher for x which will render 

ar>Paj^*+Qa?"*-*+ . . +Ta?+U- 

Let k denote the greatest co-efficient, and substitute it in place of 
the co-efficients ; the inequality will become 

cf'>kx'"'-^+k3f'-^+ . • . +kx+L 

It is evident that every number substituted for x which will satisfy 
this condition, will for a stronger reason, satisfy the preceding. Now, 
dividing this inequality by af^, it becomes 

k k k k k 

k 
Making x=kf the second member becomes-r-, or 1 plus a series 

of positive fractions; then the number A: will not satisfy the ine- 
quality ; but by supposing x=h+l, we obtain for the second mem- 
ber the series of fractions 

k k k 



+7rTT^+ /..,x3 + 



which, considered in an inverse order, is an increasing geometrical 

k 
progression, the first term of which ls . , the ratio k+l, and 

k 
the last term . ; hence the expression for the sum of all the 

terms is, (Art. 192), 

_k_ k 

jfc+l_l " (Jfc+l)"' 

which is evidently less than unity. 
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Any number >1j+1, put in place of «, will render the sum of the 

k k 
fractions — h"j+ • • • still less. Therefore, 

The greatest co-efficient of the equation plus unity, or any greater 
mmber, being substiiutedfor x, wiU render the first term x"* greater 
ikan the arithmetical sum ofaUthe others. 

Ordinary limit of the Positive Roots. 

315. The number obtained above may be considered a prime 
limit, since this number, or any greater number, rendering the first 
term superior to the sum of all the others, the results of the sub- 
stitution of these numbers for x must be constantly positive ; but 
this limit is commonly much too great, because, in general, the 
equation contains several positive terms. We will, therefore, seek 
for a limit suitable for all equations. 

Let af*"* denote the power of x, corresponding to the first nega- 
tive term which follows a^, and we will consider the most unfavour- 
able case, viz. that in which all of the succeeding terms are nega- 
live, and affected with the greatest of the negative co-efficients in 
the equation. 

Let S be this co-efiicient, and try to satisfy the condition 

a;»>Saf'^+Sa!*-*-*+ . . . Sa?+S ; 
or, dividing both members of this inequality by of*, 

S S S S S^ 

Now by supposing ic"=S or a?= VS^ the second member be- 

S * 
comes -g-, or 1, plus a series of positive fractions ; but by making 

a;= VS+1, or (supposing, for simplicity, "V^^S', whence S=S'"), 
aj=S'+l, the second member becomes 



(S'+i)"- ^ (S'+i)"+'^ • ' ^ (S'+iy»-» ^ (S'+i)-» 
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which is a progression by quotients, ^^^ being the first term, 






S'+l the ratio, and , the last term. Hence the expres- 

\ ^ ) 
sion for the sum of all these fractions is 



vr.(S'+i) 



(S^ + 1)» '^^^^^ (S- + 1)"* _ S'^^i s^-^ 

s'+i-i ■" (S'+i)"-^ (S'+iy** 

which is evidently less than 1. 

Moreover, every number >S'+1 or VS+1, will, when substi- 

S S 
tuted for a?, render the sum of the fractions ---H — rrr+ • • • • still 

smaller, since the numerators remaining the same, the denominator 

will increase. Henc6 VS+l, and any greater number, will ren- 
der the first term a?' greater than the arithmetical sum of all the 
negative terms of the equation, and will consequently give a posi- 
tive result for the first member. 

n „- 

Therefore \/S+l, or unity increased by tJuU root of the greatest 
negative co-efficient whose index is the number of terms which precede 
the first negative term, is a superior limit of the positive roots of the 
equation. If the co-efficient of a term is 0, the term must still be 
counted. 

Make n=l, in which case the first negative term is the second 

term of the equation ; the limit becomes VS+ 1, or S+ 1 ; that is, 

the greatest negative co-efficient plus unity. 

Let n=2, then either the two first terms are positivet or the 

s 

term of^* is wanting in the equation ; the limit is then \/S+ 1. 

When n=3 the limit is VS+1 . . . 

Find the superior limits for the positive roots in the following ex- 
amples : 

a?«-5a^+37aj»-3aj4-89=0 ; VS+1= '•/y+l=6 ; 
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«*+ll«»-25ar-.67=0; Vs+l=V67+l or 6; 

3x3-2«»-llx+4=0; VS+1=— +1 or 5. 

NewtorCs method for determining the smallest limit in entire 
numbers. 

316. Let X=0, be the proposed equation ; if in this equation we 
make a;=x'+tt, x' being indeterminate, we shall obtain (Art. 296), 

Z' 

X'+Y'tt+— «>+ . . . +tt*=0. (1) 

Conceive, that afler successive trials we have determined a number 

Z' 

for i, which, substituted in X', Y', -77 . • •• renders all these co-effi- 

cients positive at the same time ; this number will be greater than 
the greatest positive root of the equation X=0, 

For, the co-efficients of the equation (1) being all positive, no 
positive number can verify it ; therefore all of the real values of u 
must be negative; but from the equation a?=a;'+tt, we have «=a? — a/ ; 
and in order that the values of w corresponding to each of the values 
of X and of (already detei-mined) may be negative, it is absolutely 
necessary that the greatest positive value of x should be less than 
the value of tif. 

EXAMPLE. 

As x' is indeterminate, the letter x may be retained in the forma- 
tion of the derived polynomials, and we have 

X =a?*-5a33— 6a:»— 19a?+7, 
Y =4ar»-15a?-12a;-19, 

Z 

— =6a:*— 16a?— 6, 

V 
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The question is, as stated above, reduced to finding the smallest 
number which, substituted in place of x, will render all of these po- 
lynomials positive. 

It is plain that 2 and every number >2, will render the polyno- 
mial of the first degree positive. 

But 2, substituted in the polynomial of the second degree, gives a 
negative result ; and 3, or any number >3, gives a positive result. 

Now 3 and 4, substituted in the polynomial of the third degree, 
give a negative result ; but 5 and any greater number, give a posi- 
tive result. 

Lastly, 5 substituted in X, gives a negative result, and so does 6 ; 
for the three first terms a?*— 5a:'— 63?" are equivalent to the expres- 
sion aP{X"'5)—6s^y which is reduced to when x=6 ; but x=7 evi- 
dently gives a positive result. Hence T is a superior limU of the 
positive roots of the proposed equation ; and since it ha?i been shown 
that 6 gives a negative result, it follows that there is at least one 
real root between 6 and 7. 

Applying this method to the equation 

a:5-.3a^-.8x3-25a?+4aj-39=0, 

the superior limit will be found to be 6. 

We should find 7, for the superior limit of the positive roots of 
the equation 

«»-. 5a?*- 130)3+ 17a?-69=0. 

This method is scarcely ever used, except in finding incommen- 
surable roots. 

317. It remains to detormine the superior Umit of the negative 
roots, and the inferior lindts of the positive and negative roots. 

Hereafter we shall designate the superior limit of the positive roots 
of an equation by the letter L. 

Ist. If in the equation X=0, we make x^^y, which ^ives the 

transformed equation Y=0, it is clear that the positive roots of this 

new equation, taken with the sign — , will give the negative roots of 

29 
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the proposed equati<m ; therefore, detenniiuDg, by the known me- 
thods, the superior limit U of the positive roots of the equaticm Y=09 
we shall have — L' for the superior limit (numerically) ofihe nega* 
five roots of the proposed eqwUioH. 

2d. If in the equation X=0, we make «= — , which gives the 

equation Y=0, it follows from the relation «= — that the greatest 

positive values of y correspond to the smallest of x ; hence, desig- 
nating the superior limit of the positive roots of the equation T=0 

by L", we shall have -rpr ^^^ ^^ inferior limit of the positive roots 

of the proposed equation. 

3d. Finally, if we replace a:, in the proposed equation, by j 

and find the superior limit U" of the transformed equation Y=0, 

— =-777- will be the irferior limit (numerically) of the negative roots 

of the proposed equation, 

318. Every equation in which there are no variations in the signs, 
that is, in which aU the terms are positivef must have all of its real 
roots negative ; for every positive number substituted for x will ren- 
der the first member essentially positive. 

Every complete equation^ having its terms alternately positive and 
negative, must ha\e its real roots all positive ; for every negative 
number substituted for x in the proposed equation, would render all 
the terms positive, if the equation was of an even degree, and all of 
them negative if it was of an odd degree. Hence the sum would 
not be equal to zero in either case. 

This is also true for every incomplete equation^ in which there 
results, hy suhstituHng — y for x, an equation having aU of its terms 
affected with the same sign. 
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Consequences deduced from the preceding Principles. 

First. 

319. Every equation of an odd degree, the co-efficients of which 
are real, has at hast one real root affected ' with a sign contrary to 
that of its last term. 

For, let a;"'+Pa?"^*+ . . . T«=fcU=0, be the proposed equation ; 
and first consider the case in which the last term is negative. 

By making a?=0, the first member becomes — U. But by giving 
a value to x equal to the greatest co-efficient plus unity, or (K+l)> 
the first term «"* will become greater than the arithmetical sum of 
all the others (Art. 314), the result of this substitution will there- 
fore be positive; hence, there is at least one real root comprehended 
between and K+1, which root is positive, and consequently af- 
fected with a sign contrary to that of the last term. 

Suppose now that the last term is positive. 

Making «=0, we obtain -|-U for the result; but by putting 
— (K-l-1) in place of a?, we shall obtain a negative result, since the 
first term becomes negative by this substitution ; hence the equa- 
tion has at least one real root comprehended between and 
— (K+1,) which is negative, or effected vnth a sign contrary to that 
of the last term. 

Second. 

320. Every equation of an even degree, involving only real oo- 
G^QAQTiXs of which the last term is negative, has at least two real roots ^ 
one positive and the other negative. For, let — U be the last term ; 
making a?=0, there results — U. Now substitute either K+1, 
or —(K+1), K being the greatest co-efficient of the equations 
as wi is an even number, the first term af^ will remain positive ; 
besides, by these substitutions, it becomes greater than the sum of 
all the others ; therefore the results obtained by these substitutions 
are both positive, or affected with a sign contrary to that given by 
the hypothesis x=:0 ; hence the equation has at least two real roots, 
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one comprehended between and E+1, orposUivef and the other 
between and — (K+1), or negative. 

Third. 

321. If an eqiuOwn^ invcimng only real co-ejficients^ contains 
imaginary rooU, the number of these roots must he even. 

For, conceive that the first member has been divided by all the 
simple factors corre^)onding to the real roots ; the co-efiicients of the 
quotient will be real (278) ; and the equation must aiso be of an even 
degree ; for if it was uneven, by placing it equal to zero, we should 
obtain an equation that would contain at least one real root, which, 
from the nature of the equaticm, it cannot have. 

Rexaxk. 822. There is a property of the above polynomial quo- 
tient which belongs exclusively to equations containing only imagi- 
nary roots ; viz. ecery such equation always remains fosiUve for any 
real value substituted for x. 

For, if it could become negative, since we could also obtain a posu 
tive result, by substituting K+1 or the greatest negative co-efficient 
plus unity for x, it would follow that this polynomial placed equal 
to zero, would have at least one real root comprehended between 
K+1 and the number which would give a negative result. 

It also follows, that the last term of this polynomial must be pasi» 
thef otherwise x=0 would give a negative result. 

Fourth. 

323. When the last term of an equation isposUivCf the number of 
its real positive roots is even ; and when it is negative this number is 
uneven. 

For, first suppose that the last term is +U, or positive. Since 
by making x=0, there will result -fU, and by making a7=K+l, 
the result will also be positive, it follows that and K+l give two 
results affected with the same sign, and consequently (311), the 
number of real roots, (if any), comprehended between them, is even. 
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When the last term is — U, then and K+1 give two results 
affected with contrary signs, and consequently comprehend either a 
niiigle real root, or an odd number of them. 

The reciprocal of this proposition is evident. 

Descartes^ Rule. 

324. An equation of any degree whatever cannot have a greater 
number of positive roots than there are variations in the signs of Us 
terms, nor a greater number of negative roots than there are perma- 
nences of these signs. 

In the equation a;— a=0, there is one variation, that is a change 
of sign in passing along the terms, and one positive root, x=a. And 
in the equation a?+3=0, there is one permanence, and one negative 
root, a;=— 3. 

If these equations be multiplied together, there will result an equa- 
tion of the second degree, 

g^—a 

If a is less than b, the equation will be of the first form (Art. 144) ; 
and if a>3 the equation will be of the second form : that is 



1=0. 



a<5 gives x^+px—q^O and. 
a>3 cif—px—q=0 

In either case, there is one variation, and one permanence, and 
since in either form, one root is positive and one negative, it follows 
that there are as many positive roots as there are variations, and 
as many negative roots as there are permanences. 

The proposition would evidently be demonstrated in a general 
manner, if it were shown that the multiplication of the first member 
by a factor a?— a,corresponding to a positive root, would introduce at 
least one variation, and that the multiplication by a factor x+a^ 
would introduce at least one permanence. 

29* 



842 ALGBBBA. 

Let there bo the equation 

«*dbA«--»±:Bar-^dbGc»-^=fc . . . =fcTa?zfcU=0, 

in which the signs succeed each other in any manner whatever ; by 
multiplying it by «— a, we have 

a-H.i±A I ardbB I af->±C I af-*± . . . ±U la? 



-a I zpAa I ipBa \ ::pTa \ zpVa 

The co^efficients which form the first horizontal line of this pro- 
duct, are those of the proposed equation, taken with the same sign ; 
and the co-efficients of the second line are formed from those of the 
first, multiplied by a, taken with contrary signs, and advanced one 
rank towards the right. 

Now, so long as each co-efficient of the upper line is greater than 
the corresponding one in the lower, it will determine the sign of the 
total co-efficient ; hence, in this case there will be, from the first 
term to that preceding the last, inclusively, the same variations and 
the same permanences as in the proposed equation ; but the last 
term opUa having a sign contrary to that which immediately pre- 
cedes it, there must be one or more variations than in the proposed 
equation. 

When a co-efficient in the lower line is affected with a sign con- 
trary to the one corresponding to it in the upper, and is also greater 
than this last, there is a change from a permanence of sign to a 
variation ; for the sign of the term in which this happens, being the 
same as that of the inferior co-efficient, must be contrary to that of 
the preceding term, which has been supposed to be the same as that 
of its superior co-efficient. Hence, each time we descend from the 
upper to the lower line, in order to determine the sign, there is a 
variation which is not found in the proposed equation ; and ifj afler 
passingnnto the lower line, we continue in it throughout, we shall find 
for the remaining terms the same variations and the same perma- 
nences as in tlw proposed equation, since the co-efficients of this lino 
are all affected with signs contrary to those of the primitive co-effi. 
cients. This supposition would therefore give us one variation for 
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each positive root. But if we ascend from the lower to the upper 
line, there may be either a variation or a permanence. But even 
by supposing that this passage produces permanences in all cases, 
smce the last term qpUa forms a part of the lower line, it will be 
necessary to go once more from the upper line to the lower, than 
from the lower to the upper. Hence the new equation must have at 
least one more variation than the proposed ; and it will be the same 
for each positive root introduced into it. 

It may be demonstrated, in an analogous manner,'that the muUu 
plication hy a factor x+a^ corresponding to a negative root, would 
introduce one permanence more. Hence, in any equation the num- 
ber of positive roots cannot be greater than the number of varia- 
rioxs of sign, nor the number of negative roots greater than the 

number of permanences. 

« 

325. Consequence. When the roots of an equation are all real, 
the number of positive roots is equal to the number of variations^ and 
the number of negative roots is equal to the number of permanences. 

For, let m denote the degree of the equation, n the number of 
variations of the signs, p the number of permanences ; we shall have 
m=.n-{-p. Moreover, let w' denote the number of positive roots, 
and p' the number of negative roots, we shall have TO=n'+j/; 
whence 

n+p=n'+p' 
or, «— n'=p'— p. 

Now, we have just seen that n' cannot be >n, and p' cannot be >|) , 
therefore we must have W=^n, and p*=^p* 

Remark. 326. When an equation wants some of its terms, we 
can often discover the presence of imaginary roots, by means of the 
above rule. 

For example, take the equation 

p and q being essentially positive ; introducing the term which is 
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wanting, by affecting it with the co-efficient =bO, it becomes 
aP±:0,a^+px+q=0. 

By considering only the superior signs we should only obtain per- 
manences, whereas the inferior sign would give two variations. 
This proves that the equation has some imagmaiy roots ; for if they 
were all three real, it would be necessary by virtue of the superior 
sign, that they should be all negative, and, by virtue of the inferior 
sign, that two of them should be positive and one negative, which 
are contradictory results. 

We can conclude nothing from an equation of the form 

for introducing the term daO.a^y it becomes 

ar»dbO . ar'—px+q^O, 

which contains one permanence and two variations, whether wc take 
the superior or inferior sign. Therefore this equation may have its 
three roots real, viz. two positive and one negative ; or, two of its 
roots may be imaginary and one negative, since its last term is po-. 
sitive (Art. 301). 

Of the Commensurable Roots of Numerical 
Equations. 

327. Every equation in which the co-efficients are whole num- 
bers, that of the first term being unity, can only have whole num. 
hers for its commensurable roots. 

For, let there be the equation 

af»+Paf^*+Qaf^'+ . . . +Ta?+U=0 ; 

in which P, Q . . . T, U, are whole numbers, and suppose that it 

a 

could have a commensurable fraction -7- for a root. Substituting 

this fraction for a;, the equation becomes 

j=-+Pj;rT+Qj;;;rr+ • • • +Ty+U=0; 
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whence, multiplying the whole equation hy y^^, and transposing, 

o 

but the second member of this equation is composed of a series ol 
entire numbers, whilst the first is essentially fractions^, for a anc d 
being prime with each other, a^ and h will also be prime with each 
other (Art. 118), hence this equality cannot exist ; for, an irreduci- 
ble fraction cannot be equal to a whole number. 

Therefore it is impossible for any commensurable fraction to sa- 
tisfy the equation. Now it has been shown (Art. 299), that an 
equation containing rational, but fractional co-efficients, can be 
transformed into another in which the co-efficients are whole num. 
bers, that of the first term being unity. Hence the research of the 
commensurable roots^ entire or fractional, can always he reduced to 
that of the entire roots. 

328. This being the case, take the general equation 

af +Paf»-»+Qar-^-|- . . . +Rar»-fSa:»+Ta;+U=0, 

and let a denote any entire number, positive or negative, which will 
verify it. 

Since a is a root, we shall have the equation 

a^+Pa— »-|- . . . +R(^+Sa'+Ta+V=0 . . . (1) ; 

replacing a by all the entire positive and negative numbers between 
1 and the limit +L, and between —1 and — L', those which verify 
the above equality will be the roots of the equation. But these 
trials being long and troublesome, we will deduce from equation (1), 
other conditions equivalent to this, and easier verified. 

Transposing all the terms except the last, and dividing by a, the 
equation (1) becomes 

U 

—=-a"^» -?«•*-» -Ra«-Sa-T . . . (2) ; 

now, the second member of this equation is an entire number, hence 
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— must be an entire number ; therefore Ae entire roots of the equa- 

Hon are eamprited among the divisors of the last term* 

Transposing — T in the equation (2) and dividing by a, and ma- 

U 
king J-T=T'; it becomes 



a 
a 



= -a-^»-Pa"^ . . . -Ra~S ... (3) ; 



T 

the second member of this equation being an entire number, — 

U 
or, the quotient of tlie division of — |-T ^ a, w an entire number • 

Transposing the term — S and dividing by a, it becomes, by sup- 

T' 
poeing — +S=S', 



a 



a 



-=— a" 



Pa«e-4_ . . . -R . . . (4), 



the second member of this equation being an entire number, — 

T' 
or, Hie quotient of the division of y-^hy di^is an entire nufnber. 

By continuing to transpose the terms of the second member into 

the first, we shall, after m— 1 transformations, obtain an equation of 

Q' 

the form — =--a--P, 

a 

Then, transposing the term — P, dividing by a, and making 

Q' P' P' 

•—+P=P', we shall find —=-1, or 1-1=0* 

a a a 

This equation, which is only a transformation of the equation (1), 
IS the last condition wMch it is requisite and necessary that the en- 
tire number a should satisfy, in order that it may be known to be a 
root. 

From the preceding conditions we may conclude that, in order 
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that an entire number a, positive or negative, may be a root ot the 
proposed equation, it is necessary 

That ilie quotient of the last term^ divided by a, should he an en- 
tire number ; 

Adding to this quotient the co-efficient of a;', taken with its sign, 
the quotient of this sum divided by a, must be entire ; 

Adding the co-efficient of a^ to this quotient, the quotient of this 
new sum by a, must be entire; and so on. 

Finally, adding the co-efficient of the second term, or of a;"*~S to 
the preceding quotient, the quotient of this sum divided by a, must be 
entire and equal to —1\ or, the, result of the addition of unity, or the 
co-effident of x", to the preceding quotient, must be equal to 0. 

Every number which will satisfy these conditions will be a root, 
and those which do not satisfy them should be rejected. 

All the entire roots may be determined at the same time, as .fol- 
lows. 

After having determined all the divisors of the last term, write 
iJiose which are comprehended between the limits 4-I< (ind — L' upon 
the same horizontal line ; then underneath these divisors write the quo- 
tients of the last term by each of them. 

Add the co-efficient of x* to each of these quotients, and write the 
sums underneath the quotients which correspond to them ; then divide 
these sums by each of the divisors, and write the quotients underneath 
the corresponding sums ; taking care to reject the fractional quo- 
tients and the divisors which produce them ; and so on. 

When there are terms wanting in the proposed equation, theii 
co.efiicients, which are to be regarded as equal to 0, must be taken 
into consideration. 

EXAMPLE. 

a?*-a!^— 13««-J-16a?— 48=0. 
The superior limit of the positive roots of this equation is 13+1 
or 14 (Art. 315). The co-efficient 48 is not considered, since the 
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two last terms can be put under the form 16(a;— 3) ; hence when 
a'>3 this part is essentially positive. 

The superior limit of the negative roots is —(1+ V48)i or —8 
(Art. 317). 

Therefore, the divisors are 1, 2, 3, 4, 6, 8, 12 ; moreover, neither 
+1, nor —1, will satisfy the equation, because the co-efficient — 48 
is itself greater than the sum of all the others ; we should therefore 
try only the positive divisors from 2 to 12, and the negative divisors 
from —2 to —6 inclusively. 

By observing the rule given above, we have 



12, 8, 


6, 


4, 


3, 


2, - 2, 


-3,-4, 


— 6 


-4,-6, 


-8. 


-12, 


-16, 


-24, +24, 


+16, +12, 


+ 8 


+12, +10, 


+8 


, + 4, 


0, 


- 8, +40, 


+32, +28, 


+24 


+ 1, ... 




, + 1. 


0, 


- 4, -20, 


.., - 7, 


— 4 


-12, .., 




, -12, 


-13, 


-17, -33, 


.., -20, 


— 17 


- 1, .., 




- 3, 


••> 


.., .., 


.., + 5, 


• • 


- 2, ... 




, - 4, 


••» 


••» ••» 


... + 4, 


• • 


.., ••, 




, - 1, 


••f 


••» ••» 


.., - 1, 


• • 



The first line contains the divisors, the second contains the que 
tients of the division of the last term —48, by each of the divisors. 
The third line contains these quotients augmented by the co-efficient 
+16, and the fourih the quotients of these sums by each of the di^ 
visors ; this second condition excludes the divisors +8, +6, and — 3. 

The fifth is the preceding line of quotients, augmented by the co- 
efficient —13, and the sixth is the quotients of these sums by each 
of the divisors; this third condition excludes the divisors 3, 2» —2 
and —6. 

Finally, the seventh is the third line of quotients, augmented by 
the co-efficient —1, and the eighth is the quotients of these sums by 
each of the divisors. The divisors +4 and —4 are the only ones 
which give —1 ; hence +4 a^d —4 are the only entire roots of 
the equation. 

In fact, if we divide a*— «b^— 13a:*+16aj— 48, by the product 
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(«— 4) (a!+4), or «■— 16, the quotient will be a?— a?+3, which 
placed equal to zero, gives 



.=_±_.,/^, 



therefore, the four roots aro 
4, 



1 1 y . 1 1 ,, 

-4, 2-+yV=ll and ---V^u. 



EXAMPLES. 

1st. 4C«— 5a!3+25a?— 21=0. 

2d. lbaf'''l9s^+6aP+l5(c''^l9x+6=0. 

3d. 9aj"+30r'+22a;*+10«3+17ar'-20a:+4=0. 

Of Real and Incommensurable Roots. 

329. When an equation has been freed from all the divisors of 
the first degree which correspond to its commensurable roots, the 
resulting equation contains the incommensurable roots of the pro- 
posed equation, either real or imaginary. 

The true form of the real incommensurable roots of an equation 
will remain unknown, so long as there is not a general method for 
resolving equations of the higher degrees. Although this problem 
has not been resolved, yet there are methods for approximating as 
near as we please to the numerical values of these roots. 

We shall here consider only the case in which the difference be. 
tween any two roots of the proposed equation is greater than unity, 
omitting as too difficult for an elementary treatise, the cases in which 
this difference is less than unity. 

We. will also suppose, in what follows, that we have obtained the 
narrowest limits +L and — L', by Newton's method (Art. 316). 

330. Each of the incommensurable roots being necessarily com* 

posed of an entire part and a part less than tiii%, we shall first deter- 

mme the entire part of each root. 

30 
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For this puiposey it 10 necessary to subfltitute* in the equation, for 
XjtheseriesofnaturalnumbersO, 1, 2, 3.,. and —1, —2,-3..., 
comprised between +L and — L'. Since there must be a real root 
between two numbers, which, by their substitution produce results 
affected with different signs (Art. 310), it follows that each pair of 
consecutive nvmbers giving results effected with contrary signs, toiU 
comprehmd a real rooty and hut one, since by hypothesis the difference 
between any two of the roots is greater than unity. The entire 
part of the root will be the smallest of the two numbers substituted. 

There are two cases which may occur ; viz. by these different 
substitutions there may be as many changes of sign as there are 
units in the degree of the equation ; in which case we may con- 
clude that dU the roots are real. Or, the number of changes dihe 
sign will be less than the degree of the equation, and, in this case, 
it will have as many real roots as there are changes o£ sign; the 
other roots will be imaginary. In both cases, this method makes 
known the entire part of each of the real roots. 

It now remains to determine the part which is less than unity. 



Newtovfs Method of Approximation. 

331. In order that this method may be more easily comprehffl^ 
ed, we shall take the equation 

a?-5a:-3=0 . . . (1). 

The superior limits of the positive and negative roots being +3 
and — % we make 

«=-2, -1,0, 1,2,3; 
whence «=— 2 the result is —1, 

«=:-.l ... +1, 



Cs . 


. . -8, 


•s> 1 . . 


, . -7, 


mm. 8 . 


. . -6, 


a= 3 . , 


, . +9. 



_J 
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As there are three changes of sign, it follows that the three roots 
of the Equation are real ; viz. one positive contained between 2 and 
S, two negative^ one of which is contained between and —1, the 
other between —1 and —2. 

We shall first consider the positive value between 2 and 3. 

The required root being between 2 and 3, we will try to contract 
these limits, by taking the mean 2i, or 2,5, and substituting it in 
the equation ar*— &«— 3=0 ; the result of which is +0,125. Now 
2 has already given —5 for a result, therefore the root is.between 
2 and 2,5. 

We will now consider another number, between 2 and 2,5 ; but 
as, from the results given from 2 and 2,5, it is to be presumed that 
the root is nearer 2,5 than 2, suppose ^=2,4; we shall obtain 
— 1,176; whereas 2,5 has given +0,125. Therefore the root is 
between 2,4 and 2,5. 

By continuing to take the means, we should be able to contract 
the two limits of the roots more and more. But when We hare 
once obtained, as in the above case, the value of x to at least 0,1, 
we may approximate nearer in another way, and it id in this that 
Newton's method principally consists. 

In the equatiOL a:'— 5a;— 3=0, make a;=2,4+ti. 

There will result (Art. 296), the transformation 

Z' 

X'+Y'tt+-r-ttHv»=0; 

in which X' =(2,4)^-5(2,4)-3= -1,176, 

Y'=3(2,4)«-5= 12,28, 

y=3(2,4)=7,2. 

The equation involving «, being of the third degree, cannot be 
resolved directly, but by transposing all the terms except Y'ti, and 
dividing both members by Y', it can be put under the form 

X' Z' . 1 , 
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This being the case, since one of the three roots of thift equation 
must be less than — , from the relation a;=2,4+tfy the correspond- 

inff values of «* and ti? are less than -rrr^r- and ,^^- . Moreover, 

the inspection of the numerical values of Y' and Z', proves that 

Z' 

' y> is <1 ; therefore the value of u only difiering numerically 

X' Z' 1 

from — =7 by the quantity k^^+y^* (which most frequently 

1 \ X' 

Is less than -Trg-j, is expressed by —=7 to within ,01. 

As, in this example, 

X' +1,176 1176 



Y'~ 12,28 "■ 12280 "^'^^" * *' 
there will result ti=:0,09, to withb -jr^f and consequently 

a;=r2,4+0,09s=2,49, to within rr^. 

In fact, 2,49 substituted in tne first member of the proposed equa* 

tkm, gives — 0,01 1751 ; 

whilst 2,5 gives +0,125« 

To obtain a new approximation, make x=2,A9+u' in the pro- 
posed equation, and we have 

X"+Y'V+^'>+tt'«=0; 

m which X"= (2,49)'-.5(2,49)-.3= -0,011751, 
Y"=3{2/19)«-.5=13,6008, 

|^=3(2,49)=7,47. 



NEWToir's hethod of approxihation. 353 

But tho equation involving u' may be written thus : 

X'' Z" 1 

Y" 2rY^ Y" • 

And since one of the values of u' must be less than > the 

1 1 

corresponding values of «'«, i*'^ are less than j^^^, ^^^^^^ > 

X" 1 

hence —^77, will represent the value of u' to within ^^^^ . 



Since we have 

y; 0,011751 11751 
"^F'"" .13,6003"^ 13600300 



=0,0008 . . ., 



it follows that tt'= 0,0008, to within ^ , and consequently 

a;=2,49+0,0008=2,4908, to within , q^qq ■ 

Again, by supposing a;=2,4908+ii'', we could obtain a value of 
» to within ^ppp^PPPp. 

Each operation commonly gives the root to twice as many places 
of decimals as the previous operation. 

332. Generally, let J? and j?+l be two numbers between which 
one of the roots of the equation X=0 is comprised. 

First determine the value of this root to toithin — , by substituting 

a series of numbers comprised between p and p+1, until two 
numbers are obtained which do not difier from each other by more 

than-. 

30* 
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Then, calling 9I the value of x obtained I0 wUhm — aq^pose 



Kssaf+u in the equaUoa X=0 ; 
wlnck gives 



Z' 

X'+Y'tt+— tt* . . . +tt«=0; 



which can he ptU under the form 



x; Z^ 

Y' 2.Y''' y 



tt=— tt; — :r^tt* • • • — v^% 



X', Y' Z' . • . being easily calculated. (Art. 330). 

X' 
Since the sum of the terms, which follow — ==; in the second mem- 

x \ 

ber of this equation is, commonly, less than -Tqq-i they can be 

X' 1 

neglected, and calculating — ^7 ^ within -t^q-* we add the result to 

aff which gives a new value «" approximating to vnihin of the 

exact value. 

To obtain a dd approximation, we suppose x=:a/'+uf in the pro* 
posed equatUmj which gives 

X"+Y'V+^'tt'«+ . . .tt'-=0; 

X" Z" ,^ 1 

whence tt=— y?^'"" 27^77** "" • • • — yT/"""- 

Z", 1 

Neglecting the terms '^oY^^'^ ' ' * "" ^7/"'"* which are suppc 

X" 
sed to be less than 0,0001, we calculate the value of — ^,, continuing 
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the operation to the -tjjjtj^ place of decimals, and add the result to 
a?" ; this gives a third* approximation a/", exact to within ■ 



10000 

Repeat this series of operations for ^ach of the positive roots. 
As for the negative roots, they are found in the same way as the 
positive roots, by changing x into —x in the proposed equation, 
which then becomes, 

-.a?+5x— 3=0, or aP—bx+S^O 

in which the positive roots taken with a negative sign, are the nega* 
live roots of the proposed equation. These roots are 

x= — 1,8842 and « = -0,6566 

to within 0,0001. 
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DAVIES* COURSE OF MATHEMATICS. 



DAVIES' ARITHMETIC— Designed for the use of Academies 
and Schoc^. It is the purpose of this work to explain, in a 
fadef and clear manner, the properties of numbers, and the best 
roles for their various applications. ' 

KEY TO ARITHMETIC— In which all the examples are folly 
wrought out. 

PAVIES' FIRST LESSONS in ALGEBRA— Being an In- 
' troduction to the Science. 

KEY TO FIRST LESSONS. (In Press.) 

DAVIES' BOURDON'S ALGEBRA— Being an abridgment of 
the work of M. Bourdon, with the additions of practical 
examples. 

DAVIES' LEGENDRE'S GEOMETRY and TRIGONO- 
METRY-— Being an abridgment of the work of Legendre, with 
the addition of a treatise on Mensuration of Planes and Solids, 
and a Table of Logarithms and Logarithmic Sines. 

DAVIES' SURVEYING— With a description and plates of, the 
Theodolite, Compass, Plane-Table and Level, — ^also, Maps of 
the Topographical Signs adopted by the Engineer Department, 
and an explanation of the method of surveying the Public 
Lands. 

DAVIES' ANALYTICAL GEOMETRY — Embracing the 
Equations of the Point and Straight Line — of the Conic Sec;- 
tions — of the Line and Plane in Space — ^also, the discfussion 
of the General Equation of the second degree, and of surfaces 
of the second order. 

DAVIES' DESCRIPTIVE GEOMETRY— With its appUca- 
tion to Spherical Projections. 

DAVIES' SHADOWS and LINEAR PERSPECTIVE. 

DAVIES' DIFFERENTIAL and INTEGRAL CALCULUS 
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